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vi  PREFACE. 

work  on  the  subject  is  a  desideratum.  In  the  carrying  out  of 
this  rather  laborious  task,  I  have  received  much  encouragement 
from  Professor  Tait  and  from  Professor  Chrystal,  who  has 
pointed  out  the  want  of  a  text-book  on  physical  arithmetic  in  his 
reports  as  examiner  of  High  Schools. 

The  writings  which  I  have  studied  most  in  this  connection  are 
those  of  Clerk-Maxwell,  Sir  W.  Thomson,  Professor  Tait,  and 
Professor  Everett ;  while  for  numerical  data  I  have  consulted 
principally  the  Tables  of  Landolt  and  Bornstein.  I  have  gone  on 
the  principle  of  comparing  the  values  given  by  the  different 
authorities  so  as  to  retain  the  common  figures,  and  cut  off  the 
uncertain  remainder.  As  a  general  rule  every  one  of  the  figures 
given  may  be  relied  on  as  significant,  with  the  exception  of  per- 
haps the  last, 

The  examples  have  been  partly  selected  from  the  recent 
examination  papers  of  the  several  Universities,  and  partly  pre- 
pared by  myself  either  for  examinations  or  to  illustrate  kinds  of 
calculation  which  were  otherwise  not  illustrated. 

ALEXANDER  MACPAELANE. 
EDINBURGH,  31st  July,  1884. 
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PHYSICAL    ARITHMETIC. 

CHAlTKi;    KIliST. 
I  INANCIAL. 

>N    I       YAU 
ART.  1.—  Standard  of  Value.  is  based  UJM.H 

sul  stance.    Gold  and  silver  are  very  suitable  substances  for  the 
pi:  pose,  cons*  been  adopted  in  almost  all 

of  the  v  be  adopted  as  the  sole  stun-L 

r  as  the  sole  standard,  or  both  may  be  adopted  .  what 

lied  a  double  standard.     A  d-.uMe  standard  is  made  possible 

law  the  value  of  silver  in  terms  of  gold  : 
I    coi  mercial  value  of  silver  relatively  to  gold  is  sul 

may  be  necessary  to  change  the  legal  vulm-  from  t  jun- 
to   imc,  to  prevent  the  metal  which  is  undervah 

:  countries.  Formerly  the  stan.hu.l  of  tin- 
ooi  itry  was  double,  but  since  1816  gold  has  been  the  sole 
ttu  danl.  .-si-nt  th«-  >tainl.ir«l  in  Ind. 

ret  ntly  the  standard  was  don  1,1,  in 
gol  r  being  fixed  at  15J  to  1;   )>ut  the  a<! 

::    :  -71  of  a  Hn^le  gold  standard  has  caused  li.i  nee  to 
a<l<   >t  a  single  gold  standard  also. 
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ART.  2. — Principal  Unit  of  Value.  The  principal  unit  of 
value,  in  the  monetary  system  of  this  country,  is  the  amount  of 
pure  gold  contained  in  the  sovereign.  The  sovereign  is  123-27447 
grains  in  weight,  and  eleven  twelfths  of  this  is  pure  gold ;  the 
remaining  twelfth  is  alloy,  which  is  disregarded  in  estimating  the 
value  of  the  coin.  This  unit  of  value  is  denominated  the  pound 
sterling. 

The  pound  sterling  was  originally  a  pound  weight  of  silver ; 
the  pound  used  being  neither  the  troy  nor  the  avoirdupois,  but 
the  pound  sterling,  which  was  equivalent  to  5400  grains.  A 
standard  of  this  pound  was  preserved  at  one  time  in  the  Tower 
of  London,  hence  the  denomination  of  a  "Tower  pound."  The 
value  of  the  pound  was  depreciated  from  time  to  time,  so  that 
the  term  does  not  now  at  all  agree  with  its  ancient  definition. 

ART.  3. — Units  of  Account.  The  units  in  terms  of  which 
accounts  are  kept  are  the  pound,  the  shilling,  and  the  penny. 
The  shilling,  considered  not  as  a  coin,  but  as  a  unit  of  value,  is 
the  twentieth  part  of  the  pound ;  the  penny,  considered  as  a  unit 
of  value,  is  the  twelfth  part  of  the  shilling  so  defined,  or  the  two 
hundred  and  fortieth  part  of  the  pound.  The  farthing  as  used  in 
accounts  is  rather  a  fraction  of  the  penny  than  a  separate  denomi- 
nation ;  it  is  not  taken  account  of  by  public  offices,  bankers,  and 
merchants.  The  abbreviations  L.  s.  D.  Q.  are  the  initial  letters  of 
the  Latin  words  libra,  solidus,  denarius,  quadrans. 

ART.  4. — Metallic  Currency — Gold  Coins.  A  coin  proper  is  a 
stamped  piece  of  metal,  the  stamp  guaranteeing  that  the  piece 
contains  a  specified  amount  of  the  standard  metal.  Hence  in  the 
system  of  this  country  the  coins  proper  are  of  gold — they  are  the 
five-pound  piece,  the  two-pound  piece,  the  sovereign,  and  the  half- 
sovereign,  but  the  two  former  are  not  in  general  circulation.  The 
fineness  is  the  same  for  all,  namely,  eleven  twelfths  pure  gold  to 
one  twelfth  of  alloy.  This  fineness  may  be  expressed  millesimally 


VAl 

•<  by  weight  of  pure  gold  in  1000  parts  by  weight 
of  the  coin.     The  l  •'  the  coins  are  in  proportion  to  their 

Values. 

Th<'  <-e  of  a  Cu;  ly  diminished  by  ordinary  wear 

and    tear,    and    it    might   be   greatly   diminished   tor  fraudulent 

purpose;  hence  in  the  case  of  009  is  neeessary  to  tix 

..iniimim  weight  at  which  the  coin  will  In-  accepted  at  its  full 

lie  lead  current  weight.     For  a  sovereign  it 

_' 50000  -  he  standard  w,  i-ht  by 

7  grains.     The  least  cm  ign  ix 

«;i-r_'~>  Drains.      The  lightness  of  coin  can  only  ;;ined 

';    liy   tin- 
Board  of  Trail*  •  Hank  of 

• » the  person  t-  what- 

ever they  have  lost  by  abrasion  durini:  tl.  nee  as  coi; 

ART.  5.— Silver  Coins.  The  d             is  at  present  in  use  are, 

yfyrf,t:  --A-O  shillings,  the  sh:                      -'nee, 

ai  d  th«-  thn-ejK?nce;  tt«  ^hillings, 

•lit!  have  been                       1851, 

ai  1  the  groat,  or  f<>  nee  1856  ; 

Vi  rd, 

pi  rpose  of  being  distributed  (with  the  groat  e)  as 

al  is  by  the  sovereign  on  the  Thursday 'before  East  <>n 

tl  it  a  .died  "maundy  m«>i,  I    <   tineness  of  all  these 

si   *er  coins  is  the  same,  and 

pi  ie  silver  to  The  standard 

hilling  is  87-27272  grains,  or  »',G  shillings  are  coined 
ot    of  1  lb.  tr<  grains)  of  standard  fineness. 

Tl  )  weights  i.i  r  coins  are  in  proportion  to  tin -ir  :,'-minal 

va  aes. 

VRT.  6.—  Legal  Tender ;  Token-coin  «>in  are  legal  tender 
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for  the  payment  of  an  amount  not  exceeding  forty  shillings,  but  for 
no  greater  amount.  The  intrinsic  value  of  a  shilling  coin  varies 
with  the  price  of  silver  in  terms  of  gold,  but  it  is  always  consider- 
ably less  than  the  twentieth  part  of  a  pound.  It  is  about  the 
one  twenty-fifth  part.  Hence  the  need  for  the  limitation  men- 
tioned. Silver  is  more  suitable  than  gold  for  coins  of  less  value 
than  the  half-sovereign,  because  gold  coins  truly  representative  of 
the  values  would  be  inconveniently  small.  As  the  silver  coins  are 
not  full  equivalents  of  what  they  pass  for,  they  are  called  token-coins. 

ART.  7. — Bronze  Coins.  The  bronze  coins  (introduced  in  1860) 
comprise  the  penny,  halfpenny,  and  farthing.  They  are  made  of 
a  bronze  alloy,  the  composition  of  which  is  95  parts  by  weight  of 
copper  to  4  of  tin  and  1  of  zinc.  A  pound  avoirdupois  of  the 
bronze  is  coined  into  48  penny  pieces,  or  80  halfpenny  pieces,  or 
160  farthings.  Thus  3  pennies,  or  five  halfpennies,  or  10  farth- 
ings weigh  one  ounce  avoirdupois.  These  coins  are  also  made  so 
as  to  serve  as  measures  of  length.  The  diameter  of  the  penny  is 
one  tenth  of  a  foot,  that  of  the  halfpenny  is  an  inch,  and  that  of 
the  farthing  four  fifths  of  an  inch. 

Bronze  coins  are  legal  tender  for  the  payment  of  an  amount  not 
exceeding  one  shilling,  but  for  no  greater  amount.  Their  intrinsic 
value  is  very  much  less  than  their  nominal  value,  so  that  they  are 
tokens  rather  than  coins.  The  intrinsic  value  of  the  penny  is 
about  one  fourth  of  a  penny. 

There  is  no  least  current  weight  for  either  silver  or  bronze 
coins.  The  light  ones  are  selected  when  passing  through  the 
Bank  of  England,  and  the  loss  involved  in  re-coining  is  borne  by 
the  Government. 

ART.  6. — Paper  Currency.  A  bank  note  is  a  promise  on  the 
part  of  the  bank  to  pay  on  demand  the  sum  specified  on  the  note. 
Notes  for  £5,  £10,  £20,  £50,  £100,  £500,  and  £1000  are  issued 
by  the  Banks  of  England,  Scotland,  and  Ireland,  and  notes  for  £1 


by  the  Thinks  of  Scotland  ami  Ireland.      Hank  of  England  notes 

are  a  Irpil    tender  for  any  sui:  .  at    the    Uank    ami    in 

aid  and  Ireland.  a  of  notes  by  a  bank  is  iv>nirtod 

.w  to  a  fixed  amou;  upon  the  securities  held  hy 

of  notes  must  be  i.y  an 

alent  amount  of  specie  (tha  *  uncoined  gM  oi- 

l-office of  the  bank.      »  pecie  one  fifth 

may 

-Equivalence.     The  definition*  of  the  unit- 
penn>-.  0  in  the  form 

things-    1  penny, 
1  _  pence      =  1  shilling, 
20  shilling       1  pound. 

Tiese  are  not  equation-,  1  lonoes.     In  an  equation  the 

unit  is  the  same  for  both  sides,  and  it  is  not  necessun  t 
si  ould  be  expressed  expli-  ;s  are 

d  fferent  and  require  to  be  ex  x pressed. 

An  equivalence  remains  true  when  both  sides  are  multiplied 
1     the  same  number,  or  bot!  .uue  1,1,. 

I   om  this  follows  a  <  :ie   unit   is 

ii  terms  of  a  second,  and  that  second  in  terms  of  a  third.    Take* 
!    •  exam  | 


1-1 
20s 


1" 


n-   ••  v. 

1  J  x  20  pence  =  1x1 

e-  1  pound. 

uny, 

6  pence       =  J  shilling, 
s  -^  pound, 
.  ngs  —  I  x  J  x  *il0  p- 
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ART.  10. — Chain  Rule.  The  rule  may  be  stated  as  follows  :— 
Arrange  the  equivalences  so  that  the  consequent  unit  of  the  upper- 
most shall  be  the  antecedent  unit  of  the  second,  and  the  conse- 
quent unit  of  the  second  the  antecedent  unit  of  the  third,  and  so 
on  for  any  number  of  equivalences ;  then  the  unit  on  the  left-hand 
which  does  not  appear  on  the  right-hand  side  multiplied  by  all 
the  multipliers  on  its  own  side  is  equivalent  to  the  unit  on 
the  right-hand  side  which  does  not  appear  on  the  left-hand  side, 
multiplied  by  all  the  multipliers  on  its  own  side.  This  rule 
is  called  the  "  Chain  Rule,"  and  its  application  is  very  extensive 
in  physical  arithmetic. 

ART.  11. — Reciprocal.     Each  equivalence,  such  as 

20  shillings  =  1  pound, 
has  a  reciprocal  form.     That  of  the  equivalence  mentioned  is 

•2*0  pound  =  1  shilling, 

or  *05  pound  =  1  shilling. 

The  number  indicated  by  ^,  namely  *05,  is  called  the  reciprocal 
of  the  number  20.  The  value  of  the  reciprocal  rate  is  the 
reciprocal  of  the  value  of  the  primary  rate. 

It  has  become  customary  among  scientific  writers,  after  the 
example  of  Stokes,  to  write  the  fraction  ^  in  the  form  1/20, 
especially  when  the  fraction  occurs  not  in  an  equation  but  in  the 
text.  The  slant  bar  is  more  convenient  than  the  horizontal  bar 
in  several  respects. 

ART.   12. — Conversion.     The  simplest  kind   of  reduction  is 
called  conversion ;  it  consists  in  changing  from  a  single  unit  to 
another  single  unit.     Example  :  convert  ^£123  into  shillings. 
20  shillings  =  1£, 

1234 

.-.      123  x  20  shillings, 
i.e.,  2460 


VALUE. 


Again,  to  convert  456  shillings  into  pounds  : 

;. filings  - 

shillings, 

xpression  is  wanted  i-ntirely  in  u-ims  of  the  pound,  not  as 

The  Chain  Rule  applies  to  calculations  of  this  kind:  when  there 

!y  one  odd  unit  we  get  a  quantity  and  not  an  equivalence  as 

of  the  reasoning.     In  a  Mmplr  application  of  the  Chain 

it  is  not  necessary  to  repeat  the  unit  the  second  time  ;  it 

may  be  understood.     But  it  is  important  to  arrange  each  u: 

AKI.  1 ::.     Reduction.      In  reduction  we  are  given  a  quantity 

plurality  of  units,  and  are  required  to  express 
terras  of  <>:  \ve  are  giv.-n  the  qua' 

teims  of  one  •  it  in  term- 

ph  i.  \ample:  Reduce  £97  16s.  5\d.  to  farthings. 

20 
L956 


177 

ings. 

ha\«-  iiitiltiplii-.l  the  pounds  by  20  x  12  x  4,  the  shi 
12  x  4,  an«  These  three  • 

so  far  as  they  permit,  to  expedite  the  cah  ul  i 

to  express  the  same  quantity  in  terms  «-•  ..1, 

4 
(1 
20 
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Here  we  have  divided  the  3  by  4  x  12  x  20,  the  5  by  12  x  20,  the 
16  by  20  ;  and  the  operations  have  been  combined  so  far  as 
possible  for  the  purpose  of  accelerating  the  computation. 

An  example  of  the  second  kind  of  question  is  :  Express  84783 
farthings  in  terms  of  pounds,  shillings,  pence,  and  farthings. 


4 
12 


84783 


21195| 


20      1766     3| 


£88     6     3f 

This  is  equivalent  to  dividing  84783  by  20  x  12  x  4  to  get  the 
number  of  pounds,  dividing  the  remainder  by  12  x  4  to  get  the 
number  of  odd  shillings,  and  dividing  the  remainder  of  the  re- 
mainder by  4  to  get  the  number  of  odd  pence. 

The  laborious  processes  of  common  reduction  arise  entirely  from 
the  fact  that  a  quantity  is  expressed,  not  in  terms  of  one  unit  and 
its  decimal  derivatives,  but  in  terms  of  a  series  of  units  related  by 
numbers  which  have  no  system  in  themselves,  and  are  not  identi- 
cal with  or  multiples  or  sub-multiples  of  10,  the  base  of  the 
notation  of  Arithmetic. 

ART.  14.  —  Decimalization  of  Money.  It  is  very  important  to 
have  a  ready  rule  for  transforming  any  sum  expressed  in  terms  of 
/.  s.  d.  into  one  expressed  in  terms  of  /.  alone.  This  is  done  by 
taking  fir  st  the  shillings,  and  second  the  pence  and  farthings  re- 
duced to  farthings. 

First.  Since  2s.  =  Ty.,  the  number  of  the  shillings  when  even 
divided  by  2  will  give  the  number  of  tenths  ;  when  odd,  the  num- 
ber of  tenths  and  in  addition  five  hundredths. 

Second.     1  farthing  =  e-£o  pound 


P°und- 
Hence  the  number  of  pence  and  farthings  reduced  to  farthings 
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will  1  .ti-ly  the  number  of  thousandths  of  a  pound.    "When 

the  number  of  farthings  is  greater  than  '24  (that  is,  between  _4 
and  48),  the  correction  amounts  to  1,  and  1  is  to  be  added  to  the 
number  of  thousandths. 

Example  1.   1  7  \<L  in  terms  of/. 

"•;/. 

30/.  =  -031/. 

.     -731/. 

11/.--01U 

..     15&2J,/ 

The  converse  rule  is  ea*i  Take-  the  number    of 

ba  and  -5  from  the  hund  hundredth*  amm; 

I  by  2  gives  the  number  of  shillings  ; 

take  the  remaining  numbers  as  referring  to  one  thousand,  they 
gi  -e  t  .-r  of  pence  and  farthings,  but  are  to  be  dimin: 

In  1  if  the  number  lies  between  25  and  50. 

AJIT.  15.— Proposed  Decimal  System  of  Units  of  Value.     Th- 
C  mmittee  on  Decimal  Coinage  in  the  report  wl 
•e  .ted  to  the  House  of  Commons  in  1853  recommended  a  q 
ot  units  of  value  based  upon  the  above  method  of  «!••<  im.. 

!>h   money.     They  propose  pound   as   the 

pi  mary  unit,  to  i.  name  of  :»  part,  to 

in  ro<i  \v  term  "cent"  for  the  hundredth  part.  ;md  a  new 

te   31  ;>andth  part.  we  slmuld  ha\ 

imal  nces 

MS  =100  cents  =  1000  in 

were  to  be  equal  to,  or  mltiples  of,  these  D 

lie  reform   Tailed  to  be  carried  at  t  «•  thm  a 

er  ijuestion  has  been  raised — that  of  a  uiiii-.i  m  ii. 

;    units  of  va  -lie  modification   of  the   primary 

ts  of  value  ofti  n  i:ol«l  of 
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the  same  fineness,  so  that  they  might  have  simple  relations  to  one 
another.  The  equivalences  1  pound  =  25  francs,  1  dollar  =  5  francs, 
1  Austrian  florin  =  2*5  francs  are  approximately  true ;  and  if  they 
were  made  exactly  true,  calculations  of  exchange  would  be  greatly 
facilitated. 

With  a  decimal  system  of  units,  reduction  can  be  done  without 
computation;  thus 

12-345/.  =  12J.  3/2.  4c.  5m.  =  12345m. 
=  123 ft.  45m.  =  12J.  34  -5c. 

Here  fl.,  c.,  and  m.  are  used  as  abbreviations  for  florin,  cent, 
and  mil. 

EXERCISE  I. 

1.  Express  10,000  halfpence  in  terms  of  the  pound,  and  978?.  in  terms  of  the 
farthing. 

2.  Express  9?.  17s.  S^c?.  in  terms  of  the  shilling  alone,  and  express  1234'56  shil- 
lings in  terms  of  I.  s.  d. 

3.  Decimalize  21.  15s.  Id.  and  8?.  Is.  5^. 

4.  Express  in?,  s.  d.  12186?.  and  17 '91 4?. 

5.  Express  in  terms  of  the  proposed  decimal  units  11?.  7s.  §\d.  and  71.  10s.  9J. 
and  81  15s.  Qd. 

G.  Express  in  terms  of  the  present  units  71.  5ft.  3c.  7m.  and  451.  3ft.  9c.  8m. 

7.  Express  in  I.  s.  d.  014?.,  141?.,  T419?.,  14193?. 

8.  Find  the  equivalents  in  the  proposed  decimal  system  of  (1)  crown,  (2)  half- 
crown,  (3)  sixpence,  (4)  fourpence,  (5)  threepence. 

9.  Find  the  equivalents  of  4  mils,  10  mils,  20  mils,  125  mils,  200  mils. 

10.  Express  45 '382?.  in  terms  of  ?.  s.  d. 

11.  Express  98?.  17s.  6|c?.  as  the  decimal  of  a  pound,  and  87?.  16s.  5^d.  as  the 
decimal  of  a  shilling. 


SECTION  II— PRICE. 

ART.  16. — Discrete,  Continuous.  A  commodity  may  be  either 
discrete  or  continuous.  It  is  said  to  be  discrete  when  it  is  coin- 
posed  of  a  number  of  organic  or  manufactured  units,  as  eggs  ;  it 
is  said  to  be  continuous  when  it  is  not  made  up  visibly  of  units,  as 
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butter.     A    discrete  commodity   can   lie   counted  :    a  continuous 

_hed  or  measured.     When  a  dis- 
1  of  a  -reat  number  of  units,  as  wheat, 
,red.      Wei-liin-  is  a  more  exact 
•hod  of  n  :  than  measuring. 

AKT.   17. — Rate   of  Price.     By  the  price  of  a  commodi: 

<»f  a  recognised  unit  of  value. 
..odity  usually  called  tlie  price)  is 

meant   the   eq  of  value   of  a  unit  of  the 

it  kinds  of 
and  interval  <•; 

time  an-  i»ul.iished  in  tin-  marl.  Tor  example — 

K_'_'-.  1  1  pence  {><•: 

per  11>. 

7  I  11)8. 

\Y1 
Fr  quently  the  in.  commodity  is  not 

cu   toina:  -od. 

i  rate  is  an  -  can  bo  ezpre 


1  \  }'• 

a  1    l)i 

=  1  loaf  of  4  Ibs. 
is  read  "fo: 


.RT.  18. — Transformation  of  Price.     The  eijuiv 

may  be  capable  of  application  only  wit! 

t-  ue  for  all 

i  tain  amount     The  equivalence  i;  a  <lil- 

lue   for   «  i   of  the   commodity   exceeding  that 

am  u:  not  to  be  considered  as  in\ alid.it in-  th* 

sta  -niciit  that  an  <  :.s  unaltered  wh- n  l">th  .-ides  are 
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multiplied  by  the  same  quantity ;  it  is  a  matter  which  affects  not 
the  value  of  the  rate,  but  its  application  to  a  particular  case. 

If  it  is  required  to  transform  I5d.  per  Ib.  into  I.  per  ton,  the 
process  may  be  arranged  as  follows— 

II  =  20x12^. 
15d.  =  l  Ib. 
28  x  4  Ib.  =  1  cwt. 
20  cwt.  =  1  ton; 

.  • .     15  x  28  x  4  x  20/.  =  20  x  12  ton, 
i.e.,  2801.  =  I  ton. 

'This  arrangement  facilitates  both  reasoning  and  cancelling. 

ART.  19. — Barter.     From  the  price-rates  of  two  commodities 
we  can  deduce  the  barter-rate  between  them.     We  have  merely  to 
eliminate  the  common  unit  of  value  by  an   application  of  the 
•Chain  Eule.     For  example- 
Given  14  pence  =  1  dozen  eggs, 
and                       1  Ib.  of  butter  =16  pence  ; 
it  follows  that  14  Ib.  of  butter  =  16  dozen  eggs, 
or     7  Ib.  of  butter  =  8  dozen  eggs, 
or     J  Ib.  of  butter  =  dozen  eggs. 

ART.  20. — Price  depending  on  Time.  .  A  commodity  which  is 
•consumed  by  each  of  a  number  of  agents  in  equal  quantities  dur- 
ing equal  intervals  of  time,  may  have  its  value  expressed  in  terms 
of  an  agent  and  a  unit  of  time.  Thus,  for  lamps  of  equal  power, 
the  price  of  gas  may  be  stated  at  2d.  per  lamp  per  hour.  Here  we 
have  two  independent  quantities — that  is,  quantities  upon  which 
the  first-mentioned  quantity  depends. 

Similarly,  when  work  is  performed  uniformly  by  a  number  of 
workmen,  the  price  of  the  labour  and  their  rate  of  pay  may  be 
expressed  in  terms  of  a  workman  and  a  unit  of  time.  For  ex- 
ample, the  wages  of  a  class  of  workmen  may  be  6|d  per  man  per 
Jiour. 
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A  rate  of  this  form  can  also  be  expressed  as  an 

thus — 

-  1  lamp  by  hour, 
'2>f.  p«  r  l:nu(i  =  I  hour, 
-'1.  PIT  hour  =  1  lamp. 

:.  21.— Price  depending  on  Space.     In  tlu-  case  of  can 
goods,  thr  iulerv.1  is  BOO  .  as  proportional  t«> 

.lit)  of  the  tu'o«»ds  trunstenvil.  and  also  to  tho  distance 
trriod.      !  forgoo<ls 

\d.  per  cwt.  per  mile.     The  charge  for  passengers 
is  also  proportional  to  the  distan<  .  two  weights  are  recog- 

adult  and  a  juvenile.     For  exan  parliam.-: 

:  adult  passengi  i  p«  r  n 

U "ht-ii  the  rate  for  cai :  i stance,  ti. 

be  cot  its   appl  is   first  to 

asc  3rt  :  11  a  given  case,  and  tin  : 

cal  :ulation  iiivohfl  aft-  Miber  has  been  foun.l.     Hen 

gr«  at  nee  of  making  such  a  rate  as  the  rate  of 

po  t;i-  distance  r  has  to  be  cai 

pi   vi  istance  is  within  a  ned  region,  such  as 

th    Unit*  >m.     As  regards  the  other  variables,  a  let  • 

no   charged  ac  it  in  accordance  vi 

•'or  book-post  we  have  the  rate 

1  halfprnny  =  2  oz.; 

bi;    in  application  a  fra<  oz.  is  to  be  considered  c<|Mi\;iIcnt 

to  ui  -t  not  be  greater  than  5 

li         The  inaximuin   weight  is  thus  40  x  2  o/,. 
in  timum  charge  1*.  &d.     Here  we  have  an  example  of  a 
wl  ch  is  discontimunu,  that  is,  proceeds  by  leaps,  and  t 
.<>  also  is  limited. 

IRT.  22.— Change  of  Price.     Change  of  price  may  be  expressed 
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in  the  same  form  as  the  price,  or  it  may  be  expressed  as  a  per- 
centage on  the  former  price. 
Suppose  that  the  old  price  is 

n  shillings  =  Ib.  (1) 

the  change  may  be 

a  shillings  advance    =  Ib. 
or  a  shillings  reduction  =  Ib. ; 

therefore  the  new  price  is 

n  ±  a  shillings  per  Ib.  (2) 

From  (1)  and  (2)  we  deduce 

n±a  shillings  new  price  =  n  shillings  old  price. 
Suppose  that  the  change  given  in  the  form  of  a  percentage  is  10 
per  cent,  advance. 
This  means 

10  shillings  advance  =  100  shillings  former  price, 
or  -j^  shilling   advance  =  shilling  former  price. 

Hence 

1  +  -?-0  shilling  new  price  =  shilling  old  price  ; 
and  the  new  price  is 

n(l  +  ^Q)  shilling  per  Ib. 


EXAMPLES. 

Ex.  1. — Find  the  value  of  the  wheat  crop  grown  on  89  acres, 
when  the'  average  yield  is  31  bushels  per  acre,  and  the  price  of 
wheat  is  6s.  3d.  per  bushel. 

25  shillings  =  4  bushels, 

31  bushels    =   1  acre, 

89  acres ; 

.-.     25  x  31  -89  shillings,  «.«.,  XS62/.  35.  9d. 

Ex.  2. — What  do  eggs  cost  per  dozen  when  12  fewer  in  a 
shilling's  worth  raises  the  price  2d.  per  dozen  ? 
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I  eal  price  be    x  pence  =     1  dozen  eggs, 

1  ° 

.-.      I  '2  pnire   i       "  dozen  eggs  ; 

(i  .>         \ 
-  1  J  dozen  c  _ 


or  Yo~~"  "  r       «"Zi'ii  • 

11  -1 
x 

But  supposed  price  is  also  x  ft  —  1  do 

1  -) 
I  —  —        -:cc  per  dozen  =  x  +  2  pent 

-  1 

2 

Here  we  have  an  equation  in  which  tlu«  unit  is  the  same  on  tin- 
tore  be  solved  on  general  prim-ij 

jM-ink-ntlv  it.      It  reduces  to  the  (jua«lratio  e«[iiati«>n 

a?  0; 

li  »nce  x  =  4  or  -  6.     It  is  the  posith 

t<  our  'heanswi  :  ice  per  d- 

Ex.  3.—  A  and  B  to-  n«l  a  >hillin-  on  65  apples. 

c  sting  six  a  penny,  and  /Ts  20  per  cent  more.     How  manv  <li<l 
buy? 

ai.l  l.y  A,  1  i-'iiny        <',  aj^les. 

Additional  price  by  B,     20  pence  additional  =  100  p 

a-MitioiKil       j.i-nn\   1' 

price  1  (1  +  1)    penny  -  6  apples, 

it.,  1  jM-nny       '»  apples. 

J-  ippose  A  bought  x  apples;   then  he  -  Ainl   I: 

1  >nght  65  -  x  apples  ;  .-.he  gj-  r  pence. 

lence 

fi  -in  which  x  =  30.     l!m,-«.  A  bought  30  apples,  ami  / 


16  PHYSICAL  ARITHMETIC. 

Ex.  4. — If  3  ducks  be  worth  4  chickens,  and  2  geese  be  worth 
7  ducks,  find  the  value  of  a  goose  when  a  pair  of  chickens  can  be 
'bought  for  3s.  9c?. 

2  chickens  =  3-f  shillings, 

3  ducks       =  4  chickens, 
2  geese        =  7  ducks, 

1  goose. 

4  x  7  x 


-J  shillings,  i.e.t  Ss.  9J. 


2x3x2 

Ex.  5. — There  are  two  coins  such  that  15  of  the  first  and  14  of 
the  second  have  the  same  value  as  45  of  the  first  and  6  of  the 
second.  What  is  the  ratio  of  the  value  of  the  first  coin  to  that  of 
the  second  1 

Let  V  denote  the  first  coin,  and  V  the  second.    Then  we  have 
15  V  +  14  V  =  45  V  +  6  V, 
.-.     8V'=30V, 
or     4  V  =  15  V. 

Thus  4  of  the  second  coin  are  equivalent  (in  value)  to  15  of  the 
first. 

Ex.  6. — Find  the  cost  of  electric  lighting  for  13  weeks,  with 
sixty  lamps  burning  on  an  average  eight  hours  per  day,  the  rate 
of  charge  being  2-^d.  per  lamp  per  hour. 

2-25  pence  per  hour  =  1  lamp. 

60  lamps ; 

.-.  60  x  2-25  pence  =  1  hour, 
8  hours  =  1  day, 
7  days  =  1  week. 
1 3  weeks ; 

.-.  60  x  2-25  x  8  x  7  x  13  pence, 
i.e.,     98,280  pence, 
i.e.,     409  J.  10s. 


7V,'.  17 

;:  n. 

1.   Kind  the  value  of  a  steel  h.numer  weighing  ±2.")  tons  at  the  rate  of  : 

ind  the  value  of  1000  Ibs.  piraeuto  sold  :•  lh. 

iiree  thousand  workmen  strike  because  an  advance  of  one  halfpenny  per 
hour  is  not  conceded.  Kind  the  additional  sum  which  would  he  required  weekly 
to  concede  the  demand,  taking  a  working  day  t 

4.  A  burner  consuming  4  c  >ur  is  used  on  an  average  6 

iy  during  a  year.     Required  the  cost  at  4«.  6rf.  per  1000  cnl>ie  • 

5.  If,  for  •  y,  we  have  on  an  average  eighteen  lett  I  per 

•     . 
the  month,  taking  the  average  postage  at  oiu-  penny  ha!:  The 

M  value  of  215  tons  17  cwt  3  qrm.  9  Ibs.  of  c 

ilculate  to  the  nearest  farthing,  by  whatever  process  you  consider  the  most 
convenient,  the  coat  of 

&  A  fanner  sold  seven  oxen  and  twelve  oows  for  He  sold  three  lu.n.- 

oxen  for  .W.  than  he  did  cow«  for  30.'.  Kequi:  e  of  each. 

'.'.  !  ys  receive  1  wage*,  how  many  men  must  work 

21  d;  y*  to  earn  157/.  10*.  ? 

10  I  ko  keep  2  bones  for  1 1  months,  how  long  can  3  horses 
bek  ptfor  5«.  2».  V 

11  How  fur  ou^ht  41  cwt.  to  be  carried  for  11*.  10.J»f.  when  the  carriage 
cwt.    or  52  miles  cost  8* 

12  If  64  cwt.  carried  40  miles  cost  10*.  */.,  what  will  80  cwt.  carried  a 

13  A  reduction  of  30  per  cent  in  the  price  of  beef  vmdd  enable  a  purchaser  to 
obis  i  6  Ibs.  more  for  a  sovereign.    What  is  the  reduced  price  ? 

ire  ashes  per  100  loads  when  8  more  loads  for  a  sovereign  low. 
i  |H«nny  a  load  ? 

ire  eggs  selling  at  wh< -n.  if  they  be  raised  threepence  the  do* 
won     get  • 

A  redaction  of  30  per  oent.  in  the  price  of  eggs  would  enable  a  purchaser  to 
obta  i  54  more  for  a  guinea.  What  may  the  present  price  be  ? 

17   A  redaction  of  10  per  cent  in  the  price  •  M  enable  a  purchaser  to 

obta   i  one  hundredweight  more  for  a  sovereign.    What  is  the  present  price  ? 

There  is  not  one  of  those  countries  where  they  don't  pay  80  to  40  per  oent 
mor.;  'or  sugar  than  you  would  pay  in  Kuglun  he  approximate  foreign 

pric-   when  the  home  price  i* 

10.  In  a  mixed  excursion  train  of  1000  passengers,  the  fares  in  the  three  classes 
are  i    the  ordinary  proporti<  and  the  corresponding  receipts  m 

B 
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57?.,  and  61?.  respectively.    Required  the  fare  and  the  number  of  passengers  in 
each  class. 

20.  A  gets  half  of  .B's  money,  and  then  B  gets  half  of  -4's  ;  B  then  has  20  per 
cent,  more  than  A.     "What  relative  sums  had  they  at  first  ?    • 

21.  How  many  Ibs.  of  butter  at  Is.  3hd.  per  Ib.  must  a  farmer  give  to  a  grocer 
for  8  Ibs.  of  sugar  at  5!eZ.  per  Ib.  ? 

22.  A  farmer  sold  on  one  day  2  oxen  and  3  sheep  for  34?,  10s.,  4  oxen  and  5 
sheep  for  67?.  10s.,  and  6  oxen  and  7  sheep  for  100?.     Is  it  possible  that  all  the 
oxen  were  sold  at  one  price,  and  all  the  sheep  at  one  price  ? 

23.  14  tons  3  cwt.  copper  at  92?.  15s.  per  ton  ;  12  tons  12  cwt.  spelter  at  35s. 
lOd.  per  cwt. ;  3  tons  5  cwt.  tin  at  78s.  9cZ.  per  cwt.    Coal  consumed,  14  tons  at 
14s.  3d.     Loss  of  metal  in  casting  -^.     Labour  equal  to  one  man  for  31  days  at 
4s.  9e£.     Other  expenses  reckoned  at  125?.      What  is  the  cost  per  ton  to  the 
nearest  shilling  ? 


SECTION  III.— PROFIT  AND  LOSS. 

ART.  23. — Profit  and  Loss.  A  merchant  both  buys  and  sells. 
Suppose  that  a  grocer  louys  at  the  rate  of 

m  pence  cost  =  dozen  eggs,  (1) 

and  sells  at  the  rate 

n  pence  receipt  =  dozen  eggs ;  (2) 

from  these  two  rates  we  deduce  a  third,  viz.  : — 

n  pence  receipt  =  m  pence  cost.  (3) 

Again,  from  (1)  and  (2)  we  deduce  the  rate  of  profit  or  loss;  it 
has  three  forms  depending  on  the  three  quantities  involved  in  the 
two  rates — 

(n  —  m)  pence  profit  or  loss  =  dozen  eggs,  (4) 

(n  -  m)  pence  profit  or  loss  =  m  pence  cost,  (5) 

(n-m)  pence  profit  or  loss  =  n  pence  receipt.  (6) 

If  n  is  greater  than  m  we  have  profit,  if  n  is  less  than  m  we 
have  loss. 

Observe — The  sign  =  in  these  equivalences  means  for  every. 
When  the  number  on  the  right-hand  side  of  the  equivalence  is  1, 
it  need  not  be  expressed. 


PROFIT  A.\D  LOSS. 
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AKT.  -2  L—  Percentage  ;  Ratio.     Kate  of  profit  or  loss  is  usually 

in   the  form  of  a  percentage,  and  there  is  frequently  an 

:ug  from  the  fact  that  it  is  not  mentioned  whether 

on  cost  or  receipt.     In  such  B  .'rally  refers  to  the 

A  profit  of  1'J  per  cent,  on  the  cost  me. 

li*  pence  profit  per  100  pel: 
or,  1-  pein-e  profit  =  100  pence  cost 

Any   other  ui.  !ue   may  be   substituted    for   the    penny, 

because  it  occurs  on  both  sides  of  the  equation.     A  rate  which 
has  the  same  unit  «»n  tl  rate;  tin 

differ  only  in  qua'. 


VMPLKS. 

you  lose  1  :it.  on 

outlay,  what  do  you  gain  or  lose  per  cent,  when  you  sell  at 
O'/.  per  yard  ? 

x  pence  cost  =  y. 

_  QA 

-  pence  loss  -=  penny  cost 

iVo  pence  loss  -  -st, 

00 


10- 

this  equation  we  get  x  —  100, 

100  pence  cost  =  yard. 

=  yard, 

10°  —  100 

i.ence  profit  - 


e.t 


nee  profit  -  100  pence  cost, 
i«., 

A  pul'li-h'  T  sells  books  to  a  retail  dealer  at  5&  a  copy, 

• 
25  c  make  ? 
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24  x  5  shillings  cost  =  25  copies, 

97  x  05  • 
25  copies  =  "1— - —  shillings  receipt ; 

9j  x  OK 

/.  -         —  -  24  x  5  shillings  profit  =  24  x  5  shillings  cost, 
*.«.,  13  „  =  32 

u^oo        j?        =100 

i.&,  41  -  per  cent. 

Ex.    3.  For  a  special  sale  a  merchant  gave  his  customers  40  per 
cent,  off  the  marked  price,  but  the  goods  had  been  marked  at  an 
advance  of  60  per  cent,  on  their  cost.      Did  he  gain  or  lose,  and 
at  what  rate  per  cent,  on  the  price  received  ] 
1  +  T°u£  marked  =  £  cost, 
1  -  T%£  receipt  =  £  marked  ; 
.-.      (1  +  T6o)(l  -  T4o)£  receipt  =  £  cost, 
i.e.,  1  -  TUO-£  receipt  =  £  cost ; 

hence  TDO^  l°ss  =  1  -TOO^  receipt, 

l£  loss  =  24£  receipt, 
4-17<£-  loss  =  W0£  receipt. 
Thus  he  lost  at  4' 17  per  cent. 

Ex.  4.     An  article  in  passing  from  the  producer  to  the  consumer 
passed  through  the  hands  of  three  dealers,  each  of  whom  added 
for  his  own  profit  10  per  cent,  on  the  price  at  which  he  bought. 
The  final  price  was  365<£ ;  what  was  the  original  price  ? 
1  +T1o<^  charged  by  1st  dealer  =  £  paid  to  producer, 
1  +  ^£  charged  by  2nd  dealer  =  £  paid  to  1st  dealer, 
1  +  -r1^  charged  by  3rd  dealer  =  £  paid  to  2nd  dealer, 

365£  charged  by  3rd  dealer ; 

365 
£  paid  to  producer, 

(1  +  TO) 

365x10%      ... 
i.e.,       — — — —  £  paid  to  producer 

i.e.t  274/.  45.  7d.  + . 
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2  p«T  rent,  is  destroyed.  l."»  per  cent,  of 

hipped    ire    melts    durin::    the    passage,    '20    per  cent   of  the 
::ider  is  lust  in  landing.      At  what  in  :    cent,  on  the 

per  IK  in  -iilue  he  sold  in  order  to  yield  a 

"f  1  \~  p-  :i  tlie  whole  ? 

88  \bs.  shipped  =  100  11, s.  hou^ht, 
.")"'  <l  =  100  His.  ship; 

1<1  =  100  Ihs.  am 

88  x  55  x  *••  I  -  1,000,000  ll.s.  l,.m-ht. 

the   I'liyini:   prii-e  In-  Z  }>enee  per  lh.,  an«l   the  pi-i,-»-iit:i. 
••  =   100    :  ud.    then     the    selling    pri« 

){..-nce  per  lh.      II- 


«>00,000  i 


( 1  -f     ^)88  x  55  x  80  pence  re. 
88  x  55  x  80 


-      pence  cost; 


.       ' 


88  x  55  x  80     j      ! 

MMU.IMMI 


r  e.-nt. 


A  gndcr  bought  a  sheep  for  £1 ««.,  AM  <  urml  •  IOM 

1  to  half  the  cost,  plus  a  quarter  of  the  expense  of  feeding.    What  WM  the 
DM  of  feeding? 
Formerly  newspaper  wrappers  were  sold  at  the  rate  of  eight  f 

aid  now  they  are  sold  at  twelve  for  serenpenoft.    What  is  the  per- 
|f|  11..  i.  .1-.-  .,n  tli.'  f..rin.-r  1'iir.-  ? 

A  corn  dealer  bought  wheat  at  £2  U  Sd.  per  quarter,  which  he  mihso. ; 

at  £2  0>.  Id.  per  quarter,  snd  made  a  pn>'  ' '  >*.  uj»on  the  transaction. 

•  li.l  hi-  buy  and  «ell? 
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4.  A  house  costs  the  landlord  £130  a  year  for  rent  and  taxes.     For  one  third  of 
the  year  it  is  let  at  £6  10s.  a  week,  and  for  the  remainder  of  the  year  at  £5  a  week. 
Find  the  landlord's  profit,  and  how  much  it  is  per  cent. 

5.  A  man  purchases  80  oxen  for  £1000,  and  sells  24  of  them  at  a  loss  of  3  per 
cent,  outlay.     At  what  rate  per  head  must  he  sell  the  remainder  so  as  to  lose 
nothing  on  the  whole  ? 

6.  An  article  is  sold  for  12s.  at  a  loss  of  4  per  cent,  on  cost.  At  what  price  must 
it  be  sold  that  a  gain  of  4  per  cent,  may  be  made  ? 

7.  A  person  by  selling  at  4s.  IJrf.  per  Ib.  an  article  which  cost  £21  per  cwt., 
cleared  2  per  cent,  more  profit  than  if  he  had  sold  the  whole  for  £162.     How 
much  was  sold  of  the  article  ? 

8.  If  by  selling  at  20s.  you  lose  16  per  cent,  on  your  outlay,  at  what  rate  do  you 
sell  when  you  gain  16  per  cent,  on  your  outlay  ? 

9.  If  by  selling  at  15s.  6d.  you  lose  7  per  cent,  on  the  outlay,  what  do  you  gain 
or  lose  per  cent,  when  you  sell  at  16s.  6d.  ? 

10.  A  merchant  buys  cloth  at  2s.  3\d.  per  yard,  and  sells  it  at  3s.  4|cZ.  per  yard. 
What  is  the  percentage  of  profit  on  the  outlay ;  and  how  many  yards  must  he 
sell  to  gain  a  profit  of  £10  ? 

11.  A  person  bought  a  lot  of  land  for  $10,000.    He  sold  one  half  of  it  at  a  gain 
of  50  per  cent.,  two  fifths  of  it  at  $40  an  acre,  and  the  remainder  at  a  loss  of  40 
per  cent.    He  gained  45  per  cent,  on  the  whole.    Find  the  number  of  acres  in  the  lot. 

12.  A  merchant  receives  £300  for  sales  in  one  day;  on  £200  he  gains  40  per 
cent.     What  does  he  gain  or  lose  per  cent,  on  the  remaining  £100  in  order  that 
his  profit  for  the  day  may  be  £50  ? 

13.  A  dealer  is  paid  £23  19s.  2d.  for  an  article.   Assuming  that  it  passed  through 
the  hands  of  three  dealers  and  that  each  added  10  per  cent,  of  the  price  at  which 
he  bought  for  his  own  profit,  what  did  the  first  dealer  pay  ? 

14.  A  man  has  1000  apples  for  sale  ;  at  first  he  sells  so  as  to  gain  at  the  rate  of 
50  per  cent,  on  the  cost  price ;  when  he  has  done  this  for  a  time  the  sale  falls  off, 
so  he  sells  the  remainder  for  what  he  can  get,  and  finds  that  by  doing  so  he  loses 
at  the  rate  of  10  per  cent.     If  his  total  gain  is  at  the  rate  of  29  per  cent.,  how 
many  apples  did  he  sell  for  what  he  could  get  ? 


SECTION  IV.-MIXTUEE. 

ART.  25. — Composition.  Suppose  that  a  tea-dealer  forms  a 
mixture  out  of  three  kinds  of  tea,  which  we  shall  distinguish  as 
A,  B,  C.  Suppose  that  he  takes  a  Ibs.  of  A,  b  Ibs.  of  B,  c  Ibs.  of  C 
and  mixes  them  thoroughly.  The  composition  of  the  resulting 
mixture  is  fully  given  by  the  equivalence 
a  Ibs.  of  A  + 1  Ibs.  of  B  +  c  Ibs.  of  C  =  a  +  b  +  c  Ibs.  of  mixture.  (1) 


MIXTCRE.  o- 

ill  this  complete  equivalence  certain  partial  equivalences  may 
be  derived  ;  ti. 

-   of  A  =a  +  b  +  c  Ibs.  of  mixture,  (2) 

that  is,  there  are  a  and  only  a  Ibs.  of  A,  in  every  a  +  l>  +  c  Ibs.  of 

mix'  (0) 

Similai  of  B  =  a  +  b  +  c  Ibs.  of  mixti; 

and  -.  of  C  =  a  +  b  +  ••  ll.s.  of  mixture.  (4) 

From  ti.  il  e«juiva!.  N  of  a  ditleivnt  kind  can  1  c 

namely, 

Ibs.  of  £, 

6  Ibs.  ot  '.<.  ofC, 

and  l»y  in.:  "in  tlu-sc 

1.8.  ofC  =  albs.  of  J.  7» 


—  Price  of  Mixture.     Suppose  that  the  cost  i 
tea  is  p  shillings  p  >f  B,  g  shillings  per  11>.  :  . 

shil  ings  \  of  A  ta- 

slii!  ings  ;  of  the  b  Ibs.  of  Bt  j/  thr  •-  ll.s.  of  (7,  re 

-hi    ;:._-.       11 

j>"  -  7;-  •  n  >hi!!in_'s     -'  •  >'.  -  c  ll.>.  of  mixturv. 


-8  =  lb.  01 

a  +  b  +  c 


1  '  the  cost  j  iv  i>  known,  say  //  shil 

in:  )  p  e  of  each 

it  »  n,  \\e  h  -  termining  b/a  and  c/a  the 


a  +  b  +  c 

p-* 

a 

-.-——-——  //  . 


)ere  are  only  i  0,  and  tin-  e«| 
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gives  the  value  of  b/a.     Otherwise  the  equation  is  indeterminate ; 
it  is  then  a  question  of  finding  the  simplest  solution. 
For  the  meaning  of  the  slant  bar  see  Art.  11. 

ART.  27. — Sharing.  Denote  a  bankrupt's  creditors  by  A,  B,  C, 
and  their  claims  by  a£,  b£,  c£,  respectively.  Then 

a£ofA+b£ofB  +  c£ofC  =  a  +  b  +  c£  liability. 
From  this  equivalence  partial  equivalences  may  be  derived  as  in 
Art.  25. 

It  is  a  convention  in  the  commercial  world,  that  the  assets  are 
to  be  distributed  according  to  the  ratios  supplied  by  the  above 
equivalence. 

EXAMPLES. 

Ex.  1.  A  grocer  mixes  four  kinds  of  tea,  in  the  proportions  of 
1,  1*5,  2,  2-5  parts  by  weight  of  the  several  kinds  respectively. 
Eequired  the  number  of  pounds  of  each  kind  in  one  hundred- 
weight of  the  mixture. 

2  Ibs.  1st  +  3  Ibs.  2nd  +  4  Ibs.  3rd  +  5  Ibs.  4th  =  14  Ibs.  mixture, 
112  Ibs.  of  mixture, 

•' '     ll2^  Ibs.  of  1st,  i.e.,  16  Ibs.  of  1st. 
14 

Similarly  24  Ibs.  of  2nd,  32  Ibs.  of  3rd,  40  Ibs.  of  fourth. 
Ex.  2.     The  four  kinds  of  tea  in  the  preceding  question,  having 
cost  the  grocer  at  the  rates  of  5,  4,  3,  2  shillings  per  Ib.  respec- 
tively ;  required  the  price  per  Ib.  at  which  he  must  sell  the  mixture 
in  order  to  realize  25  per  cent,  profit  on  his  outlay  ? 
2  Ibs.  1st  +  3  Ibs.  2nd  +  4  Ibs.  3rd  +  5  Ibs.  4th  =  14  Ibs.  mixture, 

5s.  per  Ib.,  4s.  per  Ib.,  3s.  per  Ib.,  2s.  per  Ib. 
.  • .     10  +  12  +  12  +  10  shillings  cost  =  14  Ibs.  mixture, 

i.e.,  22  „  =7 

Now  1  +  J  shilling  receipt  =    1  shilling  cost ; 

(1  +  J)  V  shilling  receipt  =    1  Ib.  mixture  ; 
i-e.,  f!  »  =  » 

or  3s.  ll|t/.  per  Ib.  mixture. 


MixruiiE.  -j;> 

3.     Oranges  are  hough t  for  half-a-cro\vn  a  hundred:  some 
are  sold  at  3*.  6'/.  a  hundred,  and  the  rest  at  '!.<.  10J.7.  a  hundred  : 
-ame  profit   is    made  a>  it' they  had  all  been  sold  at  3s.  I1,'/,  a 
hundred.      Of  a  thousand  oranges  sold,  how  many  fetch  8& 
hundred  ? 

.-•oranges  l>t  kind  -  K"X>  -     ..ranges  iM  kind  =  1000  oranges  mixed. 
4i'  i  100  of  1st,  34-5  per  100  of  1'nd, 

jn)j  '  ^1000  oranue-m: 

ud  to    .°>7-.~>  p'-nr,'  receipt    :    100  oranges  mixed  ; 
iuation 

100 

which  gives  100. 

•  •  400  oranges  out  of  1000  sold   letch  :',,.  <W.  a  hundred. 
Olwer  ssary  to  give  the  original  \>\ 

Ex.  4.     Out  of  a  cask  containing  360  q  alcohol  a 

«j'  antity  is  drawn  off  and  replac<  /.or.     Of  tin-  i 

8i  x>nd  quantity,  84  quarts  more  •  first,  is  drawn  oil'  and 

r«  ilac  .  iie  cask  now  .  a>   much  water  as 

a!  ohol.     Find  how  many  quarts  were  taken  BnJ   tinu -. 

8  ow  tli.r  one  solution. 

S—jts  water  +  (360  —  jr)  quarts  alcohol  -  360  quarts  1 
(3GO  -  x  -  84)  quarts  1st  in  fore 

{.'  to-z-  .uarts water  +  (360 -x-84)-2 

.68€<  -  uj.  with  wat 

•lit*  alcohoU  360  qrts.  L'nd  mix 
1  quart  alcol  1  mixtu 

(360  -  x  -  84)(360  -  x)  -  180  x  360, 
ich  reduces  to  the  quadratic  equa 

a^-r,  <  360  =  0, 
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the  roots  of  which  are  x  =  576  and  x  =  60.      Only  the  latter  is 
possible,  for  576  is  greater  than  360. 

Ex.  5.     A  creditor  received  16s.  3d.  in  the  pound,  and  thereby 
lost  1351.  10s.;  how  much  was  due  to  him  ? 


8I25£  received  =  10000£  due, 
1875<£  lost  =  10000X  due, 
135-5  x  10000 


,  i 

i.e.,  7221.  13*.  4d. 

EXEKCISE  IV. 

1.  A  vessel  is  filled  with  a  mixture  of  spirit  and  water  in  which  there  is  70  per 
cent,  of  spirit  ;  19  gallons  are  taken  out,  and  the  vessel  is  filled  up  again  with 
water  ;  the  proportion  of  spirit  is  now  found  to  be  567  per  cent.;  find  how  much 
the  vessel  contains. 

2.  If  apples  are  bought  for  4  a  penny,  and  mixed  with  an  equal  number  bought 
for  3  a  penny,  and  then  sold  at  the  rate  of  5  for  2  pence  ;  what  is  the  gain  per 
cent,  on  the  outlay  ? 

3.  If  gunpowder  is  composed  of  nitre,  charcoal,  and  sulphur,  in  the  proportions 
of  16,  3,  2£  ;  how  much  of  each  is  required  for  one  cwt.  of  gunpowder  ? 

4.  An  estate  is  divided  into  three  portions  of  250  acres  62  acres  2  roods,  and 
19  acres  1  rood  20  poles  ;  these  portions  are  let  at  II.  5s.  4d.,  II.  Is.  8d.,  and  31.  per 
acre  respectively.     At  what  uniform  rent  per  acre  might  the  whole  estate  be  let 
BO  as  to  bring  in  the  same  rental  ? 

5.  A  milk-dealer  buys  pure  milk   at   ll^cf.    per  gallon.      How  much  water 
must  he  add  that  he  may  sell  at  5d.  a  quart,  and  obtain  a  gross  profit  of  100  per 
cent.  ? 

6.  A  tobacconist  pays  4s.,  8s.  Gd.,  and  2s.  Gd.  per  Ib.  for  three  kinds  of  tobacco. 
He  mixes  them,  and,  by  selling  at  4s.  per  Ib.,  obtains  a  gross  profit  of  25  per  cent. 
on  his  receipts.     If  he  omitted  the  cheapest  tobacco  from  his  mixture,  keeping 
the  others  in  the  same  proportion,  his  profit  would  be  only  2^d.  per  Ib.     "What 
was  his  mixture  ? 

7.  The  estate  of  a  bankrupt  pays  4s.  tyd.  in  the  £;  what  loss  will  a  creditor 
sustain  whose  claim  is  for  337?.  6s.  8d.  ? 

8.  A  bankrupt  owes  7,357?.  12s.,  and  his  assets  for  distribution  among  his  credi- 
tors amount  to  3.C65?.  13s.  4o?.     How  much  in  the  pound  will  they  receive  ? 
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I  bankrupt  whose  estate  is  worth  1,8237  18*.  9d.  owes  to  three  persons  sums 
of  1,0;  't'.,  and  5867.  13*.  4d.  respectively;   how  much  can  he  pay  in 

the  pound  ? 

10.  A  statement  of  affairs  showed  liabilities  14,6637.  and  as>.  A  com- 
position of  10*.  in  the  £  was  accepted.     What  was  the  theoretical  value  of  the 

11.  A  merchant  mixes  a  Ibs.  of  one  kind  of  tea,  b  Ibs.  of  a  second,  and  c  Ibs.  of 
a  third,  the  cost  prices  of  th-  !s  being  re^  .  •/.  r  shillings  per 
lb.;  find  the  percentage  of  profit  in  his  rec                     he  sells  at  in  shillings 
perlb. 

1  •_'   A  grocer  mixes  a  Ibs.  of  tea  at  p  shillings  per  lb.,  I  Ibs.  at  q  shillings  per  lb., 
e  Ibs.  at  r  shillings  per  lb.,  and  d  Ibs.  at  *  shillings  per  lb.     Required  tl: 
price  of  the  mixti. :  that  he  may  realize  k  per  cent,  profit  on  his  outlay. 

•man,  having  purchased  f  dozen  of  apples  at  p  pence  per  d 

m  dozen  at  •/  lozen,  and  n  dozen  at  r  pence  per  dozen,  has  to  dispose  of 

the  three  lot*  afterwards  at  p  +  q  +  r  pence  per  three  dozen.     Kequire.l,  the  cou- 

.  that  she  should  just  realize  her  original  outlay. 

14.  A  fruit-ileal  it  he  had  left  on  hand  a  quantity  of  peaches,  of 

he  had  bought  one  half  at  the  rate  of  5  for  a  shilling  an*  half  at 

the  rat  of,  nn. I,  thinking  to  escape  without  loss,  sold  them  all  at 

the  ra-  .-'  shillings,  •  hat  by  so  doing  he  had  incurred  a  loss  of 

eigl  teenpence.    At  what  rate  ought  he  to  hare  sold  them  in  order  to  have  made 
.1  j.     :.!..:.-. 

A  grocer  can  sell  coffee  at  30  cents  per  lb.,  and  realize  a  profit  of  1 
en  .     He,  however,  mixes  the  coffee  with  chicory,  which  cost  him  G  cents  i 
an-    selling  the  mixture  at  25  oente  per  lb.  realizes  a  profit  of  40  per  cent.     How 
mu  i  per  cent  of  coffee  does  the  adulterated  mixture  contain  ? 

1   .   How  must  a  grocer  mix  tea  at  2*  M.  per  lb.  and  3*.  per  lb.  in  order  t 
dm    a  mixture  NN 

A  sum  of  23/.  14*.  b  to  be  divided  between  A,  Bt  and  C\  if  B  gets  20  per 
cen  .  more  than  A,  and  25  per  cent,  more  than  (',  how  much  does  each  get? 


BECT1 


ON    \ 

r.  28.— Bate  of  Interest     Interest  is  money  pai<l  for  the 
loa    of  a  sum  of  m-  •  -<*t  is  made  proper 

to    he  sum  lent  ami  t..  the  tim««  «lurinx  \\hieh  it  i> 
call  ••  --st  has  tli«-n  tlie  i'..nu 

T£  interest  per  i!  prii.  annum  ; 
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but  as  the  interest  is  a  quantity  of  a  lower  order  than  the  princi- 
pal, the  rate  is  usually  expressed  in  the  percentage  form,  as  for 
-example — 

5£  interest  per  100£  principal  per  annum, 
which  is  equivalent  to 

1/20  £  interest  per  £  principal  per  annum. 
Expressed  in  the  form  of  an  equivalence,  it  is — 

5£  interest  =  100<£  principal  by  year, 
•or  l£  interest  =  20£  principal  by  year, 

or  l£  interest  per  20<£  principal  =  year, 

•or  l£  interest  per  £  principal  =  20  years, 

or  l£  interest  per  year  =  20<£  principal. 

When  the  dependent  quantity  in  a  rate  and  one  of  the  inde- 
pendent quantities  are  expressed  in  terms  of  the  same  unit,  the 
value  of  the  rate  is  independent  of  the  size  of  that  unit.  Thus,  if 
"  shilling  "  be  substituted  for  "  pound  "  in  the  rate  of  interest,  the 
value  of  the  rate  remains  unaltered.  In  such  cases  the  size  of  the 
unit  is  indifferent,  but  its  kind  is  determinate;  in  the  case  of 
interest  it  must  be  some  unit  of  value. 

ART.  29. — Amount  and  Present  Value.  Interest  is  an  incre- 
ment ;  by  adding  it  to  the  principal  we  get  the  amount,  that  is, 
the  new  value  of  the  principal.  If,  for  one  year, 

r£  interest  =  £  principal, 

then  1  +  r£  at  end  of  year  =  £  at  beginning.  (1) 

This  is  called  the  rate  of  improvement  of  money. 

Let  t  denote  any  integral  or  fractional  number,  then 

tr£  interest  =  £  principal,  (2) 

and      1  +  tr£  at  end  pf  t  years  =  £  at  beginning.  (3) 

The  reciprocal  of  (1)  is 

£  at  beginning  of  year  =  £  at  end  of  year,        (4) 

1  +r 

and  this  is  the  rate  of  present  value  for  one  year. 
'The  reciprocal  of  (3)  is 
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£  at  be^innin^  -  .£  at  end  of  /  years,       (5) 

and  this  is  the  rate  »>f  present  value  for  the  term  of/  years. 
l!y  divis: 

.=  1  - /r +  (//•)•- -(/f)s  + etc.  (6) 


When  tr  is  small  cor  bo  1,  the  m-xt  trnn  (7/ T  will  be 

doubly  smaller,  aii-l  umlor  that  «-«.inliti«.u  1  -  //•  may  lx-  a  sutlicient 

apju-oximation  to  the  value  of  —  — ,  an«l  t  •  iuf-ciit  value 

1  -  /  '!iuing  =  £  at  i-ii'l  - 


T.  30.— Discount.  •)  we  denli 

1  -  •  end 

(8) 

s  is  the  true  rate  of  ,  Dimple  interest 

approximation  in  is  justified,  this 

preanon  reduces  to  tr.    Then 

/r£  nd. 

r's  Discount  ;  ••innly 

n  the  intenal  i.f  tii 


value  of  the  approximate  rate  of  ••  same  as 

tl  it  of  interest,  only  it  is  aj'pli.,!   n  whilr  tl 

; 

A  percentage  is  sometimes  <1«  targe  for  oth.  r 

n  iflons   than    : 
x  -l    termed  an  abatement  than  di>«  -i.unt. 


ART.  31.  —  Equated  Time.     Supp-. 
in  riths  hence, 
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it  is  required  to  find  at  what  time  the  whole  of  the  debts  may  be 
equitably  discharged  by  the  payment  of  an  amount  equal  to  the 
sum  of  the  debts. 

If  the  rate  of  interest  is  the  same  throughout  the  interval  con- 
sidered, the  values  of  the  several  postponements  are  ap£  by 
month,  bq£  by  month,  cr£  by  month  ;  hence  the  total  value  of  the 
postponements  is  (ap  +  bq  +  cr)£  by  month.  The  single  sum  to 
be  paid  is  (a  +  b  +  c)£  ;  and  as  the  value  of  its  postponement  is 
to  be  equal  to  the  values  of  the  several  postponements,  the  time 
for  its  payment  will  be 


a  +  b  +  c 

The  quantity  here  considered  would  be  more  appropriately  termed 
the  Equivalent  time.  Analogous  ideas  occur  in  the  subsequent 
chapters  of  this  work. 

EXAMPLES. 

Ex.  1.  How  much  per  cent,  per  annum  gives  three  farthings 
per  half-a-crown  per  month  ? 

J  penny  per    30  pence  =  month, 
*/  pence  per  100  pence  =^  month, 
12  months  =  year; 

-  pence  per  100  pence  =  year, 

i.e.,  30  pence  per  100  pence  =  year, 

or  30£  per  100£  =  year, 

or  30  per  cent,  per  year. 

Obsn.  If  it  were  stated  that  the  interest  was  payable  monthly 
in  the  one  case,  and  yearly  in  the  other,  the  transformation  would 
involve  compound  interest. 

Ex.  2.  Find  the  simple  interest  on  321<£  for  3J  years  at  4f 
per  cent,  per  annum. 

4-75£  interest  =  (100<£)  principal  by  year, 
3-21  (100£)  principal  by  3-5  years; 
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3-21   x  3-5  x  4-7-"i£  inti-i- 

53-36625£  interest 
30 


12 

3-9 
Answer.— 53/. 

n.     Whut  principal  will  produ<  nf  simple  in: 

in  -A  years,  at  3  ;  iiinumt 

"<_'£  prinripal  =  year, 

.'}£  interest  =  100£  principal. 


3£ 

«) 


496/.  13,. 

Ex.  4.     If  300$  be  laid  out  at  simpl*-  interest  for  a 
r  of  years,  it  will  amount  to  360$.     If  the  same  be  all<>\\  e-1  t«. 
main  irs  longer,  and  at  a  rate  of  intnv>t    1   p<  T  rent. 

jher,  it  will  maun:  1   the  rate  and  number  of 

60$-  3  x  100>  ir«; 

^100$  by  year; 


QCV  '-rest, 


1$  -  100$  by 


3  x   100$  by  a;  +  2  years  ; 

} 


3(*  -h  } 


interest 
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Now  this  is  given  to  be  105$  interest ;  hence  the  equation 
(x  +  2)  C—  +  l\  =  35, 

which  reduces  to 

x2  -  I3x  +40  =  0, 

the  roots  of  which  are  8  and  5.     Hence  8  or  5  years,  and  2  J  or  4 
per  cent. 

Ex.  5.     Calculate  to  the  nearest  halfpenny  the  true  present 
value  of  a  bill  for  152/.  8s.  payable  on  December  31,  and  dis- 
counted on  July  17,  at  3J  per  cent,  interest  per  annum. 
7>-uo<£  interest  =<£  principal  by  year 

»TT  vear; 
•  '•   mr^£  interest  =  £  principal ; 

— op -)•£  at  encl  =  •£  at  beginning, 

152'4£  at  end; 

ir.2-4 
167  x  7  £  at  beginning, 


200  x  365 


1524  x  20  x  365  „    A 
*.«.,  "74169"     " 


t.&,  149/.  19s. 

Hence  the  true  present  value  is  149/.  19s. 

EXERCISE   V. 

1.  What  principal  invested  at  6  per  cent,  per  annum  is  required  to  yield  two 
bursaries,  one  of  the  yearly  value  of  35?.,  the  other  of  17?.  10s.  ? 

2.  A  person  invests  3,000?.,  part  at  10  per  cent,  and  the  rest  at  5  per  cent.     He 
gets  an  average  of  7  per  cent,  for  his  money.    How  much  is  invested  at  each  rate? 

3.  Find  the  amount  of  560?.  in  2^  years  at  4£  per  cent,  simple  interest. 

4.  In  what  time  will  1,260?.  amount  to  1,496?.  5s.  at  31  per  cent,  simple  interest? 

5.  Calculate  the  interest  on  1,529?.  for  23  days  at  5  per  cent. 

6.  Find  the  interest  on  375?.  16s.  Sd.  for  60  days  at  4|  per  cent. 

7.  A  lends  B  2,500?.  for  4  months.     For  how  many  months  should  B  lend  A 
1,500?.  in  return,  the  rate  of  interest  being  one  third  higher  ? 


vy/:/;. 

t  rate  per  c  um  will  SOW.  become  9,50W.  at  simple  i: 

U  amount  to  227.  16s.  in  three  years  at  simple  interest,  what  is  the 
•T  cent,  per  annum  ? 

10.  A  merchant  >0  yards  of  cloth  at  6*.  per  yard,  payable  in  tine  » 
months,  and  sold  them  one  month  after  at  7*.  per  yard,  payable  in  four  mouth- 
To  pay  the  purchase  money  he  borrowed  for  the  necessary  time  at  the  rate  of  (> 

t.  per  annum.     Find  his  gain  or  loss  on  the  transaction. 

11.  A  capitalist  borrows  5,(XXM.  in  order  to  complete  a  sum  of  10, OX)/,  he  U 
about  to  lend  ;  he  gains  in  one  year's  interest  79V.    He  borrows  in  anotlu  i 

.  at  a  rate  lower  by  one  per  cent,  than  in  the  previous  one,  a  sum  of 
•••  a  loan  of  14.000/.;  he  gain  "'.,  lending  at  tlu- 

same  rate  as  before.      At  what  rates  did  he  borrow  an>l   K-n.l   in   t! 
transaction  ? 

V  man  bays  a  site  of  3  acres  3  roods  15  poles  for  a  house  and  gar 
i  acre,  and  spends  3,808/.  1-V.  in  l.uilding  the  bous 

«.  a  year.    What  rate  per  cent,  does  he  get  for  his  money  ? 

ction  being  made  from  a  debt,  654/.  It.  is  accepted  in  di*charge  of 
6867. 13*.  4d.    At  what  rate  per  cent,  is  the  deduction  made  ? 

14.  If  a  sum  of  1,000/.  becomes  due  four  months  hence,  what  is  its  present 

as  co  itmonly  calculated,  and  what  as  correctly  calculated,  interest  being  reckoned 
at  5  ]  <er  cent.  ? 

15.  A  merchant  owes  a  HU  i  l~«.payabl' 

tent   ime.     What  sum  ought  he  to  pay  down  in  order  to  satisfy  th- 
onin    interest  at  4i  per  cent,  per  an  • 

I  of  I.'.ILV.   17,.  u  due  1|  years  hence;  what  amount  should  I- 
aocej  ed  for  present  payment,  reckoning  at  S}  per  c- 

.     17    The  rate  of  interest  being  7  per  cent.,  what  is  the  true  discount  on  a  xum 
lue  three  months  hence ;  and  what  U  the  interest  on  the  same 
•am    ir  nine  months  ? 

ie  discount  . «  on  KXV.  at  3^  per  cent,  per  ann 

19.  Calculate  the  charge  for  the  following :  - 

of  indigo 

1  ton  of  cloves  at  1*.  2d.  pur  Ih. 
5  cwt.  8  qrs.  18  Iba.  spelter  at  4i</.  per  U.. 
7c»-  ton. 

Subtract  10  per  cent,  discount  for  cash. 

20.  Kind  the  difference  between  the  commoi:  10  discount  on  a  bill  f..r 

21.  -'ind  the  sum  payable  four  months  hence,  interest  being  at 
whicii  will  be  equivalent  to  the  two  following  sums :— 422/.  12*.  fi •/. 
nontl  i  hence  at  2|  per  cent.,  and  4857. 10t.  due  five  mouths  hence  at  22  pei 
true  <!  scount  being  employed  in  all 


oods  were  bought  as  foDows  on  !••  I •/.  on  three  months,  (XXV.  on 
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4  months,  400?.  on  5  months,  and  1,120Z.  on  6  months  ;  find  the  equated  time  of 
payment. 

23.  At  what  advance  on  cost  must  a  merchant  mark  his  goods,  so  that,  after 
allowing  6  per  cent,  of  his  sales  for  bad  debts,  7  per  cent,  of  the  cost  for  ex- 
penses, and  an  average  credit  of  6  months  (money  being  worth  6  per  cent.),  he 
may  make  a  clear  gain  of  15  per  cent,  on  the  first  cost  of  the  goods  ? 


SECTION  VI.— COMPOUND  INTEREST  AND  ANNUITIES. 

ART.  32. — Rate  of  Interest.  Interest  is  said  to  be  compound 
when  the  principal  is  allowed  to  grow  by  the  continual  addition 
of  the  interest  at  the  end  of  a  specified  interval  of  time.  Hence 
to  the  specification  of  the  rate  an  additional  specification  is  added 
— payable  yearly,  or  half-yearly,  as  the  case  may  be. 

If  the  rate  of  interest  is  given  in  terms  of  the  year,  as,  for 
example, 

5£  interest  per  100£  principal  per  year, 

while  the  interval  at  which  the  interest  is  to  be  added  to  the 
principal  is  the  half-year,  we  ought  first  to  convert  the  rate  into 
terms  of  the  half-year  by  dividing  by  2.  In  the  above  case, 

2'5£  interest  per  100£  principal  per  half-year, 
or  ^£  interest  per  £  principal  per  half-year. 

Suppose  that  we  have  reduced  the  rate  of  interest  to  the  form 

r£  interest  per  £  principal  per  interval, 

where  the  interval  referred  to  is  the  interval  between  the  times 
at  which  the  interest  becomes  due ;  then 

(1  +  r)£  at  beginning  of  2nd  interval  =  £  at  beginning  of  1st ; 

and  - — £  at  beginning  of  1st  =  £  at  beginning  of  2nd. 

ART.  33. — Future  and  Present  Value.  Suppose  that  a  sum  of 
money  is  lent  at  compound  interest,  for  the  first  interval  at 

p£  interest  per  £  principal  per  interval, 
for  the  second  at 

q£  interest  per  £  principal  per  interval, 
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for  the  third  at 

r£  interest  per  £  principal  per  interval  ; 
have 

(1  -f^>)£  at  b  <>t'  -inl  interval  =  £  at  beginning  of  1st. 

(1  +  </)£  at  I-  '»f  3rd  interval  =  £  at  beginning  of  2nd, 

(1  +  /•)£  at  beginning  «»f  4th  interval  =  £  at  beginning  of  3rd. 
11<  •      '•;.  rok  Art  1". 

(1  1-^(1  +  y)(l  +r  '  th  interval      i  inning 

of  1st, 

or      (1  +y)(l  +7)(1  +»')^  ^t  end  of  :nning 

of  3  intervals. 
t  interest  are  the  same,  that  is,  if  p  =  q  =  >,  th«    rate 

•  )\vth  '-r  •  : 

(1  -f  r)3£  at  end  of  3  intervals   ^£  at  be. 

intorvali 

r)"X  at  end  •  inning. 

Th  5  reciproca:  he  rate  of  present  value — is 

.i;  at  beginnin  -rvals  -  X  at  end. 

'  ^hen  the  period  during  wliich  tin-  intrr.-st   a.-cnnnilatrs  ,-..ni- 
pri  es  an  integral  num 

th<  caleu'  t'  an  interval  is  the  same  as  for 

sin  [»le  interest. 


j 

s 


J.  —  True  Discount.     The  rate  of  in  •  — 

:;ing, 
nt  =  (l  +r)-£atend. 

—  -\£  discount  —  X  debt  •  -1  "f  ?i  intervals 

ing  true  discount  when  eoiiq 
nad. 


ince     (1  +  r)-  «  1  +nr  +        '     r»  +  .  +  ,  etc., 
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if  we  take  only  the  first  two  terms  of  this  expansion,  we  get  for 
the  rate  of  discount 

1  1  —  -  ---  ]£  discount  =  £  debt  at  end  of  n  intervals, 
v       1  +  nrt 

which  is  the  same  as  the  rate  derived  from  reckoning  interest 
simply.     (Art,  30.) 

ART.  35.  —  Annuity.  By  an  Annuity  is  meant  a  uniform  pay- 
ment made  at  equal  intervals  of  time,  generally  a  year  or  a 
half-year.  It  is  specified  in  terms  of  £  paid  per  year,  with  an 
additional  specification  of  payable  yearly,  or  half-yearly,  as  the 
case  may  be.  We  shall  suppose  that  it  is  payable  yearly,  but  the 
same  reasoning  applies  to  any  other  interval  of  payment. 

ART.  36.—  Amount  of  an  Annuity.  To  find  the  rate  for  the 
amount  at  the  end  of  n  years  of  an  annuity  payable  yearly,  and 
which  has  been  paid  at  the  end  of  each  year  in  the  period.  By 
the  previous  Article, 

(1  +  r)n~l£  at  end  of  n  years  =  £  paid  at  end  of  1st  year, 
(1  +  r)n~*£  at  end  of  n  years  =  £  paid  at  end  of  2nd  year, 
(1  +  r)n~3<£  at  end  of  n  years  =  £  paid  at  end  of  3rd  year, 

(1  +  r)2£  at  end  of  n  years  =  £  paid  at  end  of  (n  -  2)th  year, 
(1  4-  r)£  at  end  of  n  years  =  £  paid  at  end  of  (n  -  l)tb  year, 
!<£  at  end  of  n  years  =  £  paid  at  end  of  nih  year  ; 

therefore 

1  +  (1  +  r)  +  (1  +  r)2  +  ...  +  (1  +  On~2  +  (1  +  r)n~l£  at  end  of  n  years 

=  £  paid  per  year,  for  n  years. 

The  above  terms  form  a  geometric  progression,  of  which  (l+r)  is 

the  common  ratio  ;  hence  their  sum  is 


Hence 

(1  +  r)n  - 


vears 
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i-ociil  rate  is 
—  £  paid  JUT  \  :ul  of  7i  years  ; 

1  what  annuity  paid  f.  :  jiiivalent  to  a 

ml  of  the  /'  years. 

AKT.  :37. — Reversion  of  an  Annuity.    Supp  m  annuity 

will  begin  to  be  i  and  will  continue 

leape  :  M1&      What:  alue  ?      Uy  the  previous 

^—  £  at  end  of  period  • 

1£  at  present  =  (1  +/•)""£  at  .-nd  ofp 
ear. 

present  time  is  the  beginning  of  tl  years, 

1 


:  ,  •     ,    '   nii._  ..;        .  .         .   ..:. 


r.   38.— Perpetual  Annuity.      By  a  perpetual  annuity  is 
me  nt  an  annul:  bf  an    in  great 

nu  ibcr  of  years,  yean,  as  the  case  may  be.     W«-  have 

i     Sec  i  '  "f  the  |M 

r)  £  at  lieginning  =  £  i>er  yea  .-ara. 

Wi  L:  .»ars,  is  very  great  1/(1  -»-r)"  approxi- 

ma  as  to  0 ;  hence,  for  a  period  containing  a  very  large  nun 
I  jre   -s  of  pay  n 

has  been 
£  at  present  =  £  per  year  i 
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The  present  value  of  any  permanent  property  is  connected  with 
its  annual  value  by  the  above  rate.  The  value  1/r  gives  the 
number  of  years'  purchase.  It  is  considered  as  so  many  years, 
which,  multiplying  the  annual  income,  gives  the  present  worth  of 
the  property. 

Similarly,  according  to  the  preceding  article, 


is  the  number  of  years'  purchase  for  a  uniform  annual  payment 
extending  over  n  years. 

In  the  following  table  G  denotes  any  unit  of  value.  The  table 
of  entries,  though  short,  is  sufficient  to  give,  with  the  aid  of  one 
multiplication,  the  entry  for  any  year  up  to  59.  For  example, 
take  36  years.  Multiply  together  the  values  for  30  and  for  6 
by  the  method  of  contracted  multiplication.  (See  Example  2 
following.  ) 

RATE  OF  IMPROVEMENT  or  MONEY  AT  COMPOUND  INTEREST. 
(  1  +  r)n  G  at  end  of  n  years  =  G  at  beginning  of  n  years. 


3  per  Cent. 

4  per  Cent. 

5  per  Cent. 

6  per  Cent. 

n 

('+£>" 

(i+^r 

('+ifer 

(»+AF 

1 

1-030000 

1-040000 

1-050000 

1-060000 

2 

1-060900 

1-081600 

1-102500 

1  -123600 

3 

1-092727 

1-124864 

1-157625 

1-191016 

4 

1-125509 

1-169859 

1-215506 

1-262477 

5 

1-159274 

1-216653 

1-276282 

1-338226 

6 

1-194052 

1-265319 

•340096 

1-418519 

7 

1-229874 

1-315932 

•407100 

1-503630 

8 

1-266770 

1-368569 

•477455 

1-593848 

9 

1-304773 

1-423312 

•551328 

1-689479 

10 

1-343916 

1-480244 

•628895 

1-790848 

20 

1-806111 

2-191123 

2-653298 

3-207135 

30 

2-427262 

3-243398 

4-321942 

5-743491 

40 

3-262038 

4-801021 

7-039989 

10-285718 

50 

4-383906 

7-106683 

11-467400 

18-420154 
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Given  the  above  table,  tbe  calculation  of  elementary  tables  of 

ame  kind  for  the  other  rates  of  this  section  is  not  laborious, 

provided  a  taUe  o;  at  hand.     The  exercise  is  all  the 

more  valuabl.  be    compared   with  the 

pub!:  ies. 

i:\AMPLE8. 

1. — What  is  tin-  equivalent  of  compound  interest  at  2.1  per 
(•nit.  p.-r  <juarter,  payable  each  quarter,  i:  :'  percent,  p  T 

aiinu:  art 

1  +  T'0£  at  end  of 

1  +  ,lfl£  at  end  of  irnd  quarter      I'  at  end  of  1-t. 
1  •    *a£  at  eii'  d  of  i'nd, 

1  -i-  /,£  at  end  «.f  ith    .piarter      €  at  end  of  : 
(  1  - •   ,'  ,    :  i.'  a' 
(1  +  ,10)4  —  1  '  \al-le  y, 

^v)4 

*!--!*^*^ 


100(1  +  ,10)« 

'  "he  first  ap;  i-  1<>,  the  >en»nd  10|, 

th<    third  10^'0,  and  the  full  value  is   10^W0.     The  first  ip. 

pr<  xii  _  >imple  interest. 

Jr.  i  the  am-.  Mipoimd  interest,  payable  \ 

at    Ji<  !•  the 

r  the, 
6  per  <  lit 

1  i.f  1st  «=  1£ 

1  +Tg0£  a*  1£  at  CM 

1  +  Tg0£  at  end  of  3rd  =  1£  at  end  .>t  L'nd, 
1  +  -,-,,£  at  end  of  -I:'.  end  of  ft 

:,d  ..f  Ith. 
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2345 
1-04 

9380 


The  calculation  is  as  follows  : — 
Three  places  of  decimals  in  the  answer  are  sufficient, 
for   a  farthing  is  very  nearly  the  thousandth  of  a 
pound.     Hence,  when  the  decimals  amount  to  4,  we 
begin  to  apply  contracted   multiplication.     Put  the 
2438-80   highest  figure  of  the  multiplier  under  the  lowest  figure 
1*05    to  be  retained,  reverse  the  order  of  the  figures  of  the 
multiplier,  and  begin  the  multiplication  by  a  figure  at 
the  figure  of  the  multiplicand  below  which  it  falls. 
By  this  means  we  are  able  to  cut  off  the  unnecessary 
figures. 

Ex.  3. — Find  the  number  of  years  in  which  1,000<£ 
will  amount  to  2,400£  at  5  per  cent,  per  annum,  com- 
pound interest,  payable  yearly.     Given  log  3  =  -47712, 
log  5  =  -69897,  and  log  7  =  -84510. 
Suppose  in  n  years,  then 

(1  +  -^)n£  at  end  =  £  at  beginning, 
1000£  at  beginning, 

1000  (1  +  -^)n£  at  end. 
ic  amount  at  end  is  given  to  be  2400<£  ; 
1000(1 +  ^5)"  =  2400, 


1219400 

243880 

2360-7400 
601 


25607400 
1536444 

2714-3844 
701 

27143844 
1900069 

2904-3913 


By  decimalis- 
ing we  get 
-VJ04Z.  7s.  lOd. 


.  • .  »{log  3  +  log  7  -  log  5  -  2  log  2}  =  log  3  +  2  log  2  -  log  5, 
n_       Iog3  +  21og2-log5 

log  3  +  log  7  -  log  5  -  2  log  2* 
All  the  logs  are  given  directly,  excepting  log  2. 
Now  log  10  =  log  2  +  log  5, 

log    2=        l-log5; 

log  3  -  3  log  5  +  2 
log  3  +  log  7  +  log  5  -  2* 
2-47712  -47712 

2-09691  -84510 

•69897 
•38021 

•02119 
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I]      lfl 
2119 

.  4. — A  tenant  whose  annual  rent  is  400£,  clue  at  the  end  of 
.   the  whole  of  his  lent  in  advanee  at   tli«- 
niiiX  of  a  nineteen  what  sum  ought  he  to  pay, 

reckoned  at  4  per  criit.  per  annum  .' 
400£  per  annum, 

I  19year8  =  X  paid  per  annum, 

¥* 

.t  beginning  o:  end; 

.-.    400  x  25(1  + ,',)"- IXl  +  ^i)  Bginninfc 

inning. 

log! 

log  26=  141 
log  fj  =  1-98 
and  19  logs;  :  19  x -9> 

•  ] 

(Ii)l9=    "47471 
II.  nee  the  sum  is  5252X  + . 

KXKKCISK  VI. 

1  find  the  simple  and  the  compound  interest  on  378f.  for  three  yean  at  5  per 
<  • 

:  Find  to  a  penny  the  compound  interest  o;                    r  3  yean  at  3|  per  cent. 

.'  Which  is  greater,  and  by  how  much— the  simple  interest  on  207.  for  3  yean 

at  per  cent,  or  the  compound  interest  for  the  same  time  at  4}  per  cent.  ? 

-  Find  the  amount,  at  compound  interest,  of  20W.  for  3  yean  at  5  per  cent 


.'  A  sum  of  money  amounted  to  I  l«r  cent  c<>: 

•i  4;  what  was  the  sum? 

(  Find  the  amount,  at  compound  interest,  at  the  end  of  2  years,  of  123/.  at  4 

i-i  xmt.  per  annum,  payable  half-yearly. 


hit  rest? 

.-    A  noble  Soot  ,vc  retained  in  their  poseenv  he  <lcath  of 

tlu  Regent  Mu rra  <«/.  in  gold  coin*.     Find  to  w ha  «....l,| 
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have  amounted  by  the  present  year  (1884)  if  it  had  been  invested  at  6  per  cent, 
compound  interest. 

9.  Find  to  the  nearest  shilling  the  present  value  of  273?.,  payable  after  3  years, 
the  rate  of  interest  being  3  per  cent,  per  annum. 

10.  Find  the  compound  interest  and  true  discount  on  800?.  for  3  years  at  5  per 
cf.-nt. 

11.  The  present  value  of  a  certain  debt  due  3  years  henoe  is  112?.  10s.     In  2 
years'  time,  if  it  is  not  paid,  its  value  will  be  120?.  2s.  6d.     What  is  the  debt? 

12.  A  gentleman  leaves  his  property,  worth  4000?.,  to  be  divided  between  his 
sons,  who  are  aged  respectively  15  and  18  years  at  the  date  of  his  death.     What 
sums  ought  his  executors  to  set  apart  for  the  sons  in  order  that  they  may  receive 
the  same  amount  on  coming  of  age,  taking  the  price  of  money  at  5  per  cent,  per 
year? 

13.  A  ship  is  valued  at  14,720?.     "What  sum  should  be  insured  at  8  per  cent. 
by  a  person  who  owns  one  sixteenth  of  the  ship,  so  that  in  case  of  loss  he  may  re- 
cover both  his  share  of  the  vessel  and  his  insurance  ? 

14.  A  gentleman  insured  his  life  for  250?.  at  a  premium  of  5?.  per  annum  ;  he 
died  after  n  years,  and  the  insurance  office  neither  gained  nor  lost  in  the  tran- 
saction.    Find  n,  reckoning  compound  interest  at  the  rate  of  5  per  cent,  per 
annum. 

15.  Find  the  present  value  of  an  annuity  of  50?.  payable  for  12  years,  first, 
when  the  annuity  begins  to  be  paid  at  the  end  of  1  year  hence ;  and,  second, 
when  it  begins  to  be  paid  at  the  end  of  10  years  hence.     Money  at  3  per  cent,  per 
annum. 

16.  Find  the  amount  accumulated  at  the  end  of  3  years  by  a  person  who  in- 
vests 500?.  now,  and  does  the  same  at  the  beginning  of  each  succeeding  year,  at  8 
per  cent,  compound  interest. 

17.  A  county  borrows  150,000  dols.,  to  be  paid  off,  principal  and  interest,  in  20 
equal  annual  instalments.     Find  the  annual  payment,  interest  at  6  per  cent. 

18.  A  cargo  of  goods  was  insured  at  3|  per  cent,  on  the  price  they  were  ex- 
pected to  fetch  abroad,  which  was  20  per  cent,  over  the  price  paid  at  home.     The 
insurance  came  to  117?.  10s.     Find  the  cost  price  of  the  goods. 

19.  How  many  years  will  it  take  100?.  to  accumulate  to  500?.,  at  4  per  cent, 
compound  interest  ? 

20.  What  is  the  rate  of  interest  corresponding  to  16  years'  purchase  ? 

21.  The  reversion  of  a  freehold  estate  worth  200?.  per  annum  to  commence 
4  years  hence  is  to  be  sold.    Ascertain  its  value  at  5  per  cent,  compound  interest. 

22.  Kequired  the  commutation  for  a  perpetual  pension  of  4,000?.  per  annum, 
taking  money  at  4  per  cent. 

23.  Wbat  is  the  number  of  years'  purchase  when  3  per  cent,  consols  are  bought 
at  96? 
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1'ION  VII.— SHAKKs  AND  STOCKS. 

.    30.— Shares.       By    fi  meant    the   equal   sums  of 

mon.-y  by  whir:.  ital  of  a  public  company  is  at  first  brought 

..•r.     The  original  or  nominal  value  of  a  share  is  the  amount 

of  money  •  the  undertaking  by  a  person  for  each 

expressed  in  the  form  //<£  nominal  per 

.illy  a  portion  of  the  \alue  of  a  .-hare  i-  paid  on 

application    th-  iBOtlm    porti-.n    on    allotment,    and    the 

:ider  may  be  called  up  als  as  required  by  the 

of  the  company.     !!••:. «.-e  besides  the  nominal  value  of  a  shai 
iid  up  value. 

AKT.    to. — Premium,  Par,  Discount.      A   person  who  h  , 
vetted  money  in  the  shares  of  a  i  may  afterwards  \vi.-h  to 

exchange  his  shares  for  cash  ;  ti.<  d  for  a  share  will 

tie  HJlul  on   tlie  degree  of  pro.-p<  inpany.      Siij 

till  he  sells  at 
ar   said  to  sell  at  &  premium,  the  rate 

(/<  miuiii  per  share. 

If  i  is  less  tha:  shares  are  sai  1  at  a  discount,  the 

ra  e  of  discount  !>• 

r  share. 

I:       i  — 

VRT.  41.— Stock.     So  long  as  the  shares  are  not  fully  paid  up, 

1  !-•>  :   but  \\li.-n   that 

hu    been  done  the  shares  are  1-  nto  one  stock,  and  any 

in  jgral  numb  1- "i  the  stock  can  be  sold.    Th<   ]  i 

tli    capital  ot  pany  ma \                                            i  at  so- 

ni'  ch  per  shai  r  100X  hi 

lie  p<>:  .rse  of  a  year  or  a. 

ha  f  year  which  it  i  .il«-d  tin-  \c.nl\ 
or  lalf-yearly 
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proportion  to  the  number  of  shares,  or  the  amount  of  stock,  held ; 
hence  we  have  rates  of  the  form 

d£  dividend  per  share, 

d£  dividend  per  100.£  stock. 

ART.  42. — Government  Stocks  or  The  Funds.  When  the  Gov- 
ernment borrows  a  sum  of  money  temporarily,  it  gives  notes  to 
the  persons  who  advance  the  money  acknowledging  the  amount 
received,  and  agreeing  to  pay  interest  at  so  many  pence  per  cent, 
per  diem  until  the  money  is  repaid.  These  notes  are  called 
Exchequer  Bills,  and  they  may  pass  from  one  person  to  another. 
Before  the  Eevolution  of  1688,  it  was  customary  to  pay  off  tem- 
porary loans  by  raising  a  special  fund ;  but  since  then  it  has 
frequently  been  the  practice  of  the  Government  not  to  pay  off  the 
lenders,  but  to  give  them  the  right  to  a  perpetual  annuity 
•equivalent  to  the  sum  advanced.  This  is  now  called  funding  the 
•debt. 

The  annuity  which  is  commonly  offered  is 

3£  per  annum  per  10(X£  debt. 

If,  on  converting  a  temporary  loan  into  a  permanent  loan,  3«£  per 
annum  per  100«£  debt  is  not  considered  a  full  equivalent,  the  sum 
lent  is  changed  to  a  correspondingly-increased  amount  in  the 
register  of  fund-holders.  This  changing  of  the  amount  of  debt 
so  as  to  keep  the  value  of  the  annuity  constant  has  been  done 
with  the  view  of  facilitating  the  calculation  of  the  sums  due  to 
the  different  fund-holders. 

The  amount  of  money  upon  which  the  annuities  are  reckoned 
is  called  Government  Stock,  the  Funds,  or  the  National  Debt.  It 
consists  of  several  classes  of  stock,  as  the  "  3  per  cent.  Consols," 
so  called  because  various  stocks  were  consolidated  into  one  uniform 
stock;  the  "3  per  cent.  Eeduceds,"  so  called  because  several  stocks 
paying  higher  annuities  were  reduced  to  3  per  cent.,  etc.  The 
annuities  are  payable  half-yearly,  and  the  total  sum  paid  is  spoken 
•of  as  the  half-yearly  dividend. 


SI  ±:> 

The  the  right  to  pay  oft*  any  amount  of 

:;ul   aim  unit   •  hut   a  fund-holder    cannot, 

on  his  own  im.tio::  lh  for  his  stock  unless   l»y  selling  it 

:hird  party.      Government  stock  is  sold  at  the  rate  of  so- 

r.43. — Brokerage.     The  puivliase  or  sale  of  st  iall\ 

.1  a  stock-looker.      The  C»»IIIUMS- 

.  Inch  he  charges  is  called  brokcrii"    .    it  is  usually  at  the  rate 
of  |£  per  100£  stock  bought  or  sol. I. 

•rage  is  charged  both  from  the  seller  ami  tY-mi  tin-  huyer. 
so  that  the  gain   t«>  tin-  ltO<  provide.l  the  t\v.»  pri.-- 

-ame,  IB  at  the  rate  of 

1  >0j£  stock  boi: 


. 


;.— Equivalent  Amounts   of  Stock.      I. 
kinds  of  stock,  distinguishing  th«-m  ;i-  ./  ami  /:.     L«-t  tin-:: 

Of  '  1)6 

3£  .IhioVml  p,-r  year  =    1 

procals  of  these  rates  are 
i  x  100X  of  A  - 

*-'  I1 

of^  =    ' 

II  -  100£  of 

be  same  amount 

income.      Thus,  h;i  of  stocks,  v 

ect  a  given  amount  (say  £100)  of  one  of  them,  and  find  the 
lount  of  each  of  the  others  which  produces  an  equal  amount  of 

ice  of  a  stock  (other  things  being  equal)  U  in  prop 
:ng<   in.      Urn.-.-   7"»l*   of   //   uil! 
•f  cash  as  100£  of  A  ;  and  the 
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the  prices  which  will  fetch  equal  amounts  of  the  two  stocks  will  be 

100£  cash  for  B  =  75£  cash  for  A. 

This  rate  of  equivalent  prices  is  the  reciprocal  of  the  previous  rate 
of  equivalent  stocks. 

EXAMPLES. 

Ex.  1.  A  man  buys  650/.  stock  in  the  3  per  cents,  at  90,  and 
invests  £400  in  the  4  per  cents,  at  110;  find  the  whole  sum 
expended,  and  the  annual  income  secured. 

90£  paid  =  100£  stock, 
650£  stock  ; 

65  x  9£  paid,  i.e.,  585£. 

Hence  the  whole  sum  expended  is  985£. 

Again,  3£  per  year  =  100£  stock, 

C50£  stock  ; 

3  x  6*5.£  per  year. 
Again,  4<£  per  year  =  100<£  stock, 

100£  stock  =  110£  invested, 
400£  invested  ; 


.'.  *  P-  year, 

i.e.t      14'54c£  per  year. 

Hence  the  total  income  is   34-045<£  per  year, 

i.e.,     £34  Os.  11^.  per  year. 

Ex.  2.  A  person  invests  1,271£  in  the  3  per  cents,  at  93;  how 
much  will  he  gain  by  selling  out  at  94J  ? 

93.£  paid  =  100£  stock, 
94  £<£  received  =  100£  stock; 
received  =  93£  paid, 
profit  =  93£paid, 
l,271£paid; 


CKS.  47 

1J2*  profit, 

D 

rofit 

AV.  3.   AVhich  is  the  hotter  in\ .  hank  stock  payi: 

•ent  at  319,  or  3  per  cent  c*  i»6  ? 

In  the  first  case, 

10£  per  year  =  31 9£  t 
{.«.,     1/31  -9£  per  year  =  £  cash. 
In  the  second  case, 

3£  per  year  =  96£  ca 
.ir  =  £  cash. 
finer  is  better  by 


(,,'       ) 


••- 


:  year—  100£  cash. 
100 

Ex.  son  has  $20,000  invested  i  ing  r>  p,-r 

r.  nt.  whirh  lie  sells  and  invests  in  stock 
£  \.     It'tli--  iinTi-.i  income  be  $4*' 

t  e  first-named  stock  t 

$20,000  stock, 

6$  income  -  100$  st<> 

1.  •-'«'•  »£  : 
20,000$  1st  st. 

2$  cash-  100$  1st  fit 
100$  2nd  stock  -  87-5$  ca 

7$  income  -  100$  2nd  8t« 


- 
^  ow,  it  is  - 

JOO  -  40 ; 
X* 
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Ex.  5.  A,  By  and  C  went  into  a  joint-stock  business,  in  which  A 
invested  50Z.;  B,  601.;  and  C,  S0£.  B  withdrew  his  money  after 
10  months,  but  A  and  C  continued  in  the  business  for  6  months 
longer  and  then  wound  it  up.  The  total  profit  was  found  to  be 
335<£.  How  much  should  each  receive  ? 

A,  800«£  by  month, 

£,  600£  by  month, 

(7,  1,28(X£  by  month, 


Total,    2,680£  by  month. 
Hence  335£  dividend  =  2,6SO£  by  month, 

i.e.,          1£  dividend  =  8<£  by  month. 
Hence  A  gets  100£  dividend, 

B  gets  75<£  dividend, 

C  gets  160.£  dividend. 

EXERCISE  VII. 

1.  How  much  4  per  cent,  stock  at  96  can  be  bought  for  1,000?.  ?    What  annual 
income  will  it  produce  ? 

2.  Find  the  income  of  a  person  who  invests  10,098?.  in  the  3  per  cents,  at  93 §, 
paying  his  broker  §  per  cent. 

3.  What  sum  must  be  invested  in  the  3J  per  cents,  at  104  to  obtain  an  income 
of  329?.  ? 

4.  A  person  invests  1,000?.  in  the  stocks  at  92 J.     At  what  price  must  he  sell  out 
to  clear  50?.  ? 

5.  A  person  buys  1,000?.  3  per  cent,  stock  at  96£  and  sells  out  at  88J.     How 
much  does  he  lose  thereby?    If  he  reinvests  his  money  at  4  per  cent.,  find  the 
alteration  in  his  income. 

0.  I  sell  out  5,000?.  four  per  cent,  stock  at  108,  and  with  the  proceeds  buy  five 
per  cents,  at  120  ;  what  is  the  change  in  my  income  ? 

7.  What  must  be  the  price  of  a  6  per  cent,  stock  in  order  that  money  invested 
in  it  may  yield  4^  per  cent.  ? 

8.  If  a  person  were  to  transfer  29,000?.  stock  from  the  3J  per  cents,  at  99  to  the 
3  per  cents,  at  90g,  what  would  be  the  difference  in  his  income  ? 

9.  A  proprietor  of  3  per  cent,  consols  receives  his  half-yearly  dividend  and  lays 
it  out  in  the  purchase  of  more  consols  at  90.      His  next  half-year's  dividend  is 
457?.  10s.     By  how  much  does  this  dividend  exceed  the  former  ? 

10.  What  must  be  the  price  of  consols  in  order  that,  after  deducting  income-tax 
of  5c?.  in  the  £,  there  may  remain  a  clear  return  of  3£  per  cent,  on  the  cost  ? 
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11.  A  stock  is  T  .-cut.  dividend,  but  after  seven  years  the  tli\ 

U  to  be  reduced  to  4  per  cent.     What  ought  to  be  paid  per  100/.  share,  the  value 
.••y  btiuy  4  per  cent.  ? 

A  person  invests  5,445$  in  stock  paying  »'•  .  and  on  the 

stock  rising  to  91  transfers  to  another  stock  paying  7  per  cent.,  which 
•w  much  is  his  income  increased? 

ts  3,GOGY.  in  3  per  cent  stock  at  90.     He  sells  out  at  > 

lends  gths  of  his  money  at  4  per  cent.,  and  gtha  at  H->w  l..iu  iuu>t 

the  loan  last,  so  that  when  he  re-invests  his  money  in  3  per  cents,  at  90,  1 
on  interest  (simple)  may  exactly  equal  his  loss  upon  principal? 

14.  A  person  has  an  income  derived  fr«  was  originally  invested 

in  the  four  per  Cents,  at  96.     If  he  now  sells  out  at  94,  and  invests  one  half 
proceeds  in  railway  stock  at  82J,  which  pays  u  ..f  3  per  cent.,  and  the 

.df  in  bank  stock  at  164$,  paying  8}  per  cent,  dividend,  what  difference 
will  he  nud  in  his  inc» 

A  certain  3  per  cent  stock  U  at  91$,  and  a  4  per  cent  stock  at  123.  One 
person  buys  l.OOO/.  stock  in  each,  and  another  person  invests  l.OOO/.  in  each ; 
compare  the  respective  rates  of  interest  obtained  by  the  t»  whole 

16.  The  capital  of  a  trading  company  consists  of  4,000  A  shares  of  807.  each  and 
2,0ft  B  shares  of  257.  each ;  in  dividing  the  profits  5  per  cent  of  the  amount  of 
each  share  is  fir  I  then  the  remainder,  if  any,  is  divided  eqoally 

amoi  gst  the  shareholders.     The  profits  of  the  undertaking  in  one  year  were 

'.*•/•    How  much  would  be  paid  to  the  holder  of  an  A  share  a . 
muc     to  *K^  holder  of  a  B  shan  f 

17  A  boys  100*.  of  3  per  cent  stock  at  W,  and  B  buys  10GV.  of  4$  per  cent 
stoc!  at  135;  what  return  per  cent  will  each  get  for  his  money? 

A  man  has  1,583/.  17«.  11  /  in  3  per  cent  stock,  and  982J.  12t.  64.  in  ty  per 
cent   stock ;  he  transfers  a  certain  sum  from  the  former  to  the  latter  when  the 
stoc   »  are  at  91  and  98  respectively,  and  thus  makes  the  income  derm 
each  Jiesame.     How  ranch  has  he  finally  in  3  per  oent  stock  ? 
19   A  in  announced  at  the  rate  of  6$  per  cent,  free  of  income-tax. 

it  the  rate,  not  free  of  income-tax,  when  the  rate  of  the  tax  U  fivepenoe 
per  '  ? 

90   The  Chancellor  of  the  Exchequer  proposes  to  reduce  the  8  per  cents,  to  2} 
pay  .   nts.,  giving  the  fund-holder  the  option  of  being  paid  at  par  or  of  receiving 
f  the  new  stock  for  every  100/.  of  the  old.    What  percentage  of  gain  or  loss 
income  does  a  fund-holder  sustain  who  chooses  the  latter  alternative? 
It  is  proposed  to  issue  a  new  2|  par  cent,  stock  at  10-  •percentage 

to  be  obtained  by  investing  i 
A  man  invests  1,000/.  equally  in  siiares  of  two  banks.     The  shares  of  the 

lisconnt  *nd  of  the  <•• 
f  *tock  in  the  f.,i:uer  suddenly  rises  7  I"  .  th.-it  in  the  latt 

D 
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6  per  cent,  lower  than  when  the  purchase  was  made.     If  the  man  now  sells  out 
what  will  he  gain  or  lose  ? 

23.  The  expense  of  constructing  a  railway  is  1,000,OOOZ.,  of  which  40  per  cent, 
is  borrowed  on  mortgage  at  6  per  cent,  and  the  remainder  is  held  in  shares  ;  what 
must  be  the  average  weekly  receipts  so  as  to  pay  the  shareholders  5  per  cent.,  the 
working  expenses  being  65  per  cent,  of  the  gross  receipts? 

24.  A  company  with  a  capital  of  200,000?.  paid  7  per.  cent,  to  the  shareholders  ; 
afterwards  a  new  issue  of  stock  was  ordered,  and  the  profit  to  be  divided  became 
six  times  as  much  as  at  first,  yet  the  company  could  pay  only  3  per  cent,  divi- 
dends ;  find  the  amount  of  new  stock  issued. 

25.  The  total  amount  of  the  three  categories  of  three  per  cent,    stock  is 
612,000,000/.     By  how  much  would  the  National  Debt  be  increased  by  the  con- 
version of  the  whole  of  this  stock  according  to  the  proposal  of  Question  20  ? 


SECTION  VIII.— EXCHANGE. 

ART.  45. — Foreign  Money.  The  units  of  value  in  use  in  the 
principal  countries  of  the  world  are  given  in  the  accompanying 
table,  together  with  their  approximate  equivalents  in  sterling 
money.  It  will  be  observed  that  several  Monetary  Unions  have 
been  formed. 

ART.  46.— The  Latin  Union.  The  Latin  Union  was  instituted 
by  France,  Belgium,  Switzerland,  and  Italy  in  1865  ;  since  then 
it  has  been  joined  by  Greece,  Spain,  Roumania,  and  Servia.  The 
units  are  the  franc  and  the  centime,  which  is  the  one  hundredth 
part  of  the  franc  ;  there  is  also  the  decline,  the  tenth  part,  but  it  is 
not  much  used.  These  units  have  been  adopted  by  all  the  coun- 
tries mentioned,  but  in  some  cases  under  different  names.  Some 
of  the  latter  countries  have  not  yet  adopted  the  standard  of  the 
Union. 

The  standard  is  gold  ;  and  the  standard  fineness  is  900  parts  by 
weight  of  pure  gold  in  1,000  parts  by  weight  of  the  alloy.  The 
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goM   coins  are   the  20-franc   piece  called  a  Napoleon,   100  franc 

:<l     ."i-trui:  The 

-0-traiic  pi  .:K!  that  of  any 

of  the               Ifl  in  proportion  to  its  in.  tlue. 

Thr                                                 J  tram-*,  1                                   Vane. 

Tin-  millesimal  fineness  of  :  is  900;  that  of  the 

5-franc  p:  "»  graranu 

•  nder  for  any  anioi  tn.lanl  in 

The  othi  token  m* 

The  bronze  coins  are — 

t  of  10  grammes  and  d  of  30 

millime' : 

5  centimes,  having  a  weight  of  5  grammes  a 

'res. 

2  --en times,  having  a  weight  of  2  grammes  a- 
mil] 

rrammo  an«l 


47.— United  States.    Th.«  units  of 

i  on  the  old  Spani.-' 
between  S&  6dL  a;  4  to 

.1  f: 

udai  fuinlamt-ntal  uni- 

It.    The  eagle  is  258  grains  in  weight,  -s  is  900 

.ins  of  pure  gold  in  1,000  grains  of  the  coin. 
rhe  unit  of  a  i  as  the  t  r  of 

i  eaj:  ues,  or  100  cents,  or  1,000 

Is  ;  It  -s  are  used  in  accn 

The  gold  coins  are  (b(  i  juble-eagle,  half  e;« 

ollar,  21  >ll:ir.  al:  and 
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The  silver  coins  are  dollar,  half-dollar,  quarter-dollar,  10-cents, 
5-cents. 

There  is  a  nickel  5-cents  and  a  copper-nickel  cent. 

FOREIGN   AND   COLONIAL  UNITS   OF  VALUE. 


Approx. 

Latin  Union  — 

equiv. 

France,     - 

\ 

Belgium,  - 

I 

1  franc  -  100  centimes,  -        •         -        -        -  ^ 

Switzerland, 

J 

Italy, 
Spain,       - 

- 

1  lira  =  100  centesimi,    -                                 -  1 
1  peseta  =  100  centesimos,      -                 - 

s.    d. 

o  94 

Greece, 
Roumania, 

- 

1  drachme  =  100  lepta,   -                          - 
1  leu  =  100  bans,     -                                   - 

Servia,      - 

- 

1  dinar  =  100  paras, 

Scandinavian  Union  — 

Denmark, 

\ 

Sweden 

( 

1    1^ 

Norway,  - 

/ 

Germany, 

1  mark  =>  10  groschen  =  100  pfennige, 

0  11| 

Austria,   - 

1  gulden  =  100  kreutzer,          -        - 

1  114 

Netherlands,    - 

1  guilder  =  100  cents  =  20  stivers,  - 

1    8 

Russia,     - 
Turkey,    - 
Portugal, 

1  rouble  =  100  copecks,  ... 
1  medjidie  =  100  piastres,       -        - 
1  milrei  =  1000  reis, 

3    2 

18    0 
4    5 

Brazil,      . 

- 

1  milrei  =  1000  reis,        

2    24 

Dollar  Countries  — 

TJnited  States, 

« 

1  dollar  =  100  cents,        -                          -        - 

4    14 

Canada, 

- 

1  dollar  =  100  cents,        -                          -        - 

4    if 

Mexico, 

- 

1  dollar  =  100  cents,        -        -                - 

4    Of 

Chili, 

. 

1  peso  =  100  centavos,     -                          - 

3    9 

Peru, 

. 

1  sol  =  100  centesimos,   -                          -        - 

3  114 

Japan, 

- 

1  yen  =  100  sen,      ...                . 

4    1 

India, 
China, 

- 

1  rupee  =  16  annas  =  64  pice  =  192  pie,    - 
1  tael  =  10  mace  =  100  candareens  =  1,000  cash, 

1  104 
5    2" 

Australia, 

) 

South  Africa,    - 

1  pound  sterling  =  20  shillings  =  240  pence. 

British  West  Indies, 

; 

"  Milliard  "  =  1,000  million  francs.     "  Lac  "  =  100,000  rupees. 
* '  Crore  "  =  10, 000, 000  rupees.     "  Conto  "  =  1, 000  milreis. 

ART.  48. — Germany.     One  system  extends  over  the  different 
States  of  the  German  Empire.     It  was  established  in  1876.     The 
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lard  is  gold  ;   900  parts  fine  in  1,000  parts  of  alloy.     The 

coins  are  20-mark    pieces,    10-mark    pieces,    ">-murk    pi 

The  weight  <>f  tlie  10 mark  piece  is  3  the  others 

.hts  in  proportion  to  their  values.     The  >ilver  coins  are 

">-mark,   --mark,    1-iuaii  .      Their   mil- 

•00,  and  :  tender  i; 

The  "thaler"  silver  pi.-  leinoneti/ed  ;  they 

continue  to  be  legal  tender  for  three  marks. 

'. — The  Scandinavian   Union.      The  standard  of  the 
inavian  1  .      The  gold  coins  are   10-k: 

J'J-kroner,  having  a  millesimal  fineness  of  900.     The  \\ 
of  the  former  •,      The  krone  it- 

represented  by  a  silver  - 

y  RT.  50.  —Par  of  Exchange.     I  »y  the  par  of  exchange  is  meant 

the  rate  c-  -ilue  of  one  count  r\  \\ith  the  unit 

of    alue  of  another  coi  ;e  only  of 

bei  g  considered.    When  b«  ad  in  ten 

of      constant  fineness,  n variable  ;  l>nt 
wh  n  one  of  t 

in  i  nms  «  •  it»-s  \vitli 

Of:    1\ 

1  sample  of  the  first  case  :  To  find  the  p  .ange  between 

inc. 

of  standard  gold       11  grains  of  pure  gold, 

rains  »  1  gran 

9  grammes  of  pore  gold  -  10  grammes  of  standard  goM, 
,0'  0  grammes  of  standard  gold  —  3,10" 

.         12   x    1-V!  U1C8, 

hi  h,  «  iced,  becomes 

francs  --= 
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Observe — The  third  equivalence  is  true  universally,  but  all  that 
is  required  for  the  reasoning  is  that 

15*432  grains  of  pure  gold  =  1  gramme  of  pure  gold. 
Example  of  the  second  case  :  To  find  the  par  of  exchange  be- 
tween the  pound  and  the  rupee,  when  silver  is  at  5s.  per  oz.  of 
standard  fineness  (37  parts  pure  in  40  of  standard). 
A  rupee  contains  f  oz.  of  silver,  |i  fine. 

1  rupee  =  £  oz.  of  standard  silver, 
12  oz.  of  standard  silver  =  11  oz.  of  pure  silver, 

37  oz.  of  pure  silver  =  40  oz.  of  standard  silver, 
1  oz.  of  standard  silver  =  60d. ; 

12  x  37  x  8  rupees  =  3x11x40x60  pence, 
Avhich  reduces  to 

22-3  pence  =  rupee. 

PARS  OF  EXCHANGE. 
(Extracted  from  Tate's  Modern  Cambist). 

BOTH    STANDARDS   GOLD. 


Commercial  Centres. 

Par  of  Exchange. 

Common  Value. 

Paris  and  London, 

25-2215  francs     =  £ 

25-22 

Amsterdam       „ 

12-1071  florins     =  £ 

12 

Berlin                „ 

20-42945  marks  =  £ 

20-42J 

New  York        „ 

4-866564  dols.    =  £ 

4-86|- 

Lisbon              „ 

53-285  pence        =  milreis 

53A 

Copenhagen     ,, 

18-15952  kroner  =  £ 

18J 

Vienna              ,, 

10-215  florins       =  £ 

St.  Petersburg  „ 

38-177  pence        =  rouble 

Montreal           ,, 

4-86| 

ONE   STANDARD   SILVER. 

Price  of  silver  taken  at  5s.  per  oz.  of  standard  fineness. 
Calcutta  and  London,          22-3    pence  =  rupee 


Shanghai 


70-95  pence  =  tael. 


It  will  he  observed  that  the  rate  it  sometim<  •«!  in  the 

reciprocal  f<>rm.      The  r  i-    in   these  cases  the  customary 

form.     The   independent  unit   is  called  ii.  price,  and  the 

dependent  quantity  the  nuc 

AI:T.  :»!.—  Deduction  of  Approximate  Rates.     We  have  t'ound 
that  -       1  pound, 

or  ^    francs  =  100  pound.', 

or,  dividing  by  :ics  =     50  pounds. 

As  the  numbers  1261  and  50  are   piim-  it    is 

imp  ^sible  to  simplify  tin-    :  Hut  a  >eri<-  <>f  ap 

inations  can  b-  1,  and  the  process  for  deriving  them  is 

as  follows  : — 

50)1261(25 
100 

100 

11)50(4 
44 

6)11(1 

6 

5 

1)5(5. 

is  di\ 

:o    is    no  a    the 
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The  first  approximation  is       25, 

The  second  approximation  is  25  +  J  =  lDl/4, 

The  third  approximation  is    25  +   =  126/5, 

The  fourth  approximation  is  25  + L —  =  227/9, 


. 

the   fifth   being  the  full  value.      Hence  the  approximate  pars, 
beginning  with  the  roughest,  are 

25  francs  =  1  pound, 
101  francs  =  4  pounds, 
126  francs  =  5  pounds, 
227  francs  =  9  pounds. 

The  above  process  is  called  the  process  of  continued  fractions, 
and  the  several  approximations  to  the  given  fraction  are  said  to 
be  convergents  to  it. 

ART.  52. — Course  of  Exchange.  By  the  course  of  exchange  is 
meant  the  rate  connecting  the  units  of  value  of  two  countries, 
according  to  which  bills  of  exchange  for  the  time  being  are  nego- 
tiated. A  bill  of  exchange  is  a  written  order  for  the  payment  of 
a  specified  sum  of  money.  The  credit  and  debit  accounts  of  two 
countries  can  be  settled  by  means  of  bills,  without  the  transference 
of  coin,  provided  the  credit  and  debit  are  equal.  In  general  there 
will  be  a  difference,  and  the  existence  of  this  difference  affects 
slightly  the  rate  of  exchange.  In  the  country  to  which  the 
balance  is  favourable,  the  exchange  for  its  unit  of  value  will  be 
somewhat  higher  than  the  par  amount ;  in  the  country  to  which 
the  balance  is  unfavourable,  the  exchange  for  its  unit  of  value  will 
be  slightly  less  than  the  par  amount.  This  is  owing  to  the  rela- 
tive abundance  or  scarcity  of  bills  of  exchange.  The  course  of 
exchange  never  exceeds  the  par  of  exchange  by  more  than  the  cost 
of  sending  coin  or  bullion. 


JIAXGE.  ;,7 

When  the  bill  is  not  payable  until  the  expiry  of  some  months, 
the  course  of  exchange  is  further  atlected  l>y  the  deduction  of  in- 
terest '..-ferred  payment.  When  the  course  of  exchange 
invoh  ii.1  to  be  long;  when  it  does  not  involve 
:  1  t«»  be  |] 

Suppo.se  that  the  course  of  exchange  between  Paris  ami  Lon- 
don is 

.,  -28  frai  im  =  £. 

If  the  course  of  exchange  is  less  than  the  par,  !<-r  example, 

tuc  =  £; 

•07  franc  discount  =  £. 
course  of  exchange  is  equal  to  the  p  > 
hange  is  said  to  be  at 


I 


53.— Indirect  or  Arbitrated  Rates  of  Exchange. 

irect  rate  of  exchange  between  two  places  is  the  rate  deduced 
fr«  n  t  .11  -h  with  respect  to  a  third  place.     '1 

m;  y  be  more  than  «;  lace. 

''or  example. — The  direct  rate  of  exchange  between  Lo: 
an  1 1'.  »-GG  marks -X,  an  •  ct  rate  between  Berlin 

an  I  Paris  is  81  marks  =100  francs;  •'  direct  rate  of 

ex  hange  between  Paris  and  Lou  i 

100  francs  c=  81  m 
2066  franca  =  £, 
(.<?.,     25-50 J  francs -£> 

:  1 10,000  francs  into  stci  -y,  when  exchange 

francs  20  centimes  per  £  >t*-rling. 
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25-20  francs  =  £, 
10,000  francs; 
10,000« 
~25720    ' 

i.e.,  396£  16s.  Sd. 

Ex.  2.  Express  1,000  dollars  in  francs;  given  that  1  dollar  is 
equivalent  to  4s.  l±d.,  and  one  franc  to  9^c?. 
1,000  dollars, 
49 '5  pence  =  1  dollar, 
1  franc  —  9  '5  penny  ; 

- — — ^ francs, 

99,000 
i.e.,  — -- —       „ 

i.e.,         5,210  francs  53  centimes. 

Ex.  3.  The  fineness  of  English  silver  coin  is  37  parts  by  weight 
of  silver  to  3  parts  by  weight  of  alloy ;  express  its  fineness  in 
milliemes. 

Let  M  denote  any  unit  of  weight  (see  Art.  54),  then 
37  M  silver  +  3  M  alloy  =  40  M  standard  ; 
%%  M  silver  =  1  M  standard  ; 

37  x  1QO  M  silver  =  1000  M  standard, 
4 

i.e.,         925         „        =1000 

EXERCISE  VIII. 

1.  A  German  20-mark  piece  is  worth  *979J. ;  find  to  the  nearest  farthing  the 
value  in  English  money  of  3725 '39  marks. 

2.  Given  that  the  United  States  dollar  is  equivalent  to  4*.  l^d. ;  find  the  equi- 
valent in  American  money  of  the  several  current  British  coins. 

3.  Reduce  40,000  dollars  to  pounds  sterling  and  to  francs,  taking  par  of  ex- 
change. 

4.  From  the  table  of  pars  of  exchange  deduce  the  par  of  exchange  between 
Paris  and  New  York,  and  between  Berlin  and  Paris. 

5.  Exchange  781.  Qs.  8d.  into  francs  at  25 '244. 

6.  Exchange  a  milliard  into  pounds  sterling  at  25 '22. 
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7.  Exchange  1,000  marks  into  pounds  sterling  at  20'45  marks  per£. 
Exchange  1,000  milreis  into  sterling  money  at  52</.  per  mi'. 

.change  £100  into  roubles  at  2Ct/.  per  rouble. 
Exchange  10,000  dollars  into  pounds  at  48g  dollars  per  £10. 
11.  The  direct  exchange  between  St.  Petersburgh  and  Berlin  is  21"»  marks -100- 
roubles,  and  that  between  Berlin  and  Vienna  is  175  marks  =  100  florins;  what  is 
the  arbitrated  rate  between  St.  Petersburgh  and  Vienna  ? 

A  money-changer  buys  francs  for  tyd.  each,  and  sells  them  at  the  rate  of 
i\  sovereign.     How  much  money  must  pass  through  his  hands  in  thia  way 
in  or.ler  that  he  may  gain  £150? 

;.\ny  borrows  in  Paris  294,000  francs  for  which  it  pays  an 
annual  interest  of  2,920  dollars.     This  loan  is  transmitted  through  I. 
exchange  in  London  is  quoted  at  25'30  franca,  and  sterling  exchange  is  109$. 
what  rate  of  interest  the  Company  pays  on  the  money  actually  received. 

quantity  of  sugar,  valu-  !•  >llars Spanish  gold,  waa  enteredfoi 

at  M  per  cent.  In  consequence  of  Spanish  gold  having  been  taken  at  par,  wherea* 
it  ivas  only  worth  92$  cents  on  the  dollar,  a  refund  of  duty  was  afterwards  claimed. 
Calculate  the  amount. 

;ht  of  the  sovereign  is  123-274  grains ;  its  fineness  is  22  carats. 
W  >at  is  the  weight  of  gold  in  a  sovereign  ? 

6.  The  value  of  an  ounce  of  the  gold  of  which  sovereigns  are  made  is  31, 17*. 
\V  .at  is  the  weight  in  pounds  troy  of  46,725  sovereigns? 

7.  How  many  "  Napoleons "  are  required  to  weigh  a  kilogramme? 

8.  A  .a  bill  of  exchange  on  Dublin  fur  £720  coat  3,472  dollars ;  find 
tl  •  course  of  exchange. 

9.  A  Glasgow  merchant  ships  to  his  Montreal  agenU  for  sale  goods  for  • 

h<  pays  £616  sterling  in  Glasgow.  He  paya  an  ad  ro/orem  duty  of  12  par  cent, 
u]  m  the  goods,  and  a  commission  of  7  per  cent,  to  his  agent*  for  their  services. 
T  e  goods  realize  in  Montreal  7,800  dollars.  Find  the  merchant's  net  gain,  a 
1*  md  sterling  \H.:^  equal  to  4*0  dolUi*. 


CHAPTER  SECOND. 

GEOMETRICAL. 

SECTION  IX.— LENGTH. 

ART.  54. — General  Unit.  The  idea  of  length  is  one  of  the 
fundamental  ideas  of  exact  science.  We  shall  denote,  following 
Clerk-Maxwell  in  the  choice  of  a  letter,1  any  unit  of  length  by  the 
capital  letter  L.  It  denotes  any  unit  of  length  in  the  same  way 
as  n  denotes  any  number.  We  have  chosen  a  bold  and  simple 
form  of  the  letter  in  order  that  there  may  be  a  clear  contrast  be- 
tween it  and  any  italic  letter  used  to  denote  a  numerical  value. 

ART.  55. — Imperial  Standard  of  Length.  In  the  Imperial 
System  of  Weights  and  Measures  2  the  standard  unit  of  length  is 
determined  by  means  of  a  bronze  bar,  constructed  in  1845  and 
now  deposited  in  the  Standards  Department  of  the  Board  of 
Trade  in  the  custody  of  the  Warden  of  the  Standards.  In  a 
small  hole  near  each  end  of  the  bar  there  is  a  gold  plug,  and 
across  each  plug  there  are  drawn  three  transverse  lines.  The 
distance  between  the  centres  of  the  middle  transverse  lines,  when 
the  bar  is  at  the  temperature  of  62°  Fahrenheit,  is  the  standard 
yard.  The  previous  standard  yard,  constructed  in  1760,  was  lost 
in  the  fire  which  destroyed  the  Houses  of  Parliament  in  1834.  It 
had  been  defined  as  bearing  at  62°  Fahr.  the  proportion  of  36 

1  Electricity  and  Magnetism,  vol.  1,  p.  3. 
2  Weights  and  Measures  Act,  1878. 
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inches  to  39*1393  inches,  the  length  of  a  pendulum   vil>: 
seconds  in  a  vacuum  in  the  latitude  of  London  and  at  the  K-\vl  «>t 
the  sea-    On  the  recommenda- 
tion of  a  scientific  comm; 

its  restora- 

•  d,  and  a  new 

ird     con-  from 

authentic  copies.     To  p: 

for  the  restoration  of  the  new 

standard,    should    it    be    de- 

ies    (called 

parliamentary     copies)     were 
.    and     • 

Koyal 

y  of  London,  the  Royal 
O'jser.  h,and 

T  le  recent  Act  provides  for 
tl  e  COL  h  par- 

i  in.-:  ' 

<  !•!••>  ;m-  d.-ri\«-.l  thr  Il-anl  «>t' 

I  -ade  standards,  and  t'r.-m  th* 
!  icr 

t  sting  measures  used  in  trade. 
The  oldest  standard  yard 

II  w  existing  is  the  exchequer 
x    rd   •  VII.      I" 

H  ort  of  the  existing  standard 

1  •  only   the  one   him-. 

I>  rt  of  an  It  is  repre- 

R-  ated   in   the  ace- 

il  ostrations.      In  form 

a     end-measure,   the  present 

.      •    :  .    . 
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ART.  56. — Derived  Units  of  Length.  The  other  units  of 
length  in  the  Imperial  S3Tstem  having  a  special  name,  such  as  the 
inch,  the  foot,  the  mile,  are  defined  as  a  multiple  or  submultiple  of 
the  yard.  Originally,  no  doubt,  they  were  defined  independently 
of  one  another,  but  the  definitions  were  rough.  The  "foot" 
meant  the  length  of  a  man's  foot,  the  "yard  "  the  length  of  a  man's 
arm,  and  the  "inch"  the  breadth  of  a  man's  thumb  ;  and  three  feet 
were  equivalent  to  one  yard,  and  12  inches  to  one  foot,  with  the 
same  amount  of  accuracy.  The  present  legal  definitions  owe  their 
unsystematic  character  to  the  fact  that  they  are  ultimately  based 
upon  these  rough  equivalences.  In  the  table  appended  I  have 
given  all  the  special  units  defined  by  or  under  the  Act;  a  denomina- 
tion within  parentheses  is  not  an  Imperial  denomination.  The 
Act  also  allows  a  length  to  be  specified  in  terms  of  any  Imperial 
denomination  and  its  decimal  multiples  and  submultiples. 

ART.  57. — The  F.P.S.  System.  For  scientific  purposes  the  foot 
is  the  principal  unit  of  length  ;  and  it  is  exclusively  adopted  in 
what  is  called  the  British  system  of  absolute  units.  In  that 
system  the  foot,  pound,  and  second  are  used  to  define  all  the 
other  dynamical  units.  Hence,  for  shortness,  it  is  sometimes 
•called  the  F.P.S.  system. 

ART..  58. — Metric  Standard  of  Length.  In  the  metric  system 
of  weights  and  measures,  instituted  in  France  in  1795,  the  stan. 
dard  unit  of  length  is  the  distance  between  the  ends  of  a  rectangular 
bar  of  platinum  called  the  metre  des  Archives  preserved  at  Paris, 
the  bar  being  at  the  temperature  of  melting  ice.  That  standard 
distance  is  denominated  the  metre,  Originally,  the  metre  was 
defined  as  the  ten-millionth  part  of  a  quadrant  of  the  earth's 
meridian  through  Paris.  To  determine  that  length  the  arc  from 
Dunkirk  to  Barcelona  (9°  40'  45")  was  measured  in  terms  of  the 
then  existing  French  standard  of  length,  called  the  toise  of  Peru, 
and  it  was  found  to  contain  551,584-72  toises.  The  meridian  is 


LEXGT1I. 


not   a:  it   an  ellipse  with  tlie  polar  axis  for  the 

From  measurements  previously  made  the  elHptieity 

was  taken  to  be  n?.4-;   an«l   by  computing  from   these   data   the 
:i  of  the  quadrant  was  found  to  be  bet,     The 

platinum  b  e^ual  the  ten-millionth  part  of 

5,13(1.7  I,  when  at  its  standard  :iuv  «>f  mi-ltin. 

:.ird    metre    was    deposited    in    the    (>  -ry  at 

Ive  iron  <  ited  to  other  eoiintries. 


I'  r: ..•  -  \  r   Mft  <(  mi  >'  i.  I  ••'•   I  '1^  ' '  T •:»<.•  •  f  Nt«.M 

>  (20  TVrcw  was  so  call* 

an  arc  of  the  meridian  in  IVni.     The  breadth,  th. 
and  he  measure  are  represented  in  : 

he  toise  is  given  by  the  distance  on  the  bar  between  the  p< 

arrows  //  and  //. 

.  59.— Relation  of  the  Standard  Metre  to  its  Primary 
•efinition.     According  to  Colonel  Clarke's  determinations  of 
ce  and  figure  of  the  earth,  which  are  at  present  the  most  uuthori 
:  a  quadrant  of  the  meridian  through  Paris  is 
0,001  -res,  and  standard  Mi-lit ly  less 

listanco  u 
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that  order  does  not  impair  the  practical  utility  of  the  relation  of 
the  metre  to  the  quadrant,  but  it  shows  that  it  is  the  material 
metre  which  is  now  to  be  considered  as  the  ultimate  standard. 

According  to  the  same  authority  the  length  of  the  polar  axis  is 
500,482,296  inches;  and  Sir  John  Herschel  pointed  out  that  to 
define  the  inch  as  the  five-hundred-millionth  part  of  the  polar 
axis  would  involve  a  correction  which  would  be  inappreciable  in 
ordinary  measurements,  and  sensible  only  with  the  nicest  scientific 
instruments. 


ART.  60. — Derived  Metric  Units.  The  great  excellence  of  the 
metric  system  lies  in  the  mode  in  which  the  subsidiary  units  are 
defined.  Each  is  a  decimal  multiple  or  sub -multiple  of  the  stan- 
dard unit,  and  the  scale  of  units  is  thus  in  harmony  with  the 
decimal  nature  of  the  notation  of  Arithmetic.  The  prefixes  for 
multiples  are  derived  from  the  Greek,  and  those  for  sub-multiples 
from  the  Latin. 


Prefix. 

Meaning  as  used. 

Derivation. 

Abbreviation. 

Myria- 

ten  thousand, 

Utipioi. 

Kilo- 

one  thousand, 

X&ioi. 

k- 

Hecto- 

one  hundred, 

fKarbv. 

h- 

Deka- 

ten, 

dtna. 

da- 

Deci- 

one  tenth, 

decem. 

d- 

Centi- 

one  hundredth, 

centum. 

c- 

Milli- 

one  thousandth, 

inille. 

m- 

The  abbreviations  given  are  those  authorized  by  the  Comite 
International,  which  has  for  its  object  the  development  of  the 
metric  system.  The  abbreviation  for  metre  is  m. ;  hence  km.  for 
kilometre,  mn.  for  millimetre. 


LENGTH. 


C5 


10 


ART.  GL— Comparison  of  Yard  and  Metre.     The  metric  system 
has  now  been  adopted  over  the  greater  part  of         Fig.i. 
Europe  and  has  begun  to  spread  over  America. 
Its  use  in  contracts  was  legalized  in  Britain  in 
and  it  has  also  be.  .  the  Unr 

.ivful  comparison  of  the  yard  and  m.-tr 
made  by  Captaii.  as  his  result 

1  im-t re  =  39-37079  inches. 

Thi-  ••ijuivalence  was  adapted  in  the  Act  of  1864. 
A    more  recent  determination   l.y  Culdiel  ( 

1  metre  =  39-37043  inches. 
1 ;      : :  -or  Stoney  *  lias  deduced  a  con- 

\\hich  agrees  with  the  above,  so  far  as  tl. 

agT3e,  a;  'I'the,  uncertain  ditl'.-n  : 

r'hese  are  determinations  for 

[    It.'  2°  Fahr.,  and  the  Lroii/.-  yard  at  r.'J    Fahr. 

a  1  -ass  metre  correct .  ut  used  at  an 

on  inary    temperature    such    as    62°    Fahr.,    the 

II  metre     39-3SJ  inches. 
1  metre -39}  inches; 
le  a  rough  ;»ere<l, 

e   is  compared  \\ith    » 
«. 
BT.  Oi».—  The  C.0.8.  System.  inh  Association,  t hi 

the  r  al  Standanls,  have  . 

in  and  <1-  it  so  ast> 

qua  itities.     'J  nonly 

call  :d  th  >econd  system,  or  by  ul 

•  .\ 
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the  C.G.S.  system.  The  standard  of  length  is  the  metre,  but  the 
primary  unit  of  length  is  not  the  metre  but  the  centimetre.  This 
system  was  adopted  as  the  basis  for  electrical  measurements  by 
the  International  Congress  of  Electricians,  which  met  at  Paris  in 

1881. 


IMPERIAL  MEASURES  OF  LENGTH. 


1/36  yard 
1/3  yard 

1  YARD 

1  pole,  rod,  or  perch  =  5 -J-  yards 
1  chain  =  4  poles  =22  yards 
1  furlong  =  220  yards 

1  mile     =  8  furlongs  =  1760  yards 

1  '  fathom  '  =  2  yards  ;    100  '  links  ' 
1  'hand'  =  4  inches;    1  '  ell'  =  45  inches; 


1  inch 

1  foot      =12  inches 


=  25-4  millimetres. 
=     3-048  decimetres. 
=       '9144  metres. 

=  20-12  metres. 


1-609  kilometres. 
1  chain  ; 
'  pace  '  =  5  feet. 


METRIC  MEASURES  OF  LENGTH. 

1  myriametre  =  10,000  metres. 

1  kilometre  =     1,000  metres. 

1  hectometre  =        100  metres. 
1  dekametre  10  metres. 

1  METRE  =  39-371  inches. 

1  decimetre  =  '1  metre. 

1  centimetre  =  -01  metre. 

1  millimetre  =  -001  metre. 

1  micron  =  -000001  metre. 

ART.  63. — Change  of  Length.     When  a  straight  rod  is  changed 
in  length  uniformly,  the  rate  of  expansion  is  expressed  by 

a  L  increment  per  L  original  length  ;  (1) 

and  the  ratio  of  the  expansion  is  expressed  by 

1  +  a  L  expanded  length  per  L  original  length.       (2) 


LEStiTU. 
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The  reciprocal  of  (1)  is 

L  original  length  per  L  expanded  length ;         (3) 
anil  the  rate  of  diminution  is 


(l  -  )  L  decrement  per  L  expanded  length  ;    (4) 

•r-^-  L  decrement  per  L  expanded  length. 
1  +  a 


M  a  is  a  small  quantity,  1  -  a  is  a  sut!  >n  for 

(Art  29 1.  11  (3)  becomes 

(1  -a)  L  contract*  L 

.  4)  becomes 

L  per  L  original  length. 

we  have  the  same  ideas  as  in  *  of  a  sum 

of  money  discussed  un-i  rest. 


EXAMPLES. 

Con\  et. 

ret, 

1,000  metres  —  1  kil« 
39-370  i: 

1  \ 

1  mi!.-        1,7 ''"yards; 


Induce  5  francs  p  to  pence  per  yard, 

c  ange  is  L  ft  per  £. 

240  pence  - 
1  i>ound  «  - 
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5  francs  =  1  metre, 
•9144  metres  =  1  yard  ; 
240  x  5  x  -9144  pence  =  25-22  yards, 

pence  = 


43  J  pence  =  1  yard. 


EXERCISE  IX. 

1.  Reduce  80  metres  to  yards,  and  40  yards  to  metres. 

2.  Reduce  321  miles  to  kilometres. 

3.  Find  the  reciprocal  of  '66  feet  =  link. 

4.  One  metre  contains  3 '2809  English,  and  31862  Prussian  feet.      By  what 
fraction  of  an  English  inch  does  the  Prussian  exceed  the  English  foot? 

5.  Determine  the  height  of  Mont  Blanc  in  old  Parisian  feet,  its  height  being 
given  as  15,784  in  English  feet,  and  the  ratio  of  the  English  to  the  old  Parisian 
foot  being  as  1*0297  to  '9662. 

6.  Taking  a  centimetre  at  two  fifths  of  an  inch,  find  the  number  of  centimetres 
in  30  yds.  3|  inches. 

7.  Pliny  says  that  the  side  of  the  base  of  the  Great  Pyramid  was  883  pedts.    If 
the  pes  is  equivalent  to  the  semi-cubit,  what  was  the  side  of  the  Pyramid  in 
English  feet  ?    Assume  1  cubit  =  20'7  inch. 

8.  Three  per  cent,  of  the  length  of  a  wire  is  4  inches  too  long  for  a  certain  pur- 
pose, and  3  feet  9  inches  is  ten  per  cent,  too  short.     "What  is  the  length  of  the 
wire? 

9.  Reduce  4s.  Gd.  per  yard  to  francs  per  metre  when  exchange  is  at  25  francs 
22  c.  per  £. 

10.  Find  the  successive  convergents  to  the  ratio  of  the  metre  to  the  yard,  taking 
1  yard  =  '9144  m. 

11.  The  scale  of  a  map  is  six  inches  to  the  mile  ;  express  the  scale  in  terms  of 
nch  to  inch. 


SECTION  X.— ANGLE. 

ART.  64. — Sexagesimal  Units.  The  circumference  of  the 
circle  is  divided  into  four  equal  parts  called  quadrants,  and  also 
into  six  equal  parts  called  sextants.  The  sixtieth  part  of  a  sextant 
is  denominated  a  degree;  the  sixtieth  part  of  a  degree  is  denomi- 


<LE.  G9 

.•  and  the  sixtieth  part  of  a  minute  is  denominated 

i'-th  part  of  the  srcund  is  denominated  a  third, 

but  it  is  now  the  practice  to  divide  t:  1  decimally.     This 

.   of  units  lias  been  in  use  ever  since  the  time 

:  onomers. 

An  ins  of  one  of  thr.se  units,  but  in 

terms  of  :  where  '  ' 

ions  for  degree,  minute,  second. 

It  is  to  be  observed  that  an  angle  so  sj  h  generally  an 

'  quantity  ;  the  expression  does  not  denote  merely  so  much 

.  but  an  angle  of  the  specified  amount  measured  from  a  fixed 

ART.  0."). — Centesimal  Units.  \lu-n 

th  •  1 1  •«)  100  equal  parts, 

ca  led  -he  grade  into  100  minute,  and  the  minute  into  100 

sexa- 

g<  iimal,  has  not  been  adopted  •  u  itself.     Had  tin- 

8}  ;tem  proceed,  d  HI H,n  a  centesimal  division  <>f  the  istead 

of  the  quadrant  it  would  have  had  a  greater  chance  of  being 
ac  epted. 

'-.—Binary  System.     1  ry  systeni  ipally 

or  inul  in  its  n  MIS  are  used  to  spe* 

ti-   i  •  i  1  in  th.-  mariner's  compass. 

Phe  circle  is  first  bisected  by  a  n  -li  line;  these 

di  actions  are  by  N.  and  S.     The  two  semicircles  are 

bi   'cted   into  f<>ur  quadrants,  and   the  two  new  directions  are 
de  iot<  if.      By  bisecting  each  of  t  .int-.  f..ur 

in  Ti!  ions  are  obtained;  eu<  icans 

of   ib«  us  of  the  sides  of  the  quadrant  wh  -octs, 

na  icl;  XI f.     I:  .n-h  of  the  octants 

cL  jt  moi-  ;<3se  is  also  denoted 
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by  the  directions  of  the  sides  of  the  angle  it  bisects,  namely, 
NNE.,  ENE.,  ESE.t  SSE.,  SSW.,  WSW.,  WNW.,  NNW.  By  a 
further  bisection,  sixteen  more  directions  are  obtained ;  these,  as 

shown  in  the  diagram,  are  denoted  on  a  slightly  different  plan. 

Fig.2. 


N.W 


N.E 


S.E 


The  angle  resulting  from  the  five  bisections  is  denominated  a 
point.  We  evidently  have  32  points  =  1  revolution,  1  point  =  11 J 
degrees.  The  system  is  carried  still  further  by  subdividing  the 
points  into  halves  and  quarters. 

ART.  67. — Circular  Measure  of  an  Angle.  The  ratio  connect- 
ing the  circumference  of  a  circle  with  its  diameter  is 

TT  L  arc  per  L  diameter, 

where  TT  denotes  the  incommensurable  number  3-141593  —  .*     For 
exact  calculations       3  -14 16  L  arc  =  L  diameter 

*TT  =  3-141592653589793238462643383279 +. 
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nerally  a  sufficient   approximation;   while*  rougher  conver- 
gents  are  L  arc  =  7  L  <liam< 

•  L  arc  =  113  L  diameter. 
These  convergent^  may  be  d-  m  3-1410  l»y  the  method  of 

:uied  fractions  explained  in 

The  above  is  a  ra:  .r  the  units  on  th<  le>  are  the 

same.     The  value  of  th<  ••  nee  independent  of  the 

of  the  unit. 

:ie  radius  is  half  the  diame;  duce 

L  arc  =  L 

angle  may  be  specified  in  terms  of  L  arc  per  L  radius,  the 

It  has  become  customary  to 

denoi  it  L  arc  p»-r  L  radius  by  the  single  word  ra 

\  raduu  '38  degrees, 

1  degree  »      -0174533  radians. 

ART.  68.— Nautical  Units  of  Length.     The  sea-n  not  is 

de  ined  in  terms  of  '-nee  of  the  earth.    As  the  earth 

is  not  an  exact  sphen  <>cessary  to  choose  a  particular 

cr  con  or  great  circle,  as  it  is  called.     The  Admiralty 

ki  <>tis  the  length  of  a  minute  on  the  equatorial  vnoe. 

It  is  estimated  to  be  equivalent  to  6,086  feet,  l>nt  its  regulation 
e«  livalent  is  6,080  feet  The  common  knot  is  the  length  of  a 
m  nute  on  the  ;  :  is  estimated  to  be 

e«  livalent  to  6,076  : 

1  league  =  3  knots ;  1  degree  a  60  knots. 

fhe  following  system  of  sub-units  is  coming  into  use : — 

ot=  10  cables  =  1,000  fathoms; 

tl  •  fathom  so  •!•  y  iY<»in  the  commoi 

\\    i.-h  i>  f-niiv.!  .irds, 

rhe  geographi  .•  same  as  the  nautical  i 

ART.  69.— Composition  of  a  Vector  in  a  Plane.    By  a  v. 
is  neant  a  finite  straight  line  having  a  spe<  \\  Ixn 

01  *  attention  is  restricted  to  a  plane,  it  is  necessary  to  sj- 
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angle  only.     Let  AB  be  a  vector  of  length  r  L,  and  direction  6°. 

The  two  sides  of  any  triangle 
which  has  AB  for  its  third  side 
are  called  the  components  of 
AB ;  as,  for  example,  AC  and 
CB.  The  direction  of  AB  may 
be  denoted  by  along,  of  AC  by 
adjacent,  and  of  CB  by  opposite. 

A  vector  is  equivalent  to  the  sum  of  its  components,  thus 

r  L  along  =  x  L  adjacent  +  y  L  opposite.  (1) 

ART.  70. — Sine  and  Cosine,  Secant  and  Cosecant.  From  the 
above  complete  equivalence  certain  partial  equivalences  can  be 
derived,  as  in  the  case  of  Mixture  (Art.  25).  Thus 

x/r  L  adjacent  =  L  along,  (2) 

and  y/r  L  opposite  =  L  along.  (3) 

When  the  two  components  are  at  right  angles  to  one  another,  the 
former  rate  (2)  is  called  the  cosine;  and  the  latter  (3)  is  called  the 
sine.  In  that  case  the  values  are  related  by  the  equation 

:»•-  •• 

When  the  components  are  inclined  at  an  angle  o>°,  the  relation  is 

x2  +  y1  +  2xy  cos  o>  =  r2. 
The  reciprocals  of  (2)  and  (3)  are 

r/x  L  along  =  L  adjacent,  (4) 

and  r/y  L  along  =  L  opposite.  (5) 

When  the  components  are  rectangular,  the  former  is  called  the 
secant,  and  the  latter  the  cosecant. 

ART.  71.— Tangent  and  Cotangent.  From  (2)  and  (3)  we 
derive  an  equivalence  between  the  components,  namely, 

y/x  L  opposite  =  L  adjacent,  (6) 

with  its  reciprocal      x/y  L  adjacent  =  L  opposite.  (7) 

When  the  components  are  rectangular,  the  former  is  called  the 
tangent,  and  the  latter  the 
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These  are  ratio  rates  in  the  sense  of  their  value  being  independ- 
ent of  the  size  of  the  unit  of  length  ;  but  the  unit  of  length  has  a 
different  direction  in  the  two  members  of  the  rate. 

ART.  72. — Gradient    By  the  gradient  of  a  road  i>  meant  the 
onnecting  the  amount  of  rise  with  the  amount   -  :    ad\amv. 
usually  expressed  as  1  in  100,  1  in  250,  etc.     This  nu-ans 
1  ft.  S-    =  100ft.  a.h, 
1    do.      =  250         do. 
It  is  :'•  which  is  mad.  'able  number. 

idea  corresponds  to  that  of  sine,  only  the  tii  u  i- 

[j  that  of  the  vertical. 

AKT.  73.— Composition  of  a  Directed  Quantity  in  Space.  Wh.-n 
we  cor  nal  space,  the 

mutually  perpendicular  .ree    in    number. 

partial  c«|ui\  alnu -t-s  of  the  lii>t  kind  are  cal!  ion-cosines 

<>f  tlie  vector.     They  may  be,  for  exan 
/  L  east  -   L  al< 
m  L  north  =  L  along, 
n  L  up  =  L  along. 
.  alues  J,  m,  w,  are  connected  by  the  cond 

/«  +  m»  +  n*  =   1 . 

E  ch  rate  has  it*  reciprocal  form,  and  by  combining  any  two  PC 
d  rive  a  rate  of  the  tangent  kind.     T  are  three  rates  of 

tl  3  tangent  kind,  v  three  reciprocal  forms. 

ART.  7:.  Curvature  and  Radius  of  Curvature.  I'.y  tin-  «ui 
v  tore  of  a  cm  in  a  plane  is  meant  the  rate  at  which  the 

d  -ection  '  hanges  in  pas-  •••.     It  i- 

c:  pressed  in  terms  of 

radian  \  ve. 

•n  the  curve  is  a  circle,  rate  is  < 

v  be  deduced  from  the  fact  that  in  g< 
direction  changes  by  360  degrees,  t! 


74  PHYSICAL  ARITHMETIC. 

2-n-  radians.     If,  then,  the  length  of  the  circle  is  c  L,  its  curvature  is 

27T/c  radian  per  L  curve. 

But  if  we  are  given  the  radius  of  the  circle  as  r  L,  then  its  circum- 
ference is  27rr  L,  and  the  rate  of  curvature  is  expressed  as 

l/r  radian  per  L  curve. 

A  portion  of  any  curve,  throughout  which  the  curvature  does  not 
change  sensibly,  coincides  with  a  portion  of  the  arc  of  some  circle. 
Hence,  if  the  radius  of  that  circle  is  r  L,  the  curvature  for  that 
portion  of  the  curve  will  be 

l/r  radian  per  L  curve. 

The  radius  of  the  equivalent  circular  arc  is  called  the  radius  of 
curvature. 

EXAMPLES. 

Ex.  1.  Express  12°  34'  56"  in  terms  of  radian ;  and  3  radians  in 
terms  of  deg.  min.  sec. 

1  degree  =  -0174533  radians. 
12 


•2094396 

1  minute  =  0-002909  radians. 
34 

11636 

8727 


•0098906 

1  second  =  '0000048  radians. 
56 


288 
240 


•0002688 
•0098906 
•2094396 

•2195990 
Answer — -2196  radians. 


Second  part — 


1  radian 
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3 


171- 

60 

53-2440 
60 

14-6400 
Answer— 170°  53 

.ition  of  the  met re,  und 
the  relation  of  •  to  tin-  mile,  the  K-n^th  of  the  diai 

:  th  in  miles. 
40,000,000  metres 

113  metres  diam.  =  355  metres  tin  umf. 
315  inches  -8  me* 
1  yard  -  36  inches, 
1  m  »  yards; 

nulesdia,, 


7-6*' 
2'0') 

2-5. 
1-55630 

8-25:>  1  -1 

•512 

-7'Jl-  miles  diamrt.-r. 


Er.  ;st  a  rail  6  ft  long  be  bent  in  onl 

fi    into  a  curve  of  half  a  mile  radius  1 

360  degrees-  v  x  1760  yards  arc, 

~\  IQ~> 


76 


PHYSICAL  ARITHMETIC. 


1"e"> 


i.e., 


•13 


Ex.  4.  The  radius  of  the  earth's  orbit  subtends  an  angle  of 
four-tenths  of  a  second  at  61  Cygni ;  how  far  is  the  star  from  the 
sun  1  E  rig.*. 


Here  the  dependence  of  ES  upon  SC  is  given  by  the  tangent 
of  the  angle  ECS,  that  is,  of  -4".  For  so  small  an  angle  the  value 
of  the  radian  is  equal  to  the  value  of  the  tangent  with  sufficient 
accuracy  for  the  present  calculation. 

•01745  mile  arc  per  mile  radius  =  1  degree, 

1  degree  =  3600  seconds, 
*4  seconds ; 

mile  arc  =  mile  radius, 

9152  x  104  miles  arc  ; 

9152  x  104x9xl03x  105     .,          ,. 

-  miles  radius, 


i.e., 

i.e., 
or 


1745 
9152x9 


1012   miles  radius, 


1745 

472  x  1011    miles  radius, 
4-72  x  1013   miles  radius. 


Observation. — It  is  more  common  to  put  the  point  after  the  first 
figure,  so  that  the  index  of  10  may  be  the  mantissa  of  the 
logarithm  of  the  number. 


EXERCISE  X. 

1.  Express  T2T  of  a  right  angle  in  degrees  and  also  in  grades. 

2.  The  angle  which  is  subtended  by  an  arc  equal  to  the  radius  is  206,264'8 
seconds.      Reduce  this  to  grades  and  decimals,  and  thence  deduce  the  value 

Of  I/IT. 
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3.  A  circle  has  a  circumference  of  123  yards.     AVhat  is  the  length  of  its  radiu> . 

4.  How  many  radians  are  there  in  an  arc  of  114'  35'  30*  ? 

Express  45  degrees  in  terms  of  radian  ;  and  4'5  radians  in  terms  of  degree. 
• .  ;i:  i  »  M".  Ky  W.  in  degrees,  reckoning  east  from  : 

7.  How  many  points  and  degrees  are  there  between  N.  by  E.  and  >  S 

8.  If  the  length  of  3^7  of  the  earth's  circumference  be  G9^  miles,  find  it- 

ter,  taking  diameter  to  circumference  as  7  to  22. 

:  om  the  primary  definition  of  the  metre  and  its  relation  to  the  statute  mil. 
deduce  the  average  number  of  mile*  in  a  degree  of 

10.  The  cotangent  of  the  angle  of  a  roof  is  1*5 ;  what  is  the  ratio  of  rise  to  span? 

11.  A  nil  way  line  has  a  gradient  of  1  in  80  for  a  distance  of  3  miles ;  what  is 
the  total  rue  or  fall? 

IL'.  The  sines  of  two  angle*  of  a  triangle  are  j  and  ^'j,  and  the  side  opposite  to 
the  former  U  10  yards ;  required  the  side  opposite  the  latter,  and  the  thirl 

The  base  of  the  Great  Pyramid  is  a  square  764  feet  in  the  side,  and  tlu 
perpendicular  height  is  486  feet ;  required  the  length  of  the  slant  side  of  one  of 
the  triangular  faces. 

1 1.  A  roan  5  feet  4  inches  in  height  standing  at  a  distance  of  53  feet  fro 
ba*  e  of  an  electric-light  tower  casts  a  shadow  8  feet  Jong  on  the  pavement.    What 
is  '.he  height  of  the  tower? 

5.  The  difference  of  longitude  between  two  places  Is  5  degrees,  and  the  la  • 
of  both  U  45  degrees ;  find  the  duUnce  between  them  along  the  parallel  . 
t u  le.    (Take  the  radius  of  the  earth  to  be  4,000  miles. ) 

.6.  The  length  of  a  railway  curve  which  has  a  uniform  curvature  is  on. 
ai  1  the  change  of  direction  is  30  degrees.    Find  the  value  of  the  curvature  and 
oi  the  radius  of  curvature. 

.7.  Express  the  sea-mile  in  terms  of  the  kilometre. 

8.  Compare  the  lututacal-fathotn  with  the 


TI<>\    XI.     BUI 

\.  —General  Unit  of  Surface.  The  general  unit 

i    approj)!                not.  .1  1»\   S-  1  by  means  of 

t!  e  unit  •  •:  y  adopted  is  as  follows : 

-  Tli-                                     •  area  of  the  square  which  is  f«>; 

u  th   the   unit  of  length  a-  i  S  is  so  de! 
M  i  have 

IS      L. 
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where  L2  denotes  square  L.     Such  a  unit  of  surface  is  called  a 
systematic  unit.     When  S  is  not  so  defined  we  have 

JcS  =  L2, 
where  Jc  denotes  some  number,  integral  or  fractional. 

In  what  follows  S  is  commonly  restricted  to  being  systematic. 

ART.  76. — Imperial  Units  of  Surface.  In  the  imperial  system 
the  principal  unit  of  surface  is  the  area  of  the  square  formed  by 
the  yard,  and  denominated  the  square  yard.  Of  the  other  units  of 
surface  some  are  derived  systematically  from  the  corresponding 
linear  unit ;  and  two,  the  acre  and  the  rood,  used  in  the  measure- 
ment of  land,  are  defined  in  terms  of  the  square  yard. 

Since        3  feet  long  =  1  yard  long, 
and  3  feet  broad  =  1  yard  broad, 

it  follows  that 
3  ft.  long  by  3  ft.  broad  =  1  yd.  long  by  1 

yd.  broad, 

or  32  feet2  =  1  yard2; 

i.e.,       9  square  feet  =  1  square  yard. 

This  is  also  evident  from  an  inspection 

of  the   figure,   where  the   longer   side 

represents  a  yard  and  the  shorter  side 


Fig.5. 


sq.ft. 


sq.  yd. 


»*  a  foot. 

In  science  and  the  arts  the  square  foot  and  the  square  inch  are 
commonly  used. 

ART.  77. — Metric  Units  of  Surface.  In  the  metric  system  the 
unit  of  surface  is  derived  from  the  area  of  the  square  formed  by 
a  unit  of  length.  The  natural  unit  is  the  area  of  the  square 
formed  by  the  metre,  but  it  is  an  inconveniently  small  unit  for 
the  purpose  of  measuring  land.  Hence  the  special  name  of  are 
was  given,  not  to  the  area  of  the  square  formed  by  the  metre,  but 
to  the  area  of  the  square  formed  by  the  dekametre,  which  is  100 
times  the  former.  From  the  are  are  derived,  as  will  be  seen  from 
the  table  appended,  the  usual  decimal  multiples  and  submulti- 


pies.     This  set  of  units  is  used  in  the  ireasuring  of  land,  and  the 
hectare  is  the  unit  principally  u- 

For  scientific  purposes  it  is  more  convenient  to  m  [iiare 

units  given  in  the  second  column,  in  which  any  unit  is  equivalent 
to  100  of  the  next  lower  unit 

The  authorized  abbreviation  for  square  is  the  index 
mm.1  for  square  millimeter.    That  for  are  is  a.,  tor 

hecta 

In  the  C.G.S.  system  the  primary  unit  of  surfact  uaiv 

centimetre. 

IMPERIAL  MEASURES  OF  SURFACE. 

1  sq.  inch  =1/1296  sq.  yd. 

1  sq.  foot  -1/9  sq.  yd. 

1  SQUARE  YARD     =0*8361  sq.  li 

fsq.  pole  or  perch  t  sq.  yds. 

sq.  chain  -484sq.  yds, 

1  rood        =  40sq.  poles-  1,210  sq.  yds. 
1  acre        -4  roods       =4,840  sq.  yds. 

mile  =  640  acres   =  3,097,600  sq.  yds.  =  259  hectares. 

Mi  TRIG  MEASURES  OF  SURFACE. 

hectare  =  1  sq.  hectometre  =  10,000  sq.  metres. 

lekare  =  1,000  sq.  metre*. 

u •«•         - 1  sq.  dekametre  =  100  sq.  metres. 

1*  <  i;in-  =  10  sq.  metres. 

- M96  sq.  \ds 

milliare  -  '1  sq.  metre. 

1  sq.  o     =-01  sq.  in- 

1  sq.  centimetre  =  O001  sq.  m< 
1  pq.  niilliiaetre   -  -000001  sq.  metre. 

ART.  78. — Area  of  a  Rectangle,     When  the  unit  <>f  H::        S 
d  fined  as  the  area  of  a  square  the  side  is  L,  tl. 

o  any  rectangle  i*  rate 

1  S  j  •  i  L  :  L 
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This  rate  may  be  written  in  the  form  of  an  equivalence  in  three 
ways —  IS  =  L  long  by  L  broad. 

1  S  per  L  long    =  L  broad. 
1  S  per  L  broad  =  L  long. 

For  example,  in  the  case  of  a  web  of  cloth,  the  number  of  yards 
in  the  breadth  is  the  same  as  the  number  of  square  yards  per 
yard  of  length. 

ART.  79. — Signs  for  "  by  "  and  "  per."     The  sign  x  is  in  use 
to  denote  by.     Its  use  in  connecting  units  is  in  harmony  with  its 
use  in  connecting  numerical  quantities.      According  to  recent 
scientific  usage  (Art.  11)  the  sign  /  is  the  appropriate  sign  for 
per,  and  that  usage  agrees  with  the  expression  %  for  per  cent. 
For  example,  take  the  particular  case  of  the  rate  for  a  rectangle — 
1  square  yard  /  yard  long  /  j^ard  broad, 
1  square  yard  =  yard  long  x  yard  broad, 
1  square  yard  /  yard  long  =  yard  broad, 
1  square  yard  /  yard  broad  =  yard  long. 
ART.  80. — Area  of  a  Parallelogram.     In  a  parallelogram  the 
breadth  is  not  in  general  perpendicular  to  the  length ;  the  compon- 
ent of  the  breadth  which  is  perpendicular  to  the  length  is  called 
the  altitude  (Fig  6).     Hence 
Fig.6. 


1 S  per  L  long  =  al 

'  denote  the  angle 
between  the  length 
and  breadth,  then 
Sin0Lalt=Lbrdth(2) 
If  we  eliminate  the 
altitude  between  (1) 
and  (2)  we  obtain 

A  E  length  B  Sm0S  =  Llg.by  Lbd. 

ART.  81. — Area  of  a  Triangle.     The  area  of  a  triangle  is  half 
that  of  the  corresponding  parallelogram ;  the  area  of  ABD  is  half 
that  of  ABCD.     Hence  for  a  right-angled  triangle 
|-S  =  L  long  by  L  broad. 
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•  .jiiivaleiice  is  of  great  imp«  J   reason!; 

will  be  seen  in  subsequent  chapters. 
For  a  triangle  of  included  angle  0* 

broad. 

v.Ml'LES. 

:0£  per  a«  :us  of  franc  per  hectare. 

ing  :  hange  at  126  francs  -^  5£. 

126  franc  = 

1000  acres  =  405  hectares  ; 


81 

i.e.,  —francs  =  hectare, 


ie.,         li'H  11 
2.     The  height  of  the  great  pyramid  was  486  i 
n  ling  that  its  square  was  8  Egyptian  acres,  the  acre  bein^ 
{i  ire  oi  100  royal  cubits;  required  the  length  of  the  royal  cul»it 

486s  foot3  -  8  Eg\  res, 

.,'yptian  acre-lOo 

-' 


K  J'2  foot  -riil.it. 

11 


Ansiccr—l-7'2  IV-et  -  r«»\  al  ruhit. 
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Ex.  3.     The  area  of  a  rectangle  is  2,592  square  feet.     If  the 
breadth  were  increased  and  the  length  diminished  by  3  feet,  we 
should  have  a  square.     Find  the  length  and  breadth. 
For  a  rectangle 

1  square  foot  =  foot  long  by  foot  broad, 

2592  square  feet; 
2592  foot  long  by  foot  broad, 


2592 
x  feet  broad,  .*.   — 1  -  feet  long. 


Now 


X 

which  reduces  to  the  quadratic  equation 


x=  -3±  N/9  +  2592; 
hence  x  =  48  is  the  possible  solution. 

Answer — 48  feet  broad,  54  feet  long. 

Ex.  4.     A  farm  in  the  form  of  a  square  contains  400  acres ; 
what  is  the  length  of  a  side  expressed  in  terms  of  the  mile  ? 

1  mile2  =  640  acres, 
400  acres ; 

|  mile2, 
i.e.,         \^  mile2, 

v/10     ., 
i.e.,        -z. —  mile, 

4 

i.e.,  *79  mile. 

Ex.  5.     Find  the  cost  of  papering  the  walls  of  a  room  22  feet  6 
inches  long,  18  feet  9  inches  wide,  and  11  feet  high;  99  square 
feet  not  requiring  to  be  papered ;  the  paper  being  2  feet  9  inches 
wide,  and  costing  3d.  per  linear  yard. 
For  a  side 

1  square  foot  =  foot  long  by  foot  high, 
22-5  ft.  long  by  11  ft.  high; 

22-5  x  11  square  foot. 
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9  M  1  1  ><]•: 
:in«l  for  the  two  en- Is      L'      1^7-~»xll          „ 

f  paper, 
1  foot  long  »  5 
1  penny      =1  foot  lo: 

1(32.^  18-78) -99  ,„ 

£1  45.  Grf. 

I:XEKCI<!:  xi. 

10  areas  of  England,  Scotland,  Ireland,  are  58,311,  30,  !  ^uare 

v  ;  express  these  area*  in  terms  of  the  square  kilo: 
v  square,  whose  side  is  146  feet,  contains  11WO-25  square  metro 
nun  her  of  inches  in  a  metre  to  three  decimal  places, 

3.  Give  that  a  metre  equals  3*2K  how  many  square;  metres  there  are 

in  1  • 

4    How  many  persons  could  be  seated  in  an  area  ten  miles  square,  each  person 
ooc  pying  half  a  square  metre  ? 

\s  i  i         K  per  acre  in  terms  of  franc  per  hectare,  when  exchange  is  at  2,1 
f  r.    '0  , 

••{  land  is  sold  at  l.lW.  per  acre.    What  is  the  price  in  frai. 
I  atji  J.~»  franc*  ? 

7    Seventy-fire  per  cent  of  the  area  of  a  farm  is  arable ;  of  the  n-m. 

rive  per  cent,  is  pasture,  and  the  rest  is  waste  ;  the  area  of  the  waste  i» 
I    3  «•  -es  0  roods  20  poles.     What  is  the  area  of  the  farm  ? 

.-  number  of  granite  blocks  required  to  pave  a  strc-  • 
and  16  yards  wide,  the  block  being  4  inches  broa.l 
wo  rectangular  fields  are  equal  in  area.    The  one  is  one  tin 

feet  wide ;  the  other  is  exactly  square.  -  tide. 

1  he  sides  of  a  rectangular  piece  of  land  are  in  the  ratio  of  2  to  7.     \ 
.gth  of  each  side  if  the  area  contains  341,373,816  square  feet  ? 

Mgth  of  a  rectangle  is  to  its  breadth  as  4  to  3.     If  we  increase  the 
:by3feetandthebrea«lthby4,weiiicreasethearaaby287feet.    II 


The  length  of  a  rectangular  piece  of  ground  is  twice  its  breadth  ;  its  area 
.479*805  square  ft> 

the  length  of  the  aide  of  a  square  which  contains  1  acre. 
.te  to  the  nearest  integer  the  number  of  feet  in  each  aide  of  a  square 

I  statut.:  .icn-S  ill  «  Vt    I.t. 
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15.  If  640  acres  go  to  a  square  mile,  what  is  the  length  of  each  side  of  a  square 
piece  of  land  which  contains  100  acres  ? 

16.  Find  the  length  of  the  side  of  a  square  field  which  contains  7  acres  3  roods 
15  perches. 

17.  A  room  21  feet  long  required  49  yards  of  carpet  £  of  a  yard  broad.  Find  the 
breadth  of  the  room. 

18.  The  number  of  yards  of  paper  required  to  cover  the  four  walls  of  a  room 
54  feet  wide  and  30  feet  high  is  880,  and  the  breadth  of  the  paper  is  §  of  a  yard. 
Required  the  length  of  the  room. 

19.  The  first  of  two  pictures  is  1  ft.  6  in.  by  2  ft.,  the  second  2  ft.  by  2  ft.  0  in., 
and  they  are  to  be  framed  in  the  same  way  ;  if  the  glass  and  frame  of  the  former 
cost  Is.  C)d.  and  that  of  the  latter  11s.  2d.,  what  is  the  price  of  the  glass  per  square 
foot,  and  of  the  frame  per  foot  of  length  ? 

20.  A  merchant  buys  cotton  (27  inches  in  width)  at  5  cents  per  square  yard. 
He  pays  a  duty  of  2  cents  per  square  yard,  and  15  per  cent,  ad  valorem.     For 
what  price  per  yard  should  he  sell  it  in  order  to  gain  25  per  cent,  on  his  outlay  ? 

21.  Of  two  squares  of  carpet,  one  measures  44  feet  more  round  than  the  other, 
and  187  square  feet  in  area.     What  are  their  sizes  ? 

22.  A  square  field  of  grain  containing  ten  acres  is  to  be  cut  down  by  a  reaper 
working  round  and  round;  the  cut  of  the  reaper  is  6  feet.  How  many  rounds  must 
the  reaper  take  before  the  field  is  half  cut  ? 

23.  A  square  plot  of  ground,  21  yards  in  the  side,  is  sold  for  the  greatest  num- 
ber of  sovereigns  which  can  be  placed  flat  upon  it.     Find  the  price,  the  diameter 
of  the  sovereign  being  seven  eighths  of  an  inch. 

24.  What  length  of  fence  is  required  to  enclose  100  acres;  first,  when  the  land  is 
in  the  form  of  a  square ;  second,  when  in  the  form  of  a  rectangle,  having  length 
2i  times  breadth  ? 


SECTION  XII—  SUEFACE,  Continued. 


ART. 


82.—  Area  of 

Fi£-7- 


the 


Sector  of  a  Circle.  Consider  any 
sector  of  a  circle  ABC;  draw  the 
chord  BC  (Fig.  7).  The  area  of 
the  triangle  AB C  is  a  first  approxi- 
mation to  the  area  of  the  sector 
ABC.  Bisect  the  sector  by  the 
line  AD;  join  BD,  DC ;  the  sum 
C  of  the  areas  of  the  triangles  ABD 
and  ADC  is  a  second  approxi- 
mation to  the  area  of  the  sector. 
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h  of  these   aijain  ;    the  MUM  <>f  the  areas  of  the  four 

triangles  will  l»e  a  third  approximation  to  th««  area  of  tlu-  sector. 

Wht-n  tli-  ::inurd   a  large  number  of  times, 

•:  of  the  triangles  will  not   differ  sensibly  from 

.lilius  of  :  .  and  the  the  lengths  of  the 

will  not  diflei  of  the  see-tor.      Hence  the 

;  S         La:.    ',y  L  radius.  (1) 

If  the  aii^le  of  the 

0  L  arc  =  L  radius, 
hy  inultiplyini:  these    two  c«|iiivalf!  L 

nion  to  both  sides,  and  be  eliminated,  and 

rain 


S  =  (L  rudi 


ART.  83.—  Area  of  a  Circle.     For  a  complete  circle  6  becomes 

2r  ;  : 

vS   «=      L  :-)*. 

Sii  ce  -  L 

:  )2   »    (L  : 

S         L   .  .•     • 


an  Ellipse.     '1 
m  jor  axis  A.l  r  is  called  the  uuxi 

Ti  )  area  c) 

S         L 

h    corresponding  bread  ta  QMt  ac< 

•:is  Bff  is  «lrii\,  ,1 
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of  the  circle  DD'.     Hence  the  area  of  the  ellipse  itself  is  given  by 


or 


j  S  =  L  major  axis  by  L  minor  axis, 

TT  S  =  L  semi-major  axis  by  L  semi-minor  axis. 

Fig. 8. 


ART.  85. — Surface  of  the  Common  Cylinder.  The  flat  portion 
of  the  surface  consists  of  two  equal  and  parallel  circles  (Fig.  9). 
If  the  curved  surface  were  cut  parallel  to  the  axis,  unrolled,  and 
flattened  out,  it  would  form  a  rectangle  having  the  circumference 
of  the  cylinder  for  length  and  the  axis  for  breadth.  Hence  the 
area  of  the  curved  surface  is  given  by 

1  S  =  L  circumference  by  L  axis. 

The  dependence  of  the  circumference  on  the  radius  of  the  cylinder 
is  given  by 

2-rr  L  circumference  =  L  radius ; 

2?r  S  by  L  circumf.  =  L  circumf.  by  L  axis  by  L  radius, 

i.e.,     2ir  S  =  L  axis  by  L  radius. 

ART.  86. — Surface  of  the  Common  Cone.  The  flat  portion  of 
the  surface  is  a  circle  (Fig.  10).  If  the  curved  surface  were  cut 
along  the  slant  height,  unrolled,  and  flattened  out,  it  would  form 
a  sector  of  a  circle,  having  the  slant  height  for  radius  and  the 
circumference  of  the  base  for  arc.  Hence  (Art.  82)  the  area  of 
its  curved  surface  is  given  by 


8URF 


\  S  =  L  circumference  by  L  slant  height ; 
or         -  S  =  L  radius  by  L  slant  height. 

Tig.lO 


;.  87.— Surface  of  a  Sphere.     The  area  of  a  > 
by 

of  sphere  by  L  height  of  zone. 

Hence,  as  th<  <  rical  zone  is  equal  to  the 

n  Jius  of  the  sphere,  we  have  for  a  hemispherical  surface 

»2ir  S  =  (L  radius  of  sphere)1, 
the  area  of  a  spherical  surface, 
4irS  =  (L  radius)1. 

A  UT.  88.— Solid  Angle.    Just  as  a  linear  angle  can  be  spe< 
1      means  of  the  rate  c< 

i  •  radius  (Art  67),  so  a  solid  angle  can  be  specified  by  means  of 
t  e  rate  connecting  the  area  of  a  surface  of  a  sphere  uith  tin- 
s  uai  radius.  Thus  a  solid  angle  is  specified  in  terms  of 

8  per  (L  radius)2 ; 

n  id  the  unit-rate  S  per  (L  radius)1  is  sometimes  called  a  stcratlian, 
t  at  is,  a  solid  radian. 

To  deduce  the  dependence  of  the  area  of  a  spherical  lune  o; 
i.'-rical  angle,      4r  S  per  (L  radius)* - 360  degrees ; 

.s)'  =  degree. 
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ART.  89. — Change  of  Surface.  Suppose  that  the  length  of  a 
plate  expands  according  to  the  rate 

a  L  increment  per  L  original  length,  (1) 

and  its  breadth  according  to  the  rate 

/3  L  increment  per  L  original  breadth,  (2) 

then  the  ratios  of  expansion  are — 

1  -r  a  L  expanded  length   =  L  original  length,         (3) 
1  +  /?  L  expanded  breadth  =  L  original  breadth.      (4) 
Hence,  if  the  included  angle  remain  constant, 

(1  +  a)(l  +  /2)L2  expanded  surface  =  L2  original  surface,      (o) 
and 

((1 +a)(l +/?)  — 1}L2  increm.  of  surface  =  L2  orig.  surface,  (6) 
The  reciprocal  of  (5)  is 

_ _ —     L2  original  surface  =  L2  expanded  surface,          (7) 

and  the  rate  of  diminution, 

(I  -    — — o\)'-2  decrement  =  Ls  expanded  surface,         (8) 

When  a  and  /3  are  both  small,  the  value  of  (5)  is  1  +  a  +  /3 ; 
of  (6),  a  +  fi;  of  (7),  l-a-0;  and  of  (8),  a  +  /3. 

When  ($  is  equal  to  a,  the  value  of  (5)  is  (1  +  a)2,  and  its 
approximation  is  1  +  2a ;  the  value  of  (6)  is  2a  +  a2,  and  of  its 
approximation  2a ;  and  so  on. 

EXAMPLES. 

Ex.  1.  The  sides  of  a  rectangle  are  16  feet  and  10  feet  respec- 
tively.    Find,  to  four  places  of  decimals,  the  length  of  the  diagonal 
of  a  square,  whose  area  equals  that  of  the  rectangle. 
16  feet  long  by  10  feet  broad, 

1  (foot  side)  2  =  foot  long  by  foot  broad, 
2  (foot  diag.)2  =  1  (foot  side)2 ; 
16x10x2  (foot  diag.)2, 
8^/5  feet  diag. ; 
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8  x  2-236068  feet  diag., 


Ansi 
Observe — To  get  four  places  exact   it  i.s  well  to  carry  on   tin- 

:  i  of  the  root  to  six  places. 
_.  The  diameter  of  a  circle  is  650  cm.,  wl: 

11  sq.  cm.  =  14  (cm.  ilian 
650  cm.  diam. 

<2  sq.cn, 

331,964 

„ 

A>  :i  will  it  cost  to  cover  a  circular  plot  of  ^T->und 

130  fc  at  4rf.  per  square  y 

1 30  feet  circumfer. 

1  foot  rad.  «=  2*  feet  ci  nee, 

s-sq.  foot  =  (foot  r 
1  sq.  yd.  =  9  sq.  feet, 

4rf.-sq.  yd 

Be  ause  we  have  (foot  rad)2  the  square  o  cceding  multi 

re  must  be  taken,  hence 

x4 

_  -      ~: .  we  find  that  the  value  is  very  nearly  600  pence, 

th;  s  is,  £2  10*. 

k.  'ate  the  area  of  that  zone 

wl  ch  lies  between  30*  and  th<> 

eai  h's  radius  to  be  4,000  miles,  and  r  to  be  3-1 

2ir  sq.  miles  -  mile  radius  by  mile  altitude. 
Fo   45*  v 


alls..-    wo    havt 
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and  for  30°  \  mile  vertical  =  mile  radius  ; 

hence         ( — -  -  J  )  mile  altitude  =  mile  radius ; 
V 
4,000  miles  radius ; 

4,000  (  -L  -  j)mile  altitude. 

*  v^      * 
Hence 

2  x  3-1416  x  4,000  x  4,000(J_  -  j)  sq.  miles, 
i.e.,         3-1416  x  16,000,000  x(  J2  -  1)  „ 


•41421 
61413 

124263 

4142 

1657 

41 

25 


1-30128 
16 


780768 
130128 

2082048 

Answer — 2  '082  x  107  square  miles. 

Ex.  5.  With  reference  to  a  certain  map  it  is  known  that  a 
square  inch  represents  284-J  acres.     What  is  the  scale  of  the  map  ? 
2,560  acres  =  9  inch2, 
1  mile2  =  640  acres ; 

256       .,  o     •    ,  o 
„—  mile z  =  inch'* ; 


9x64 

mile  =  inch ; 


9x64 

i.e.,      if  mile  =  inch, 
i.e.,       2  mile  =  3  inch. 


'£.  01 


OL 

1.  Find  the  area  in  acres  of  an  isosceles  right-angled  triangle,  the  perpendicular 
from  the  right  angle  on  the  hypotenuse  being  1,000  feet. 

L'    Kind  in  hectares  the  area  of  a  square  of  which  the  diagonal  is  10  chains, 
assuming  that  a  square  metre  is  1*196  of  a  square  yard. 

V  rectangular  enclosure  is  one  acre  in  extent,  and  its  peri:.  yards. 

e  lengths  of  its  sides. 
4.  The  diagonal  of  a  square  is  20  chains.    Required  the  area  in  acres, 

.0  area  of  a  field  which  has  the  form  of  an  equilateral  t 
has  01  -;th. 

area  of  the  triangle  whose  sides  are  11,  CO,  n 

e  two  diagonals  of  a  quadrilateral  are  30  and  40  chains,  and  the  angle 
between  them  is  30\    Required  the  area  in  acres. 

8.  A  t  he  form  of  a  trapezium,  the  two  parallel  sides  being  G  chains  and 

~ide  is  5  chains,  and  is  inclined  to  a  parallel  side  at  GO*.     • 
e  area  in  acres. 

9.  A  square  bowling-green,  50  yards  in  the  side,  has  a  uniform  slope  roun<l  it, 
the  slant  height  of  which  is  2  yards,  and  the  angle  which  the  slope  makes  v 
hoiizontal  plane  is  30*.  .ng  the  green  and  slope  wh 

wo  k  is  done  at  the  rate  of  Jrf .  per  square  yard. 

1 0.  Find  to  the  nearest  square  foot  the  number  of  square  feet  of  lead  required 
to  over  a  pyramidal  roof,  the  base  being  a  square  of  19  feet  in  the  side,  a. 

be  ;ht  6  feet 

The  diameter  of  a  circle  is  135  mm.    What  is  its  circumference,  a 


I  The  circumference  of  a  circle  is  000*04  em.     What  is  its  diameter  and  its 
ar    .? 

The  area  of  a  circle  is  60,155  art*.    What  is  its  diameter  and  its  circum- 
,,.,.•: 

••as  86  circular  inches  in  terms  of  square  inches ;  and  63  squat  • 
mna  of  circular  inches. 

'».  A  penny  and  a  halfpenny  hare  diameters  of  one-tenth  of  a  foot  and  of  an 
i  respectively.     If  a  halfpenny  lie  wholly  on  the  top  of  a  penny,  what  amount 

:  surface  of  the  penny  will  be  left  uncovered? 

!.  An  elliptic  plot  is  described  in  a  garden  by  means  of  a  string  20  feet  in 
tli,  and  passing  round  two  pegs  distant  by  5  feet     What  is  the  area  of 

date  the  area  of  an  elliptical  pond,  the  major  axis  of  which  is  250  feet, 
nor  axis  100  feet 
the  area  of  an  ellipse  whose  axes  are  25  chains  and  22  chains  25 

1  -.  Berlin  is  11*  35'  east  of  Pari*.  urea  of  tl»  the  earth's 

:ce  between  their  meridians ;  the  earth's  radius  being  taken  as  3,963  miles. 
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20.  On  a  certain  map  a  square  inch  represents  4,000  acres.     What  is  the  linear 
scale  ? 

21.  The  vertical  scale  of  a  drawing  is  40  feet  to  an  inch,  and  the  horizontal  400 
feet  to  an  inch.     What  is  the  scale  for  the  area  ? 

22.  On  a  map  it  is  found  that  100  acres  are  represented  by  359 '48  square 
inches ;  but  the  scale  not  being  attached,  it  is  required  to  calculate  what  it  is. 
Give  the  scale  in  the  form  of  a  ratio,  and  also  in  terms  of  foot  per  mile. 


SECTION  XIII—  VOLUME. 

ART.  90.— General  Unit  of  Volume.  Any  unit  of  volume  may 
be  denoted  by  V.  The  systematic  unit  is  the  volume  of  a  cube 
whose  side  is  the  unit  of  length,  and  in  such  case  we  have  1  V  =  L:i, 
where  L3  denotes  the  same  as  cubic  L.  When  the  unit  is  not 
systematic  we  have  some  other  number  instead  of  1. 

ART.  91. — Imperial  Units  of  Volume.  In  the  imperial  system 
we  have  cubic  units  and  units  of  capacity.  The  base  of  the  cubic 
unit  is  the  cubic  yard,  and  the  relations  to  it  of  the  cubic  foot  and 
the  cubic  inch  follow  from  the  relations  of  the  linear  foot  and 
the  linear  inch  to  the  linear  yard. 

The  primary  unit  of  capacity  is  the  gallon,  which  involves  in  its 
definition  the  standard  of  mass.  It  is  the  volume  of  ten  imperial 
pounds  of  distilled  water  at  the  temperature  of  62°  Fahr.  Fur- 
ther, the  mass  of  the  water  is  to  be  determined  by  weighing  in 
air  against  brass  weights,  the  air  also  being  at  the  temperature  of 
62°  Fahr.,  and  the  barometer  standing  at  30  inches. 

In  the  original  definition  of  the  gallon,  the  volume  defined  as 
above  was  stated  to  be  equivalent  to  277-274  cubic  inches;  but 
when  a  more  accurate  determination  of  the  density  of  water  was 
made,  the  alternative  part  of  the  definition  was  repealed.  Ac- 
cording to  the  most  recent  determinations1  the  gallon  is  equiva- 
lent to  277'123  cubic  inches.  The  brass  gallon,  marked  ''imperial 

1  Rankine's  Rules  and  Tables,  p.  99. 
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gallon  was  originally  de 
be  ultimate  standard,  but  pr.. 
with  the  standard  of  mass. 
other  units  of  capacity  are  defined  by  means  of  the  gallon. 

r.  92. — Metric  Units  of  Volume.     In  the  :\  \\, 

have  three  series  of  units  of  The  stere  and 

;  solid  measure,  as  for  example  the  measuring  of  wood  ;  the 

are  for  fluid  measure  o< 

•  it\  :  win  !>ic  series  is  the  best  adapted  for  calculation 

and  for  science  general!} 

ic  metre,  and  the  litre  to  a  cubic  d< 

while  those  ol  :ial. 

.  ,  a>  in 
That  for  st- 
In  3.  system  the  prim  ;  of  volume  is  the  < 


1  cubic  inch  yard 

mbic  foot     •  1,728  cubic  inchw      -  1/27  cubic  yard 

. 


•  1/8  gallon 


".W>  hix:     / 


-  i  .  ::     . 
•  288  gallon* 

l 

rOBSALEOF  I 

-1/480  "fluid  ounoe" 
- 1/8  fluid  ounce 

-  It* 
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METRIC    MEASURES    OF    VOLUME. 
SOLID.  LIQUID.  CUBIC. 

1  kilostere  =  1  cb.  dekametre  =  1000  cubic  metres 

1  hectostere  =  100  cubic  metres 

1  dekastere  =  10  cubic  metres 

1  stere  =  1  kilolitre    =  1  CUBIC  METRE    =  1'308  cb.  yd. 

1  decistere     =  1  hectolitre  =  '1  cubic  metre 

1  centistere   =  1  dekalitre  =  '01  cubic  metre 

1  litre          =  1  cb.  decimetre    =  '001  cubic  metre         =  '22  gallons 
1  decilitre  =  '0001  cubic  metre 

1  centilitre  =  '00001  cubic  metre 

1  cb.  centimetre  =  '000001  cubic  metre 
1  cb.  millimetre  =  '000000001  cb.  metre 


ART.  93. — Volume  of  a  Parallelepiped.  For  a  rectangular 
parallelepiped,  V  being  defined  as  L3, 

1  V  =  L  long  per  L  broad  per  L  thick. 

When  V  is  not  defined  as  L3,  we  have  some  number  instead  of  1. 
This  rate  may  be  written  as  an  equivalence, 

1  V  =  L  long  by  L  broad  by  L  thick. 
When  S  is  defined  as  L2,  we  have  (Art.  78) 

1  S  =  L  long  by  L  broad; 
.'.    1  V  =  S  surface  by  L  thick, 
or    1  V  per  S  surface  =  L  thick, 
or        1  V  per  L  long  =  S  cross-section. 

For  example,  in  a  rectangular  slab  the  number  of  feet  in  the  thick- 
ness is  the  same  as  the  number  of  cubic  feet  per  square  foot  of 
surface.  In  the  case  of  a  rectangular  rod,  the  number  of  square 
inches  in  the  cross  section  is  the  same  as  the  number  of  cubic 
inches  per  inch  of  length. 

When  the  parallelepiped  is  not  rectangular,  let  the  length  and 
breadth  be  inclined  at  an  angle  of  0°,  and  the  thickness  be  inclined 
to  the  base  at  an  angle  of  <£°,  then 

sin  0  sin  <£  V  =  L  long  by  L  broad  by  L  thick. 


VOLUME. 

FXAMI" 

:i  the  rate  of  exchange  2f>'2:2  franc*  per  .£,  and  that 
:itn-s  aiv  'Ion;  deduce  the  relation  of  : 

per  litre  to  £  per  gallon. 

rancs  =    I 

4*54  litres    =  1  gall 
/.  dividing  the  one  equ:  by  the  o! 

litre   B    l.£  per  VL. 

5-55  francs  per  litre  «=  £  per  gallon. 

loolroom  is  40  ft  long, 

3  in.  high.     If  80  cubic  feet  of  space  and  8  square  fe- 
must  »r  each  8«  maximum  number 

of  scholars  which  tli«-  room  can  provide  fort 

1  scholar  =  > 
• 


80 
255  scholars. 

uin. 

t  long  1' 

1  sq.  ft.  =  ft.  long  by  ft  broad, 
1  scholar  =  8  sq. 
5  x  26-5  scholars, 


_ .   ,i   n 


in  termn  of  the  cubic  foot. 

.'.  An  imperial  gallon  U  277-271  .better  bun1 

bic  inches  ;  how  many  Winchester  buaheU  are  equal  to  100  imperial  bniheb? 
3.  Reduce  85  litre*  to  gallons,  and  54  gallon*  to  litre*, 
ow  much  doe*  a  quart  exceed  a  litre  ? 
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5.  Reduce  234  hectolitres  to  bxishels,  and  432  bushels  to  hectolitres. 

6.  What  is  1'05  dollars  per  bushel  in  terms  of  shilling  per  quarter? 

7.  What  is  one  shilling  and  sixpence  a  gallon  in  francs  per  litre,  taking  exchange 
at  25  francs  per  £  ? 

8.  A  gas  stove  burns  7  cubic  feet  per  hour,  and  the  cost  of  the  gas  is  4s.  per 
1,000  cubic  feet.    Find  the  hourly  cost. 

9.  A  rectangular  block  of  stone  is  as  broad  as  it  is  long,  and  contains  a  cubic 
feet,     If  it  were  as  broad  as  it  is  high  the  bulk  would  be  6  cubic  feet.     Find  the 
length. 

10.  If  a  wall,  42  feet  long,  10  feet  high,  and  2£  feet  thick,  contains  12,800 
bricks,  how  many  bricks  of  the  same  kind  will  be  required  for  a  wall  112  feet 
long,  6  feet  high,  and  2  feet  thick  ? 

11.  If  81  gallons  of  water  will  fill  a  cistern  4  feet  4  inches  long,  2  feet  8  inches 
broad,  and  1  foot  1 J  inch  deep,  how  many  cubic  inches  are  contained  in  a  pint  ? 

12.  The  price  of  wheat  is  36s.  6c/.  per  quarter;  express  it  in  terms  of  francs  per 
hectolitre,  the  rate  of  exchange  being  25 '30  francs  =  £. 

13.  The  price  of  brandy  is  52  centimes  per  litre  ;  express  it  in  pence  per  gallon, 
the  rate  of  exchange  being  25 '80  francs  =  £. 

14.  By  taking  the  decimetre  as  equal  to  four  inches,  what  percentage  of  error 
is  introduced,  Jirst,  in  linear  measure  ;  second,  in  square  measure  ;  third,  in  cubic 
measure.     Take  the  legal  equivalent  as  the  true  length  of  the  metre  ? 

15.  Find  the  length  of  the  side  of  a  cubical  vessel  that  shall  contain  twice  as 
much  as  one  whose  side  is  8  inches. 


SECTION  XIV.— VOLUME,  Continued. 

ART.  94. — Volume  of  a  Cylinder,  a  Cone,  a  Pyramid.     The 
volume  of  a  cylinder  is  given  by 

1  V  =  S  base  by  L  altitude, 
where  V  denotes  L3  and  S  denotes  L2. 

In  the  case  of  a  cone  the  altitude  is  variable,  but  it  can  be  shown 
that  the  average  altitude  is  J  of  the  greatest  altitude.     Hence 

1.  V  =  S  base  by  L  greatest  altitude. 

In  a  pyramid  the  altitudes  vary  in  the  same  manner  as  in  a  cone. 
Hence  ^  V  =  S  base  by  L  greatest  altitude. 

ART.  95. — Volume  of  a  Sphere.     A  sphere  may  be  considered 
as  made  up  of  a  great  number  of  pyramids  having  their  bases  on 
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the  surface  of  the  sphere,  and  th  >  at  its  centre.     Hence, 

from  £  V  =  S  base  by  L  altitude, 

and       4-  S  surface  =  (L  radii 

surface  and  the  bases,  and  the  radius  and  the  altitude 
ide  ultimately,  we  deduce 

V  =  (L  radios)*. 

II  "  V        'L  i)s, 

6 

ii.  approximation*  are 

11  V  L  ter)8, 

7  V  =  720  (L  diameter)3, 

and  ->  V         (L  dj 

r.  96.— Volume  of  an  Ellipsoid.     1 

•  by 

V      L  long  diameter  by  L  broad  diamete          L    iii<  k  diameter. 

In    ho  case  of  a  spheroid,  two  diameters  are  equal.      I 
I   eqi  U  diameters  are  each  greater  than  the  third,  the  >phe 
I    sai    to  be  oblate,  and 

j^  V  —  (L  long  diameter)-  l.y  L  t! 

[  If  i  te  two  equal  diameters  are  less  than  the  th 
sai    to  be  prolatt,  and 

T  V  -  L  long  diameter  by  (L  broad  diameter)*. 
.  RT.  97.— Change  of  Volume.      A  volume  may  expand   in 

111        ,!     • 

1  +  a  L  expanded  length  -=  L  original  lei 

«L  expanded  breadth  -  L  original  breadth, 
1  +  y  L  e  •  ii         L  "i  ii'iii.d  depth  ; 
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then,  if  the  included  angles  remain  constant, 

(t  +  a)  (1  +  /?)  (1  +  y)L3  expanded  vol.  =  L3  original  vol.,       (1) 
and 

{(1  +  a)  (1  +  /?)  (1  +  y)  -  1 }  L3 increment  =  L3  original  vol.        (2) 
The  reciprocal  of  (1)  is 

(l  +  .)(l!ft(l+y)L>  °riginal  V°L  =  LSexPandedvoL;  (3> 
and  the  rate  of  diminution 

1  - r-^j — jj — ; ;L3  decrement  =  L3  expanded  vol.    (4) 

If  a,  p,  y  is  each  a  small  fraction,  the  value  of  (1)  may  be  taken 
as  1  +  a  +  /3  +  y ;  of  (2)  as  a  +  j3  +  y ;  of  (3)  as  1  -  a  -  ft  -  y  ;  and 
of  (4)  as  a  +  p  +  y. 

When,  further,  a  =  /3  =  y,  the  values  of  (2)  and  (4)  become  3a, 
that  is,  3  times  the  value  of  the  linear  rate  of  expansion. 

EXAMPLES. 

Ex.  1.  Calculate  the  volume  of  a  granite  monument,  consisting  of 
a  right  cylindrical  shaft  8  feet  high,  surmounted  by  a  right  cir- 
cular  cone   5   feet  high,  the   common  radius  of  the  cone  and 
cylinder  being  2£  feet.     (Take  TT  =  f  f  f .) 
For  a  circular  cylinder, 

TT  cubic  feet  =  (ft.  rad.)2  by  ft.  high, 
(2-5)2  (ft.  rad.)2  by  8  ft.  high; 

TTX  (2-5)2x8  cubic  feet. 
For  a  circular  cone, 

-^  cubic  feet  =  (ft.  rad.)2  by  ft.  high, 
o 

(2-5)2(ft.  rad.)2  by  5  ft.  high ; 

v-  x  (2-5)2  x  5  cubic  feet. 
3 

Hence  the  total  volume  is 

7r(2-5)2(8  +  f)  cubic  feet, 


VOLl 


1)9 


,2j_5)»x_29 
1 1 3  x  3 

Take  logs  of  the  upper  factors  by  themselves  and  of  the  lover 
is  by  themseh  icli  column,  ami  subtract 
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0-47712 

1-4.;:  °20 

4-80851 
020 


7831 
Answer— 189*8  cul-ir 

Tcular  plate  of  lead,  2  inches  in  thiekm^s  ami  «v 
imhi 

of  the  same  »1  :ich  of  -05  inch  ra«lius     ll«»w  man\ 

sh  >t  does  it  make  ? 

\sthedensit  late  ami  of  the  shot  is  the  same,  Me  i«{uii. 

to  C"  ••  volume  of  the  materials  01 

b'or  i 

T  cubic  inch  =  (inch  rad.)1  1»\  im-li  t 
•1'  (inch  rad.) 

: 

''I*   inch  =  (inch  r.i 
•05  inch  rad.  ; 

:   -  1   Shot, 


'JOOshot 
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EXERCISE  XIV. 

1.  Find  the  volume  of  a  cone  whose  altitude  is  2  feet,  and  the  diameter  of  the 
base  1  foot  6  inches. 

2.  Find  the  surface  of  a  sphere  which  is  one  yard  in  diameter. 

3.  Find  the  radius  of  the  sphere  the  volume  of  which  is  equal  to  the  sum  of  the 
volumes  of  two  spheres,  whose  radii  are  3  feet  and  4  feet. 

4.  The  area  of  the  base  of  a  cylinder  is  2  square  feet  and  its  height  30  inches  ; 
find  the  height  of  a  cylinder  the  solid  content  of  which  is  three  times  as  great,  but 
whose  diameter  is  only  two  thirds  of  the  given  one. 

5.  If  the  volume  of  the  first  of  two  cylinders  is  to  that  of  the  second  as  10  to  8, 
and  the  height  of  the  first  is  to  that  of  the  second  as  3  to  4,  and  if  the  base  of 
the  first  has  an  area  of  16 '5  square  feet,  what  is  the  area  of  the  base  of  the 
second  ? 

6.  Determine  the  volume  of  the  earth,   supposing  its  diameter  to  be  8,000 
miles.     How  many  masses  of  the  size  of  the  earth  would  make  up  one  of  the  size 
of  the  sun,  the  diameter  of  which  is  880,000  miles  ? 

7.  Two  spheres,  A  and  B,  have  for  radii  9  feet  and  40  feet ;  the  superficial  area 
of  a  third  sphere  Cis  equal  to  the  sum  of  the  areas  of  A  and  B.     Calculate  the 
excess  in  cubic  feet  of  the  volume  of  C  over  the  sum  of  the  volumes  of  A 
and  B. 

8.  A  cone  and  hemisphere  being  supposed  to  have  a  common  base  and  to  lie 
at  opposite  sides  of  it ;    required,  the  ratio  of  the  altitude  of  the  cone  to  the 
radius  of  the  hemisphere,  in  order  that  the  volumes  of  the  two  solids  should 
be  equal. 

9.  Determine  approximately  the  length  of   the  radius  of   the  sphere  whose 
volume  is  400  cubic  feet. 

10.  A  sphere  and  a  cube  have  an  equal  amount  of  surface  ;  what  is  the  ratio 
of  their  volumes? 

11.  If  a  model  is  made  on  the  linear  scale  of  1/40  inch  to  the  foot ;    what 
is  the  scale  for  surface  and  for  volume  ? 

12.  The  altitude  of  a  common   cone  equals   the  circumference  of   its  base. 
Calculate  the  volume  and  the  area  of  the  whole  surface  of  the  cone,  the  radius 
of  the  base  being  6  inches. 

13.  The  interior  of  a  building,  is  in  the  form  of  a  cylinder  of  30  feet  radius 
and  12  feet  altitude,  surmounted  by  a  cone  whose   vertical  angle  is  a  right 
angle.    How  many  cubic  feet  of  air  will  it  contain  ? 

14.  The  long  axis  of  a  spheroid  is  10  inches,  and  each  short  axis  6  inches.    Find 
its  volume. 


(  HAPTER   THIRD. 

K1NKMATK  AL. 

no»  \v.  mot 

:.  US.— Sidereal  Units.     The  idea  of  time  is  fmulam. 

•mit  is  aj.;  noted  by  T. 

ndarel  of  1  l>y  all  rivili/f.l  i  tin- 

time  <  >y  the  earth  in  making  one  rotation  about  its 

This  interval  is  marked  out  successive  transits  of  a 

tit  ilar  star  across  the  meridian  of  a  place,  and  it  is  on  that 
a.    •• 

in  o  24  sidereal  liours,  the  sidereal  li  <*>0  sidereal  minute*, 

..!   minute  into  60  sidereal  second*.     The  sidereal 
Hi  its  are  u  .i.-troimmers. 

.\RT.  99.— Mean  Solar  Unite.     By  a  y«ir  is  meant  the  constant 
ID  er\  •  rarth  in  making  a  n-\..luti..n   muml   the 

it  is  marked  out  by  the  sun  leaving  an<l   K  to  a 

ct  tain  position  among  the  stars.     The  transit  ot 
tl  •  ran  across  •  1  ian  of  a  place  marks  ot ,  i  val  called 

tl      apparent  solar  day.      This  apparent  day  is  n 
c<  istant;  its  length  goes  through  a  « .  mail  changes  i 

c<  irse  of  a  year.    Its  average  length  :  ourse  of  a  y- 

ca  lad  the  mean  solar  day.    T  al  of  tiio  mean  s< 

m  asi;  !«>ck8  and  chronometers,  corrected  by  observa- 

f  astronomers,  of .- ;  me. 
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The  mean  solar  day  is  divided  into  24  mean  solar  hours,  each  of 
which  is  divided  into  60  mean  solar  minutes,  each  of  which  is 
divided  into  60  mean  solar  seconds.  When  the  terms  "  hour," 
"  minute,"  "  second  "  are  used  without  qualification,  "  mean  solar  " 
is  understood.  In  science  the  "  second "  is  the  unit  principally 
used ;  it  is  chosen  for  the  unit  of  time  both  in  the  British  system 
of  units  and  in  the  C.G.S.  system  of  units. 

1  mean  solar  day      =  1  -00274  sidereal  day. 
1  mean  solar  second  =  1*00274  sidereal  second. 
ART.  100. — Relation  of  Mean  Solar  Day  to  Year.    The  interval 
occupied  by  the  earth  in  making  one  rotation  has  not  a  simple  rela- 
tion to  the  interval  occupied  by  the  earth  in  making  one  circuit 
round  the  sun.     Hence  the  equivalence  of  the  year  to  the  mean 
solar  day  involves  a  complex  number.     It  is 

1  year  =••  365-2422  mean  solar  days. 
The  first  approximation  in  use  is 

1  year  =  365  days ; 

it  is  called  the  common  year,  and  is  sufficient  for  all  ordinary 
calculations.  But  it  is  not  sufficient  for  the  purpose  of  arranging 
the  calendar,  so  that  a  given  date  of  the  month  shall  always  fall 
on  the  same  season  of  the  year.  Eor  this  purpose  a  second  ap- 
proximation was  introduced  under  the  authority  of  Julius  Csesar : 

4  years  =  4  x  365  +  1  days, 
i.e.,          1  year    =  365-25  days. 
This  equivalent  is  called  the  Julian  year. 
A  third  approximation  is 

25  x  4  years  =  25(4  x  365  +  1)  -  1  days, 
or  1  year  =  365'24  days. 

A  fourth  approximation  is 

4  x  25  x  4  years  =  4{25(4  x  365  +  1)  -  1}  +  1  days, 
or  1  year  =  365-2425  days. 

This  equivalent  is  called  the  Gregorian  year,  because  the  approxi- 
mation was  applied  to  the  calendar  under  the  authority  of  Pope 
Gregory. 


TIMK.  10:} 

The  mode  in  which  the  (iregorian  equivalence  is  applied  is  as 
follows  : — 

ar  whose  number  is  not  divisible  by  4  contains  365  days, 
-e  number  is   divisible  by    4.   but  not  by   -J,\ 
.tins  366  « ! 

A  y.-.u-  irhoM  number  is  divisible  by  4  and  by  2.\  hut  not 
by  4  again,  contains  365  days. 

Ml  wh.,>e  number  is  divisible  by  4  and  by  L'f>,  and  by  4 
again,  « 

i.  101. — Epoch  and  Era.     When  we  come  to  s:  me  as 

an  ordinal  quantity  we  i  »  choose  an  origin  tic -in  win 

:•*  reckoned  from  mean  midnight  to  mean 

ini-lii:  nautical  and  the  astronomical  from  mean  noon  to 

mean  noon.     The  two  la  r  in  this  respect,  that  tin  number 

fora  civil  day  is  b\  ical  reckoning  given  to  the  ini 

betw-t  ^receding  noon  and  the  noon  of  the  civil  day; 

w\u  reas  by  the  astronomical  reckoning  it  is  given  t<>  t !. 
bet  veen  the  noon  of  th-    civil  day  and  the  succeeding  noon. 
Ast  ronomers  reckon  the  hours  up  to  24,  and  this  mode  of  re*  1 
Im.'  is  sometimes  found  more  c<  on  extensive  railway 

HIS. 

poch  of  an  era  is  meant  the  particular  year  from  whi<  h 
lh«  years  are  numbered,  that  of  the  Chri 
of    :i<  i*t 

i.  102.— Local  Time  and  Standard  Time.     The  civil  day  is 
re<    oned  from  mean  noon,  but  e.t  iian  has  its  own  mean 

no-  a  :  nstant  is  not  denoted  by  the  sain 

at    laces-  meridians.     The. 

dii  ;rence  of  time  and  difference  of  longitude  is  given  by 
hours  later —360  degrees  of  longitude  west, 
or  1  hour  later— 15  degrees  of  Ion  •  st. 

Ill  "  legal  origin  for  the  at  a 

;  e  is  the  mean  ini-inLi.t   at  :  la  t<>und  more 
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convenient  to  use  one  standard  of  time  throughout  Great  Britain, 
and  the  standard  naturally  adopted  is  the  time  for  the  meridian 
of  Greenwich. 

A  ship  reckons  time  from  its  own  varying  mean  noon. 

ART.  103. — American  Standard  Time.  Eecently  the  problem 
of  how  best  to  arrange  the  origin  of  the  civil  day  was  brought 
into  prominence  in  North  America  owing  to  the  construc- 
tion of  the  Pacific  Railways,  which  cross  many  degrees  of  longi- 
tude. The  problem  has  been  solved  as  follows : — The  whole  of 
North  America  has  been  divided  into  five  broad  belts  running- 
north  and  south,  each  extending  over  15  degrees  of  longitude. 
In  each  belt  one  standard  time  will  be  maintained,  the  difference 
of  one  hour  existing  between  two  contiguous  belts. 


COMPARATIVE  TIME. 


O-rfrml 

Later  than  G 

H. 
-       -          0 

reenv 

M. 

5 
12 
12 
14 
17 
25 
36 
7 
52 
53 
14 
42 
44 
55 
8 
50 
9 
52 

rich. 

8. 

2 

17 
44 
45 
11 
22 
35 
36 
41 
84 
24 
42 
49 
57 
12 
27 
45 
0 

Earlier  th 

an  Gi 

H. 

0 
0 
0 
0 
0 

1 

1 
1 

2 
2 
2 
2 

5 
5 
7 
9 
10 
11 

•een\v 

M. 

0 
9 
17 
49 
53 
5 
13 
55 
1 
5 
20 
30 
20 
54 
45 
18 
4 
37 

ich. 
s. 
23 
21 
29 
55 
35 
31 
55 
57 
13 
2 
59 
17 
29 
0 
52 
40 
47 
16 

Paris 

Edinburgh,     -     - 

"VTarlrirl 

-    ,      0 

o 

"Rprlin    - 

A 

0 

1 

Constantinople,  -     -     - 
St.  Petersburg,  -     -     - 

Rio  de  Janeiro,  - 
Buenos  Ay  res,     - 
Halifax,  N.S., 
Santiago  de  Chili, 

2 
-      3 
-       4 
-      4 

Jerusalem,      .... 

New  York,     - 
Washington,  - 

-      4 
-    -      5 

polpllff  Q 

PaVin 

Tonkin 

Onicago, 
San  Francisco,    - 
Fiji  islands, 

-    -      8 
-    -     11 

Wellington,  N.Z.,  -     - 
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AKT.  104.— Rate  of  Working;  Resistance,  Facility.  In  the 
solution  of  problems  on  the  time  required  to  accomplish 
a  piece  of  work,  several  assumptions  are  made.  It  is  assumed 
that  for  each  workman  or  kind  of  workman  there  is  a  definite  rate 

•rkin.'  which  is  independent  of  the  number  of  hand 
and  is  also  uniform,  though  the  length  of  the  working  day  \ 
Without  .  or  approxini;  I  of  wocking  to 

>n  from,  imthiiu:  can  be  concluded. 

Suppose  that  the  piece  of  w.»rk  i<  reaping  a  field  of  -rain,  each 

;>endently.     Suppose  that  a  man  could  do  it  in 

,:iit'.>rmly,  thou-h  not  necessarily  continuously. 

the  resistance  which   the   reaping  nf  the   field   otVers   to  a 

p  hours  =  field  of  grain. 

,'rain  "  as  an  expression  for  the  temporary 

unit  "  ivapin_  in  (jursti 

Hi-/-  :kiii._-.  v.  ,,-al  of  the  resistance 

of  th» 

1 


i  of  grain  -  h< 
P 

llective  Facility,  Resulting  Resistance.  1. 

a  woman,  boy,  girl  be  respect  i\ « -ly 

hours  =  field  of  grain.     Suppose  a  men,  b  women,  c  boys,  d 
to  Miltaneou  will  be 

f-  +  -  field  of  grain 
the  resulting  resistance,  which  is  t  --.d.  \\  ill  lie 

a+V 

q     r     t' 

water  flows  at  constant  rates  into  or  out  n,  wo 

;iin«- kind  ••)' ideas;  on  n-ds  is  rc< 

towards  filling  th*  .1  simult;r 

it  outwards  is  a 
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Similar  ideas  are  encountered  when  we  consider  the  flow  of 
electricity. 

EXAMPLES. 

Ex.  1.  Washington  Time  is  5h.  8m.  12s.  later  than  Greenwich 
Time  ;  what  is  the  longitude  of  Washington  relatively  to  Green- 
wich ? 

15  unit  of  angle  =  corresponding  unit  of  time, 
5h.  8m.  12s..,     .-.     15  (5°  8'  12"); 

i.e.,     77°  3'  W. 

Ex.  2.  A  besieged  garrison  has  sufficient  provisions  to  last 
it  for  23  weeks  at  the  rate  of  18  oz.  per  man  per  diem,  but  re- 
ceiving a  reinforcement  of  40  per  cent,  upon  its  original  number, 
the  allowance  is  reduced  to  15  oz.  per  man  per  diem;  how  many 
days  will  it  be  able  to  hold  out  1 

18  oz.  per  man  per  day, 

23  x  7  day, 
23  x  7  x  18  oz.  per  man  ; 

n  men, 

.-.      23x7xl87toz.  (1) 

15  oz.  per  man  per  day, 

n(l  +  1)  men, 
n(l  +|)  15  oz.  per  day, 
23  x  7  x  18?i 


i.e.,  138  days. 

Ex.  3.  A  can  perform  a  piece  of  work  in  12  days,  B  in  15  days, 
and  C  in  18  days,  when  working  separately.  Find  the  time 
in  which  they  could  perform  it  when  working  together. 

Eate  of  working  of  A,  -^  piece  of  work  =  day, 

5J  •£>»  TT  »  =       '» 

J>  @1  -TS  »  =       5) 

„         A,  B,  and  (7,     -^  +  ^  +  T\-       „  -   „ 

1  piece  of  work  ; 
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1  dav, 

1    u.    1    j_    i 
T  6  +  Tff 

i«.,     4 '86  workih 

Suppose  that  every  hour  per  day  that  a  stucii 
res  30  days  of  rest  during  the  m  in  any  h«»u: 

day  must  he  read  so  as  to  do  the  greatest  amount  j><  >->il>le  ? 

hours  of  work  =  day  of  work  ;  ( 1 ) 

x30  days  of  rest  =  year, 
365  -  a-30  days  of  work 

.1;  an.l 

ar(365  -  z30)  hours  of  work  =  year. 

is,  what  number  is  .  >  -  &30)  is 

tuber  5  is  a  common  multiplier,  therefore  we 
have  to  consider  xlZ  -a?6  only. 

When  x  is  4,  19G 

••', 

•m  wh  pears  that  6  is  the  number.     Hence,  0  hour 


XV. 

the  length  of  the  rfdml  <Uy  23h.  «Jm.  4-Ofe,  and  the  lengti 
n  »oUr  day  1Mb.;  find  the  length  of  the  year, 

A  penon,  on  being  Mked  what  time  it  waa,  answered  that  the  time  paat 
i  WM  three-fifth*  of  the  time  till  rni.lnL  r  WM  the  time ? 

time  is  it  at  Pekin,  Calcutta,  Kome,  Washington,  Sydney,  wh 
•  London  (Green u 

reai  wai  originally  proviaioned  for  60  daya,  but  after  20  days  15,000 
tional  troop*  were  driven  to  take  ahelU-r  .naeqnence  of  w) 

it  for  only  10  day •  subaequeat  thereto.    What  wai  the  nomber 
le  original  garriaon? 

oya  or  15  men  can  do  three  quarters  of  a  piece  of  work  iu  7*  hours,  in 
will  10  men  and  12  boys  do  the  remainder? 
Two  men  A  and  B  working  together  can  do  a  piece  of  work  in  10  days  ;  but 
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if  A  stops  working  after  4  days,  B  can  finish  the  work  in  14  days  more.  Compare 
their  rates  of  working. 

7.  A  cistern  is  supplied  from  two  taps,  by  one  of  which  it  can  be  filled  in  39 
minutes,  and  by  the  other  in  52  minutes.    In  what  time  will  it  be  filled  by  both 
together  ? 

8.  What  time  would  36  men,  working  10£  hours  a  day,  require  to  build  a  wall 
which -24  men,  working  9J  hours  a  day,  can  build  in  9  days? 

9.  A  cistern  is  fitted  with  three  pipes,  one  of  which  will  fill  it  in  48  minutes, 
the  second  in  an  hour,  and  the  third  in  half-an-hour  :  how  long  will  it  take  to  fill 
the  cistern  when  all  three  pipes  are  open  together  ? 

10.  Assume  that  6  men  can  do  as  much  work  in  an  hour  as  7  women,  and  8 
women  as  much  as  11  boys,  and  that  5  men  can  do  a  certain  piece  of  work  in  10 
hours  :  how  long  will  it  take  1  man,  2  women,  and  3  boys  together  to  do  the  same 
piece  of  work  ? 

11.  If  B  and  C  working  together  take  p  days  to  a  piece  of  work,  for  which  C 
and  A  together  take  q  days,  and  A  and  B  together  take  r  days ;  find  how  long 
each  would  take  by  himself. 

12.  Assume  that  4  English  navvies  can  do  as  much  work  in  a  day  as  5  French 
navvies,  that  4  French  navvies  can  do  as  much  work  as  7  negroes,  and  that  13 
English  and  12  French  do  a  piece  of  work  in  3  days  :  how  long  will  it  take  10 
negroes  to  do  that  piece  of  work  ? 

13.  Compare  the  time  of  a  place  7°  30'  15"  west  of  Greenwich  with  Greenwich 
time. 

14.  Find  the  successive  convergents  to  the  difference  between  365  days  and  the 
true  solar  year. 


SECTION  XVI.— SPEED. 

ART.  106. — Speed  and  Velocity  distinguished.  It  is  impor- 
tant to  distinguish  between  speed  and  velocity,  or  at  least  to  dis- 
criminate between  two  different  ideas,  which  these  words  may  be 
used  to  fix.  Velocity  may  be  defined  as  rate  of  change  of 
position  with  respect  to  time ;  while  speed  may  be  defined  as  the 
rate,  with  respect  to  time,  of  change  of  distance  measured  along 
a  specified  path.  The  elaborating  of  this  distinction  is  due  to 
Tait  (MECHANICS,  Ency.  Brit.,  vol.  xv.,  p.  681).  Speed  thus 
defined  does  not  involve  direction  in  its  conception,  while 
velocity  does. 


SPEED.  10!> 

Both  are  ex:  of  L  {HI   T:  luit,  in  the  case  of 

;_  tea  a  length  merely  :   whereas,  in  the  ruse  of  veloein  , 

it  der.  .    GO).      Whi-11  our  attention   is  re-ti 

to  motion  along  a  definite  path,  it  is  not  :  to  specify  the 

i-.n  of  the  velocity  :  it   is  sutlicieiit    to  statr  whether  it    is 
backwards  or  forward-. 

The  idea  which  is  reciprocal  to  that  of  speed  Is  sloumess.     It 
reused  in  terms  of  T  p-  '    L 

ART.  107. — British  Units.     A  .mm<m  usage 

of  this  country,  we  may  have  any  of  the  unite  of  length  for  L. 
an«l  any  «»f  tin.'  units  of  time  for  T ;  for  example,  miles  p«r  hour, 

per  mii  >  per  second,  yards  per  minut. 

second,  etc.     T  unit  d«-p«-n«U  mi  the  ma^nitml. 

of  the  <juair  :iat  kind  which  roiiif  b 

th$  case  of  distances 

di«  eration  are  great,  and  so  are  th»-  tim.s  ,„  -i.-nre  th« 

sj  -«-d  is  c  .r.-is.-d   in   mil.-s  prr  hmir.      In  th«-  m 

of  a  proje<  i stance  coming  into  con 

ai  d  :  '  e  foot  per  second  is  a 

C'  nveni«-nt  n: 

Calculation,  .  u   usually   facilitated  in  -   ..n«- 

g<  /  of  fnndamt-ntal   nnit.x 

B'  lute  units,  the  F.P.S.  system,  foot  per  second   i 
u  it  of  speed. 

ART.  108.— Metric  and  C.G.8.  Un 

R  eed  in  t  illy  tlf  m.-iro  per  st-' 

1   >wever,  as  tl.  -under*  of  tin-  >\  m  tin- 

1      -tiv 

tl  d  founders  oi 

tl  roughout  as  t  .1.  .-..nlin-ly  ad«.pt 

tl  e  centimetre  per  second  as  the  primary  unit  of  speed. 

As  th«*  !  >«'cond  and  t!  per  second  in 
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the  same  unit  of  time,  the  conversion  of  the  former  into  the 
latter  is  the  same  as  the  conversion  of  the  foot  into  the  centi- 
metre. The  mean  solar  units  being  the  same  in  all  countries, 
the  only  conversions  to  which  they  give  rise  are  those  due  to  the 
relations  of  the  several  denominations  of  mean  solar  time  to  one 
another. 

EXAMPLES. 

Ex.  1.    Express  a  speed  of  60  miles  per  hour  in  terms  of 
kilometres  per  second. 

1  kilometre  =  1000  metres, 
1  metre        =  39-37  inches, 
36  inches      =  yard, 
1760  yards  =  mile, 
60  miles       =  hour, 
1  hour          =  3,600  seconds; 
36  x  1760  x  60 


39370  x  3600 


kilometres  =  second, 


i.e.,  -       x     kilometres  =  second, 

39370 

i.e.,  -0268  kilometres  =  second. 

Ex.  2.  Find  the  average  speed  of  a  lamplighter  who  spends  10 
seconds  at  each  lamp,  and  walks  to  the  next,  25  yards  oif,  at  the 
rate  of  5  miles  an  hour. 

10  sees,  delay  =  lamp, 

1  lamp  =  25  yards, 
1760  yards  =  mile, 

5  miles  =  hour  walking  ; 
2  x  1760  sees,  delay  =  hour  walking, 

i.e.t       ^7777 —  hours  delay  =  hour  walking, 
3600 

i.e.t  —  hours  delay  =  hour  walking. 
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Hence  tl. 


LC, 


hour, 


I  miles-  hour. 


«»n  a  railway  platfoim  notice-l  that  a 

train  took  21  seconds  to  pass  completely  through  the  station, 
which  was  88  yards  long,  and  that  it  t«..ik  I)  seconds  to  pass 
•If.      How  long  was  the  train,  and  at  what  raU 
K  travelling? 

ids  long. 
e  speed  of  train  is 

(88  + a:)  yds. -21  secoi 
bit  it  is  also 

•  Is.  =  9  sees. ; 

x-66. 
1  mil,-      17> 

vds.-98ec8., 
3600  sees. -h 

.  i. 

a  gptid  of  1  mile  per  hour  in  t<  nn*  of  feet  per  MCOH 

•     ,t  \"T  M-coii-1  in  Ini  "f  mil-  JH  i   linur. 

2.  Express  A  speed  of  60  miles  per  hour  in  terms  of  feet  per  second. 

3.  The  speed  with  which  light  travel-  i.  180,000  miles  per  second  ;  ex]>ress  it  in 
i   stres  per  second. 

4.  Reduce  1  kilometre  per  boor  to  centimetres  par  second. 

5.  Botner  found  that  a  ray  of  light  took  16m.  36s.  to  cross  the  diameter 
.    rth'»  orbit    The  mean  dutonoe  of  the  sun  from  the  earth  is  V2-39  ii 

1    duoe  the  speed  with  which  light  travels,  given  that  it  travels  unif.  < 
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6.  Compare  the  speeds  of  two  locomotives,  one  of  which  travels  397*  miles  in 
11$  hours,  and  the  other  262T43  miles  in  8|  hours. 

7.  It  is  found  on  taking  the  log  that  a  steamer  goes  a  distance  of  six  knots, 
each  knot  measuring  48  feet,  while  a  sand-glass  measures  out  14  seconds.     What 
is  the  speed  of  the  ship  in  nautical  miles  per  hour  ? 

8.  Express  in  miles  per  hour  the  difference  of  60  kilometres  per  hour  and  60 
miles  per  hour. 

9.  A  man  walks  at  5  kilometres  per  hour ;  express  his  speed  in  metres  per 
second. 

10.  The  speed  of  a  ship  is  12  knots  per  hour  ;  express  it  in  metres  per  second. 

11.  Express  the  following  speeds  in  miles  per  hour — 

Ordinary  wind,    5  to    6  metres  per  second, 
A  fresh  hreeze,  10  ,, 

A  tempest,          25  to  30  „ 

A  hurricane,  40  ,, 

12.  Express  the  following  speeds  first  in  kilometres  per  second,  second  in  centi- 
metres per  second. 

Speed  of  a  point  on  the  equator  of  Mercury    146 '87  m.  per  sec., 

Mars,         244 

,,  ,,  Venus,      454*58      „ 

Earth,       463  „ 

Sun,       2,048 

13.  A  tram-car  goes  round  its  circuit  of  4^  miles  in  one  hour,  stopping  at  two 
stations  five  minutes  and  two  minutes  respectively,  and  making  twenty  other 
stoppages  of  an  average  duration  of  10  seconds  each.     Find  the  average  speed 
of  the  car  while  in  motion. 

14.  A  local  train  makes  its  run  of  13  miles  and  back  once  in  every  two  hours, 
stopping  half  a  minute  at  each  of  the  fourteen  stations  on  the  line,  and  ten 
minutes  at  either  terminus.     What  is  its  average  speed  when  in  motion  ? 

15.  An  ordinary  train  takes  ten  hours  to  a  certain  journey,  besides  two  hours 
in  all  of  stoppages.     The  express  goes  50  per  cent,  faster,  and  completes  the 
journey  in  four  hours  less.     What  time  does  it  lose  in  stoppages  ? 

16.  A  man  rides  a  certain  distance  and  walks  back  in  six  hours  ;  he  could  ride 
both  ways  in  3J  hours  ;  how  long  would  it  take  him  to  walk  both  ways  ? 

17.  A  person  walked  from  Cambridge  to  Newmarket,  a  distance  of  14  miles, 
and  back  in  seven  hours  thirty  minutes.     His  speed  going  to  his  speed  returning 
was  8  to  7 ;  find  the  speeds. 

18.  How  long  will  it  take  a  man  to  walk  round  a  square  field  whose  area  is 
5(j  acres,  at  the  rate  of  one  mile  in  10§  minutes  ? 

19.  A  traveller  has  a  hours  at  his  disposal ;  he  rides  forward  with  a  friend  in  a 
coach  travelling  b  miles  an  hour,  and  has  to  return  home  at  the  end  of  his  a 
hours  on  foot,  walking  c  miles  an  hour.     How  far  can  he  go  with  his  friend  ? 


RE  LA  Tl  YE  SPEED.  11;; 

A  man  starts  to  explore  an  unknown  country,  carrying  provisions  for  ton 
He  can  walk  15  miles  a  day  when  cam  OM  fur  ton  «iay>.  and  ho 

can  go  an  extra  mile  a  day  for  each  day's  provisions  he  gets  rid  of.     Wh. 
will  he  have  walked  by  the  time  he  has  just  exhausted  his  provisions? 
A  steamer  made  the  passage  fro:  town  in  0  >'. 

uutes.     The  daily  runs  were  4&5,  410,  41.\ 
fcMta      I'liri  tiit-  MBMB  SMad  in  ksiuts  iK-r  huur    ami  in  >ratuto   inilo>  DM  hour. 


TION  XVH    I;KLATI\  !>. 

AIM.  100.—  Overtaking-  and  Approach.     Suppose  that  .-/  and 
move  with  uniform  speeds  along  the  same  path  an-1  .:i  the  same 
6  that  the  speeds  are 

m  L  by  A  -  T. 

•  n  L  bj  /;     T. 

in  I  suppose  that  m  is  greater  than  n. 

•a!    -I.-.! 

L 


L  T. 

B.\  means  of  (1)  an  can  be  put  into  the  forms 

L  gain  by  A  -  L  (5) 

m 

l~LgMnl.y./       L  (6) 

:  uppose  now  that  A  and  B  in 

i1^  we  obtain 

L  approa.-h  l»y  .-/  to  B  ^  T. 

L 

L  by  B. 
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ART.   110. — The  Vernier.      The   principle   of  the  vernier   is 
exactly  similar.     Suppose  that  the  equivalences  are 

1  inch  of  scale  =  division, 

and  '9  inch  of  vernier  =  division ; 

then  -1  inch  gain  by  scale  =  division. 

If  the  scale  overtakes  the  vernier  after  say  7  divisions,  then  the 
gain  by  the  scale  is  -7  inch ;  that  is,  the  difference  between  the 
approximate  and  true  reading  is  -7  inch. 

When  the  equivalence  for  the  vernier  is 

1  •!  inch  of  vernier  =  division, 
then  -1  inch  gain  by  vernier  =  division. 

In  this  case  the  coincidence  has  to  be  sought  for  by  going  back- 
wards instead  of  forwards.  A  vernier  constructed  according  to 
the  former  plan  is  called  a  sextant-vernier,  while  one  constructed 
according  to  the  latter  plan  is  called  a  barometer-vernier. 


EXAMPLES. 

Ex.  1.  Two  passenger  trains  having  equal  speeds,  and  consist- 
ing, the  one  of  12  carriages,  the  other  of  14,  are  observed  to  take 
10  seconds  to  pass  one  another.   What  is  the  speed,  estimating  the 
length  of  a  carriage  at  23  feet  1 
Let  the  speed  of  either  train  be 

x  ft.  =  sec.; 
then  their  relative  speed  is 

2x  ft.  =  sec. 
10  sec.  /.  20x  ft. 

But  23  ft.  =  carriage, 

12  +  14  carriages,  /.  26  x  23  ft. 

Hence  20*  =  26  x  23, 

x  =  29-9. 

Ex.  2.  In  running  a  race  one  mile  long  A  beats  B  by  1 00  yards, 
and  B  beats  C  by  90  yards ;  by  how  many  will  A  beat  C  ? 
1760  yards  by  A  =  1660  yards  by  B, 


LA  T1VK 
17'  7     vunls  l,y  C, 

1760 

1  :•::.;•.  yudfl  by  (7; 

: 

A  racecourse  is  3,000  ft.  !<>i 

:  nber  of  so 

had  been  6,000  ft.  long,  aiul  th«-y  b;ul  •   up  the  same 

1  a<  in  tin-  actual  lao-,  ./  v  .iinc  uuin 

are  A's  speed  v itl 

/;  -  sec.; 
A  -  Afi. 

3,000ft 


H  ace-  !'«t  is 

Si  lib'  'is  is 

111    595°  sea. 
6 

K1  w  it 

a 

90: 
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start  simultaneously  at  equal  intervals  of  time,  from  both  ends, 
and  travel  at  the  rate  of  5  miles  an  hour,  determine  the  number 
of  tram-cars  he  should  have  met  in  the  same  time. 
Speed  of  man,  3  miles  =  hour, 

Speed  of  cars,  5  miles  =  hour  ; 

8  miles  approach  =  hour, 
and  2  miles  overtake  =  hour. 

Since  the  distance  between  car  and  car  is  uniform 

8  cars  meet  --  2  cars  which  overtake, 
6  cars  overtake ; 

.•.24  cars  meet. 
Answer — 24  cars. 


EXERCISE  XVII. 

1.  A  traveller  starts  from  A  towards  B  at  12  o'clock,  and  another  starts  at  the 
same  time  from  B  towards  A.     They  meet  at  2  o'clock  at  24  miles  from  A,  and 
the  one  arrives  at  A  while  the  other  is  still  20  miles  from  B.     What  is  the  distance 
from  A  to  B  ? 

2.  A  steamer  leaves  Liverpool  for  New  York,  and  a  vessel  leaves  New  York  for 
Liverpool  at  the  same  time  ;  they  meet,  and  when  the  steamer  reaches  New  York 
the  vessel  has  as  far  to  go  as  the  steamer  had  when  they  met.     If  Liverpool  be 
3,000  miles  from  New  York,  how  far  out  from  Liverpool  was  the  steamer  when 
they  met? 

3.  A  starts  to  walk  from  Edinburgh  to  Glasgow,  and  at  the  same  time  B  starts 
to  walk  from  Glasgow  to  Edinburgh.     A  reaches  Glasgow  0  hours  after  meeting 
B,  and  B  reaches  Edinburgh  G  hours  15  minutes  after  meeting  A.     Find  in  what 
time  each  has  performed  the  journey. 

4.  A,  who  walks  at  the  speed  of  3|  miles  per  hour,  starts  18  minutes  before  B; 
at  what  speed  must  B  walk  to  overtake  A  at  the  ninth  milestone  ? 

5.  A  messenger  starts  on  an  errand  at  the  rate  of  4  miles  an  hour ;  another  is 
sent  1^  hours  after  to  overtake  him ;  the  latter  walks  at  the  rate  of  4-£  miles  an 
hour.     When  and  where  will  he  overtake  him  ? 

0.  A  passenger  train  going  41  miles  an  hour,  and  431  feet  long,  overtakes  a 
goods  train  on  a  parallel  line  of  rails.  The  goods  train  is  going  28  miles  an  hour, 
and  is  713  feet  long.  How  long  does  the  passenger  train  take  to  pass  the  other  ? 

7.  A  and  B  run  a  race  a  mile  long,  and  A  beats  B  by  100  yards  ;  A  then  runs 
with  (7,  and  beats  him  by  200  yards  ;  finally  B  runs  the  course  with  C.  By  how 
much  does  B  beat  Ct 


If  EL  J  Tl  VE  ZPEED.  \  \  7 

I  and  B  run  a  race  ;  B  has  50  yards  start,  but  .-I  runs  20  yards  while  B  runs 
•i  of  the  course  that  .  I  may  come  in  a  yard  ahead  of  11: 

y.  In  a  100  yards  race  ^  beats  B  by  5  yards  and  < '  by  10  yards.     By  how  many 
does  B  beat  C? 

0  yards  race  A  can  beat  £  by  10  yard* ;  B  in  the  same  distanc. 
• '  yards.     By  how  many  will  A  beat  C"! 
11.  In  a  mile  race  A  can  beat  B  by  17  yards  or  2f  seconds.    Find  A's  tin 

MI  a  mile  race  A  gives  B  50  yards;  £  puses  the  whining  post 

!  i-awjea  it  5  seconds  later.     Which  would  win  in  an  even  race, 
by  what  distance? 
In  a  mile  race  between  A  and  B,  whose  relative  speeds  are  as  4  to  3,  B  haul 

.autee,  but  was  beaten  by  80  yard*.    Required  the  speed  . 
d»  per  minute. 

14    ,4  start*  from  a  railway  station,  walking  at  the  rate  of  5  miles  an  h. 
1  of  an  hour  //  starts  walking  4  miles  an  boor ;  at  the  end  of  anoth. 
..  start*  and  passes  A  25  minute*  after  it  paaee*  B.    Find  the  speed 
train. 

A  tourist,  baring  remained  behind  his  companions,  wishes  to 
on  ;he  following  day.     He  knows  they  are  5  miles  ahead,  will  start  in  the 
ing  at  8  o'clock,  and  will  walk  at  the  rate  of  3]  miles  an 
sta  t  in  order  to  overtake  them  at  1  o'clock  P.M.,  walking  at  the  rate  of  4 
an  lour,  and  resting  once  for  half  an  hour  on  the  road  ? 

•  Me  man  setting  out  from  A  travels  towards  B  at  the  rate  of  6  miles  per 
ho  r ;  2  hours  afterwards  a  second  man  start*  from  A,  and  going  10  mile*  per 
h«.  r  reaches  B  4  hours  before  the  first  man.  Find  the  distaaoe  between 
A  ndB. 

:    Two  men  itart  from  a  town  on  the  same  road  -  the  first  on  foot,  walk 
mi  m  in  7  hours ;  the  second  on  horseback  5|  hours  later,  walking  36  miles  in  6 
be  n.    Find  the  time  in  which  the  second  gets  (1)  half  a*  far,  and  (2)  twice  aa 
fa    M  the  first. 

i  Suppose  that  cars  move  on  a  tram-route  at  the  average  rate  of  6  miles  per 
re  despatch'  •  «T  end  at  intervals  of  ft  minutes,  and  that  a 

:  he  route  at  the  rate  of  4  miles  an  hour.     How  many  oars  per 
b«.  r  w  ii,  and  how  many  cars  per  hour  will  overtake  him ? 

>.  A  man  walking  at  4  miles  an  hour  along  a  tram-route  observe*  that  in  the 
eo   rw  of  an  hour  he  meet*  20  cars,  and  i*  overtaken  by  4.    What  is  the  average 
•!••  M!  of  the  can,  and  what  is  the  average  distance  between  two  successive  cars? 
show  how  to  construct  a  vernier  to  make  barometer  readings  to  "002  of  an 
fau  ..  when  the  divisions  on  the  scale  are  twentieths  of  an 

The  circumference  of  the  limb  of  an  angular  instrument  is  divid. 
1,<  *)  part* ;  show  how  to  construct  a  vernier  which  will  read  to  a  mi 
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SECTION  XVIII. -VELOCITY. 


ART.  111. 


-Velocity  in  one  Plane. 

Fig.12. 


Velocity,  being  a  vector 
rate,  can  be  resolved 
into  components  in  the 
same  manner  as  a  vector. 
Suppose  that  our  atten- 
tion is  restricted  to  one* 
plane.  The  equivalence 
between  the  full  velocity 
v,  L.  adjacent  and  its  components  is 

expressed  by  (Fig.  12) 

v  L  along  per  T  =4^  L  adj.  per  T  +  vz  L  opp.  per  T. 
From  this  complete  equivalence  certain  partial  equivalences  may 
be  derived,  as  in  Art.  25, 

vx  L  adj.  per  T  =  v  L  along  per  T, 


or 


-1  L  adj.  =  L  along. 


This  last,  when  the  components  are  at  right  angles  to  one  another, 
is  the  cosine  of  the  direction  of  the  velocity. 
Similarly,  under  the  same  condition, 

— 2  L  opp.  =  L  along 

is  the  sine  of  that  direction.     Also 

#2  L  opp.  per  T  =  v^  L  adj.  per  T  ; 

V?  L  opp.  =  L  adj. ; 
vi 
which,  when  the  components  are  rectangular,  is  the  tangent  of 

the  direction  of  the  velocity. 

The  relation  between  the  numbers  is  the  same  as  that  for  the 
resultant  and  components  of  a  simple  vector.  When  the  com- 
ponents are  inclined  at  an  angle  0°, 

iP  =  #2  +  #|  +  2v1v2  cos  0. 
When  6  is  90  this  becomes 
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AKT.  112. — Velocity  in  Space.     When  space  is  considered  : 
-mponents,  as  for  example, 
L  east  per  T, 
L  :       •:.  :  er  T, 
r3  L  up  per  T. 
•esultant  speed  is 

s  L  per  T  ; 

and  :  I  fully  specified  by  the  three  dir- 

L        i     -L  along, 

s 

L  nort        L      -ng, 


s 

L  up      =  L  along. 


EJ\  1 


a  train  is  moving  with  a  velocity  of  20  miles  an 
ur  alongside  a  station  platform,  the  guard  throws  out  a 
th  a  horizontal  velocity  of  16 -9  feet  per  second  in  a  di 

angles  to  the  motion  of  the  train.     What  will  be  the 

lie  parcel  at  the  beginning  f 

First  of  a.  e  to  see  that  the  two  components. arc  ex- 

••s.-i'il  in  •  the  same  unit,  say,  feet  pe&secoi. 

1  hour  =  3,600  seconds, 
20  rnilo 
1760x3  feet 

'feet    -second, 
o 

V  feet 

i  ectangular  components  are 

y  feet  parallel  =  second, 
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-  -5 —  feet  across  =  foot  parallel, 

oo 

i.e.,         '577 

Hence  the  tangent  of  the  angle  between  the  direction  of  motion 
of  the  parcel  and  the  direction  of  motion  of  the  train  is  '577; 

the  angle  is  30°. 
Also,  since  the  components  are  rectangular, 

N/(8/)2+ (16-9)2  feet  resultant  =  second, 

i.e.,         33-8  „  =     „ 

Ex.  2.  A  ship  sailing  due  N.  at  the  rate  of  7  knots  an  hour  is 
carried  to  the  E.  by  a  tide  current  of  4  knots  an  hour.  Find  her 
real  velocity  over  the  ground  in  knots  correct  to  two  places  of 
decimals. 

7  knots  N.     =  hour, 
4  knots  E.      =  hour ; 
\/49  +  16      knots  =  hour, 
*.*,  x/65          „     =    „ 

i.e.,  8-06     „     =    „ 

Also,  |  knots  N.          =  knot  K, 

i.e.,       1-75       „  =      „ 

angle  is  about  60°. 

EXEKCISE  XVIII. 

1.  A  steamer  goes  9 '6  miles  per  hour  in  still  water.     How  long  will  it  take  to 
run  10  miles  up  a  stream  and  return,  the  velocity  of  the  stream  being  2  miles  an 
hour  ? 

2.  A  party  row  down  a  river  in  three  hours,  and  up  in  seven,  their  rate  in  still 
water  being  5  miles  an  hour.     .Required  the  distance,  and  the  velocity  of  the 
water. 

3.  Suppose  that  a  steam-tug  travels  10  miles  an  hour  in  still  water  when  alone, 
but  draws  a  barge  4  miles  an  hour.     It  has  to  take  a  barge  10  miles  up  a  stream 
which  runs  1  mile  an  hour,  and  then  to  return  without  the  barge.     How  long 
will  it  take  for  the  journey  ? 

4.  A  vessel  makes  two  runs  on  a  measured  mile,  one  with  the  tide  in  a  minutes, 
and  the  other  against  the  tide  in  b  minutes.     Find  the  velocity  of  the  vessel 
through  the  water  and  of  the  tide,  supposing  both  to  be  uniform. 


VELOCITY.  \-l\ 

\  particle  receives  >;isly  three  velocr' 

l*r  second  W.  30°  5.,  and  60  feet  per  second  E.  30°  a.     C. 
magnitude  and  direction  of  the  resultant  velocity. 

v  ship  nailing  due  north  at  the  rate  of  8  knots  per  hour  is  carried  to  the 
east  by  a  tide  current  of  4  knots  an  hour.     Find  her  real  iiu>ti»:  Around 

•  •*  per  hour  correct  to  two  places  of  decimals. 

river  one  mile  broad  is  running  downwards  at  the  rate  of  4  miles  an  hour, 
and  a  steamer  moving  at  the  rate  of  8  miles  an  hour  wishes  to  go  straight  across. 

•ng  will  the  steamer  take  to  perform  t:  y.  ;m«l  in  wh.it  d: 

must  she  be  steered  ? 

.  boat  is  rowed  in  the  direction  of  right  across  a  river  with  a  velocity  of  8 
miles  an  hour.     The  river  has  a  v  _'  miles  an  hour,  and  a  brea 

800  feet.     Find  how  far  the  boat  will  be  carried  down  by  the  time  it  reaches  the 
opposite  bank. 

«hipusaii;  t  the  rate  of  10  knot*  an  ho  seems 

to  blow  fron  with  a  velocity  of  6  knot*  p«r  hour.    Find  the  true  veloci  - 

If  a  steamer  have  a  velocity  of  14  knot*  an  hour  due  west,  and  the  wind 
blown  with  a  velocity  of  7  knots  an  hour  from  lie  the  ap- 

the  wind  to  one  on  board  the  iter 


XIX     iNGULAB   VI.I..M  TIT. 

.'  FIT.  113. — Speed  of  Turning.     \\  h- u  a  rigid   bod 
[*  rou  d  an  axis,  each  poi  body  has  a  speed  •  nal  t« 

E  ito    erpendicular  distance  from  the  axis.     11.  n.,    qp< 
I  tioi  or  turning  is  expressed  in 

L 
d  of  turning  may  also  be  expressed 

n  rr\  T 

reciprocal  idea  i- 

Angular    Velocity    and    Moment    of   Vein 
Wli  u  a  i  .sin  a  I-!  .mgeof.i 

the  ii  ;i  tix.-.l   jM.int   in  th< 

iar  velocity  with  re-spc'  I,  Jikc 
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speed  of  turning,  in  the  form 

o>  radian  =  T, 
or  (u  L  arc  per  T  =  L  radius. 

Consider  the  motion  in  one  plane  of  a  point  P  round  a  fixed 


Fig. 13. 


point  0  (Fig.  13).  The  moment  of 
the  velocity  of  P  round  0  is  propor- 
tional to  the  velocity  of  P,  and  to 
the  perpendicular  OM  from  0  upon 
the  direction  of  the  velocity.  Let 
the  velocity  be  v  L  along  per  T,  and 
the  perpendicular  be  p  L  perpendicu- 
lar. Then  the  moment  of  velocity  is 
pv  L  along  per  T  by  L  perpendicular, 

or 

/ 

pv  L  perpendicular  by  L  along  per  T, 
or  pv  L2  area  per  T. 

This  is  double  the  rate  at  which  the  radius-vector  describes  area, 
because  a  small  sector  traced  out  by  the  radius-vector  is  a  triangle, 
not  a  parallelogram. 

EXAMPLES. 

Ex.  1.  The  speed  of  the  periphery  of  a  mill-wheel  12  feet  in 
diameter  is  6  feet  per  sec.;  how  many  revolutions  does  the  wheel 
make  per  minute  ? 

6  feet  arc.  =  sec, 

1  rev.  =  1 2?r  feet  arc, 
60  sec.  =  min. 

30 
.*.     —  rev.  =  mm. 

Take  ir=  9J  ;  then  9-5  rev.  =  min. 

Ex.  2.  A  person  inquiring  the  time  of  day  is  told  that  it  is  be- 
tween Y.  and  VI.,  and  that  the  hour  and  minute  hands  of  the 
clock  are  together.  What  o'clock  is  it  ? 

yV  rev.  by  hour  hand  =  hour, 


'./TZ.1A'    VELOCITY.  \±\\ 

1  rev.  by  minute  hand  =  hour  : 
1  -  i  by  mill,  hand  =  hour, 

rev.  t<>  !.>•• 


hour 


i.e.,     T5T  hour  re<niii 
•c  the  tin  _7m.  16s. 

ir  speed  of  the  extremity  of 

minir  a  which  is  three  quarters  of  an  inch  in 

th. 

inch  arc  -  inch  radius  by  hour, 

j  inch  radius  ;  't'  inch  arc  =  hour. 

i600  sec., 

...    s 

inch  arc  =  soc. 
»   1'x.    i     i  number 

wh'  el  of  4  J  feet  diamc: 

f  feet  diam. 
v  feet  arc  -  foot  diam, 

1|-?  feet  arc. 

v.  -r  f  feet  arc, 
3  x  1760  feet  arc  -n 

. 

••SB  in  degrees  and  in 
Hinds  of  a  clock  at  >ck. 

degrees  I 
i  degree  by  hour  han 

in.:  V  degs.  past  III. 

>0  degs.  past  III., 
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.-.    the  angle  between  is  120-17*5  degs., 

i.e.,     102-5  deg. 

Now  3-1416  radians  =  180  degs., 

102-5x3-1416      ,. 
"ISO"    -radians> 

i.e.,     179  radians. 


EXERCISE  XIX. 

1.  Find  the  multiplier  for  changing  revolutions  per  minute  into  radians  per 
second. 

2.  How  soon  after  VIII.  are  the  hour  and  minute  hands  directly  opposite  to 
each  other  ? 

3.  Express  in  degrees,  grades,  and  radians  the  angle  made  by  the  hands  of  a 
watch  at  3 '30  o'clock. 

4.  The  minute  and  second  hands  of  a  watch  point  in  the  same  direction  at 
XII.     When  do  they  next  point  in  the  same  direction  ? 

5.  At  what  time  after  n  o'clock  is  the  minute  hand  first  ten  minutes  before  the 
hour  hand  ?    What  is  the  greatest  value  of  n  to  allow  this  to  happen    within 
the  hour? 

6.  Two  clocks  are  together  at  XII. ;  when  the  first  comes  to  I.  it  has  lost  a 
second  ;  and  when  the  second  comes  to  I.  it  has  gained  a  second.     How  far  are 
they  apart  in  12  hours  ? 

7.  Two  clocks  are  correct  at  mid-day ;   when  the  first  clock  indicates  VI.  in 
the  afternoon,  the  second  wants  a  minute  to  VI. ;  and  when  the  second  indicates 
midnight,  the  true  time  is  2  minutes  past  XII.     What  does  the  first  clock  indi- 
cate at  midnight  ? 

8.  Two  men  walk  opposite  ways  round  a  circular  course.     They  meet  for  the 
first  time  at  the  north  point,  the  sixth  time  at  the  east  point.     Where  will  they 
meet  for  the  sixteenth  time— and  what  are  their  relative  speeds  ? 

9.  A  clock  loses  at  the  rate  of  8 "5"  per  hour  when  the  fire  is  alight,  and  gains  at 
the  rate  of  5'1"  per  hour  when  the  fire  is  not  burning  ;  but  on  the  whole  it  neither 
loses  nor  gains.     How  long  in  the  24  hours  is  the  fire  burning  ? 

10.  In  going  120  yards  the  forewheel  of  a  carriage  makes  six  revolutions  more 
than  the  hindwheel.     If  each  circumference  were  a  yard  longer,  it  would  make 
only  four  revolutions  more.     Find  the  circumference  of  each  wheel. 

11.  Two  men  start  together  to  walk  round  a  circular  course,  one  taking  75 
minutes  to  the  round,  the  other  90.     When  will  they  be  together  again  at  the 
starting  point  ? 


UA  TE  OF  C11A  MX  (>/•'  XPEED.  \  :V> 

tie  hour  hand  of  a  watch  la  3/7  of  an  inch  lung,  the  minute  hand  4  ."»  of  an 
•:ie  second  hand  1  ;>  of  an  inch.     Compare  the  linear  >i  . 

1:5.   Iv.iuce  the  equivalent  of  longitude  for  oie  ininr.:  ;m<l  for  one 

second  of  time. 

14.  What  is  the  circumferential  speed  of  a  wheel  28  feet  in  diameter  when 
making  five  revolutions  per  minute  ? 

The  diameter  of  the  earth  is  nearly  8.000  miles  ;  required,  the  ciicumtVi 
•nee  of  the  earth  at  the  equator,  and  the  numUr  uf  n  i   which  the 

inhabitants  of  latitude  60*  are  carried  by  the  earth's  diurnal  rot;< 

\Vhat  is  the  velocity  due  to  the  earth's  rotation  of  a  person  dwelling  on  tin- 
.free  of  latit 

i  he  front  wheel  of  a  bicych  H  in  diameter,  and  perform 

•ions  in  a  journey  of  65  minutes.     Find  the  speed  in  miles  \>,  \-  1 
it  has  travelled,  aaauming  the  ratio  of  t  renoe  to  th« 

a  steamer  sails  due  west,  at  the  latitude  of  4.V,  at  the  rat. 

i  at  is  the  rate  at  which  the  clock  gains  time? 
A  reaping  machine  works  round  a  rectAn;;ul 
i  'Is  at  the  average  speed  of  3  miles  an  1 
bein  ;  5  feet.     How  long  will  it  take  to  cut  down  the  field  ? 

y  .  I  stance  traversed  in  ploughing  13  acres  of  land  when 

it  d  1 11  inches  broad ;  also  the  time  required  when  the  horse*  move 
•A  an  hour. 


SI 


1"). — General  Unit.      Hy  a 
ige  of  velo<  respect  to  time.     To  eu< 

•uit y  discussed  there  is  a  correspoi: 

hange  of  speed  and  rate  of  change  of  velocity  ar< 
teased  in  t«-nns  of 

L  ;        1  T. 

•  T  case  we  have  IK> 
••  have  to  con>  L 

-.nititx.      In  l.i-   in«li-j 
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The  unit  of  the  British  absolute  system  is  the  foot  per  second 
per  second;  and  that  of  the  C.G.S.  system  is  the  centimetre  per 
second  per  second. 

ART.  116. — Rate  of  Change  of  Speed.  Here  our  attention  is 
entirely  restricted  to  one  path.  If  the  increment  to  the  speed  has 
the  same  sense  as  the  existing  speed,  it  is  said  to  be  an  accelera- 
tion proper ;  if  it  has  the  opposite  sense,  it  is  said  to  be  a 
retardation. 

Suppose  that  the  point  is  at  one  instant  moving  with  a  speed 
of  Vi  L  per  T,  and  that  after  an  interval  of  n  T  it  is  moving  with  a 
speed  of  #2  L  per  T;  then  the  change  of  speed  in  the  course  of  the 
interval  is  v2  -  vl  L  per  T.  If  this  change  has  been  made  uniformly, 
then  the  rate  of  change  during  the  interval  is 

?2-li.  L  per  T  per  T. 

ART.  117. — Application  of  Bate  to  find  Space  passed  over. 
Given  that  a  point  is  subject  to  a  constant  rate  of  change  of  speed, 

a  L  per  T  per  T, 

if  the  interval  during  which  it  goes  on  is  t  T,  then  the  change  of 
speed  is  to.  L  per  T  If  the  subsequent  interval  is  t '  T,  then  t  'to.  L 
is  the  distance  gone  over  due  to  the  speed  which  was  imparted 
before  the  interval  began.  Hence  the  rate  may  be  viewed  in  the 

form  of  an  equivalence 

a  L  =  T  subs,  by  T  prec., 
i  or  a  L  per  T  subs.  =  T  prec. 
But  when  the  intervals  are 
R,  simultaneous,  the  speed  is 
.  0  L  per  T  at  the  beginning, 
a  and  ta  L  per  T  at  the  end ; 
and  it  increases  uniformly 
during  the  interval.  Hence 
(Art.  81),  we  shall  get  the  correct  result  by  supposing  the  average 
speed  to  have  existed  throughout  the  interval  (Fig.  14).  The 


Fig.H. 


/.'.I  TF.  ".'••  C7/.I.V'//;-  o/'  al'KED.  1-27 

!i-  LperT. 

_ 

Hence,  instead  of  the  i>ivvi..us  equivalence,  we  have 

L       T-. 

The  J  t 

same  reason  t  :-ears  in  the  scniivileiK 

area  of  a  triangle. 

Derived  Rate.     ( '  r  a  point  is  subject 

a  L  per  T  =  T. 
\e  shown.  •  of  spao 

L     T. 
Bysqu  nee  we  o' 

a«(  L  =  T  ; 

and  by  el  i  T   I  Between  (3)  a i  uce 

1     L, 

or  T     -  L  (4) 

W.  si.  L        ; 

ex  ressing  «Tjry  of  unit  mass. 

.RT.  119. — Composition  of  Effects.     L  mce 

be    L,  the  initial  speed  'uinge 

••••I  «  L  i      1         T. 

.1  all  the  quantities  are  supposed  to  be   along  the  same 
lin  ,  the  composition  is  effect*. ; 
qu  utities  may  H  T 

be  »-i-a/L  p«-r  T; 

ai     the  distance  will  be 

1 

32-2  as  the  foot-secon«l   \ 

\  press    the    same 
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1  mile  =  3xll  x  160ft., 
32*2  ft.  =  sec.  by  sec., 

1  sec.  by  sec.  =          x  J      hour  by  hour  ; 


32-2x3600x3600 


322  x  180  x  15     .,       , 
i.e.,          ---  —  -  mile  -hour  by  hour, 

i.e.,  79,036  miles  per  hour  per  hour. 

Ex.  2.  Recently  in  the  case  of  a  girl  who  threw  herself  from  the 
top  of  the  column  in  the  Place  Vendome  in  Paris  (height  40  metres). 
it  was  discussed  whether  death  would  be  caused  by  the  mere  speed 
attained  before  reaching  the  base.     What  was  the  speed  ? 
9  '8  metres  per  sec.  per  sec., 

—m)  metres  =  sec.2, 

40  metres  ; 
,  -sec, 

400 
i.e.,  —.  sec.2, 

20 
i.e.,  —  _  sec. 

Now  9*8  metres  per  sec.  =sec., 

20  x  9-8 

-  -  —  metres  per  sec. 

i.e.,         28  metres  per  sec. 
Or  we  can  proceed  thus 

9*8  metres  per  sec.  =  sec.  of  fall, 

4  '9  metres  fall  =  (sec.  of  fall)2; 
(9'8)2(metres  per  sec.)2  ^4-9  metres  of  fall, 
40  metres  of  fall  ; 
9  '8  x  2  x  40  (metres  per  sec.)2  ; 
x/49  x  4  x  4  metres  per  sec., 
i.e.,  28  metres  per  sec. 


OF 


12SI 


3.  A  balloon  is  400  feet  from  the  ground,  and  ascendin- 
at  the  rate  of  10  i  -eeond.     What  time  would  a  sandbag 

take  to  fall  to  the  ground  from  it  ? 

Th-  _  has  a  velocity  of  10  feet  up  war  .»nd.  and 

let  full  it  is  subject  to  an  acceleration  of 
3J  ft.  downwards  per  SIT.  per  i 


0.7 

-  ft.  downwards 


(sec.  of  tall)-. 


Suppose  /  seconds  taken  to  reach  the  ground  ; 


then 


HO  ft.  up,  and  ;own 


equation 


/*8  -  to  -  200  =  0  ; 


-'-??-* 

«=5J  neu 

Answer — 5}  sees. 

1    St  Rollox  stalk  is  44:.  ;  at  what  rate  must  a 

t  be  shot  upwards  to  reach  the  top  (disregut 

esistaii"  <>i'  the  air)  in  a  second  t     What  v  its  speed 

.  pas>  topi     I  !<>w  high  would  it  rise  f 

..  Let  the  vel<  l>e 

^for  1  sec.,  r  ft.  up 
ty  is  acting  downwards  at 
16  ft. -sec.8; 
1  sec.,  16  : 

-445ft., 
,•    I-;]. 

The  original  .1  ft.  up  |>er  sec. ;  gravity  acts  at 

down  per  sec.  =  sec., 


bull 
wh< 

, 
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for  1  sec.,  32  ft.  down  per  sec. ; 
hence  the  velocity  when  passing  the  top  is 

461  -  32  ft.  up  per  sec., 
i.e.,  429  ft.  up  per  sec. 

3rd  2  x  32  (ft.  per  sec.)2  deducted  =  ft.  rise, 

(461)2(ft.  per  sec.)2; 

ft.  rise, 

0 

le.,       3321  ft.  rise. 

Ex.  5.  The  speed  of  a  railway  train  increases  uniformly  for  the 
first  three  minutes  after  starting,  and  during  this  time  it  travels 
one  mile.  What  speed,  in  miles  per  hour,  has  it  now  gained,  and 
what  space  did  it  describe  in  the  first  two  minutes  ? 

1  mile  =  (^Q-  hour)2, 
400  miles  =  hour2, 
.'.      800  miles  per  hour  =  hour, 

^j-  hour, 

40  miles  per  hour. 

Again,  400  miles  =  hour2, 

.jV 

400 

.  .  -gr^ 

i.e.,  4 

EXERCISE  XX. 

1.  Express  an  acceleration  of  500  centimetres  per  second  per  second  in  terms  of 
the  kilometre  and  minute. 

2.  The  velocity  and  the  acceleration  of  a  moving  point  at  a  certain  moment  are 
both  measured  by  10  the  foot  and  the  second  being  the  units  of  space  and  time. 
Find  the  numbers  measuring  them  when  the  yard  and  the  minute  are  the  units. 

3.  On  what  arbitrary  units  does  the  numerical  quantity  g  depend  ?    If  each 
unit  becomes  m  times  its  former  amount,  what  will  be  the  new  value  of  g  ? 

4.  Express  32 '2  feet  per  second  per  second  in  terms  of  yard  per  minute  per 
minute. 

5.  To  ascertain  the  height  of  a  precipice  a  stone  was  dropped  from  the  edge 
and  was  observed  to  take  three  and  a  half  seconds  to  reach  the  bottom.     What  is 
the  height  of  the  precipice  ? 


RA  TE  ()F  Cl/A  XGE  OF  SPEED.  \  :\  { 

>tone  dropped  from  the  top  of  a  cliff  is  observed  to  reach  the  bottom  in 
6^  seconds.     Fiud  the  1. 

7.   A  boy  throws  a  stone  vertically  into  the  air  with  a  velocity  of  SO  fi-< 
second.     How  much  time  has  he  to  escape  from  it  returning? 

.  atone  is  let  fall,  and  another  is  at  the  same  instant  projected  u; 
from  a  point  500  feet  lower  in  the  same  vertical.     With  what  speed  must  it  l>< 
projected  so  that  the  two  may  meet  half  way  ? 

9.  How  far  has  a  body  fallen  from  rest  when  it  has  acquired  a  velocity  of  ( 1  • 

:  second? 

10.  A  .-!«'.  rest,  falls  under  the  action  of  grav  •hiring 
a  particular  second  of  time.     How  long  before  the  end  of  this  second  did  r 

to  fall  ? 

11.  Two  particles  are  let  fall,  the  one  from  100  feet,  the  other  from  225  feet 

:id  they  reach  the  ground  at  the  same  time.     Find  the  interval  between 
thi-ir  times  of  starting. 

U.  A  particle  is  dropped  from  a  height ;  supposing  it  reaches  the  ground  in  1_ 
seconds,  how  much  did  it  fall  during  the  last  second,  and  how  far  has  it 
her? 

rown  downward*,  and  its  avenge  velocity  for  the  ceoond  second 
of  its  fall  is  2&  times  that  for  the  first  second.    What  was  the  Initial  velocity  ? 

1  -.  A  rifle  ballet  U  shot  vertically  downwards  from  a  balloon  at  rest  at  the  rate 
of  40  •  feet  JK.T  sec  many  feet  will  it  pats  through  in  two  seconds,  and 

what  v  it  time,  neglecting  the  resistance 

air  a  d  estimating  the  acceleration  due  to  gravity  at  32? 
>    15.  A  stone  thrown  vertically  upwards  strikes  the  ground  after  an  interval  of 

10  s.  ends.    With  what  velocity  was  it  projected,  and  to  what  height  did  it  rise  ? 
If.    If  a  body  is  projected  upward,  with  a  v.  jo  feet  per  second,  what 

is  t!  greatest  height  to  wl  rise,  and  when  will  it  be  moving  I 

velo<  ty  of  40  feet  per  second? 

17  With  what  velocity  must  an  arrow  be  shot  vertically  upwards  in  ord- 

11  m  r  just  reach  the  top  of  a  stalk  150  feet  high? 

!    18    My  watch  beats  five  times  each  second.    A  boy  throws  a  stone  into  the  air 
vert    ally  upwards,  and  I  reckon  274  *****  «'  »»T  watch  from  the  instant  the  stone 
leav.    the  boy 'slum    until  it  strikes  the  ground.    Taking  p-32,  show  tl 
boy*,   hand  when  the  stone  left  it  was  moving  with  a  velocity  of  88  f. 
aecoi  I ;  and  find  how  high  the  stone  went. 

-ant  when  it  is  said  that  the  acceleration  of  the  speed  of  a 
parti    •  -  foot  and  second?    If  the  particle  were  moving  at 

any     sUnt  at  the  rate  of  7}  feet  per  second,  after  what  time  would  its  speed 
be  T    drilled  ?  and  what  distance  would  it  describe  in  that  time? 

20.  A  body  describes  distances  of  120  yards,  228  yards,  336  yards,  in  successive 
tent!     of  a  minute.    Show  that  this  is  consistent  with  conntant  accelera- 
te v<  ocity.  and  find  the  numerical  value  of  the  accelerat: 
and  i   stance  are  a  minute  and  a  yard. 
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21.  A  body  is  moving  in  a  straight  line  with  a  uniform  velocity  of  10  feet  per 
second.     Suddenly  a  force  begins  to  act  upon  it  in  a  direction  contrary  to  that  of 
its  motion,  whose  acceleration  is  5  feet  per  second  per  second.     In  what  sense 
and  with  what  velocity  will  the  body  be  moving  at  the  end  of  2^  seconds  from  the 
moment  the  accelerating  force  began  to  act  ? 

22.  A  particle  is  found  to  be  moving  in  a  straight  line  at  the  rate  of  5  feet  per 
second,  a  quarter  of  a  minute  afterwards  at  the  rate  of  50  feet  per  second,  half  a 
minute  afterwards  at  95  feet  per  second.     Show  that  this  is  consistent  with  a 
constant  rate  of  change  of  speed,  and  find  its  value. 


SECTION  XXI.— ACCELERATION. 

ART.  120. — Rate  of  Change  of  Velocity.  Acceleration  being  a 
vector  quantity,  is  resolved  and  compounded  in  the  same  manner 
as  a  simple  vector  or  as  a  velocity.  When  our  attention  is  re- 
stricted to  one  plane,  and  to  rectangular  components,  the  equival- 
ence between  the  acceleration  and  its  components  is  expressed  by 
aL  along  per  T  per  T  =  04  L  adj.  per  T  per  T  -f-  a,L  opp.  per  T  per  T. 
When  the  components  are  rectangular,  the  numbers  a,  a15  a2,  are 
connected  by  the  condition 

a2  =  a2  -f  of. 

From  this  equivalence  partial  equivalences  may  be  derived,  as  in 
Art.  111. 

The  cosine  of  the  direction  of  the  acceleration  is  given  by 

"'  •—.  L  adj.  =  L  along, 

v/af  +  euj 
and  the  tangent  by 

^L  opp.  =  L  adj. 
«i 

ART.  121. — Rate  of  Deviation.  One  mode  in  which  rate  of 
change  of  velocity  can  be  resolved  into  rectangular  components  is 
by  taking  the  direction  of  motion  for  the  time  being  as  one  line, 
and  the  perpendicular  to  it  as  the  other  line.  The  former  com- 


at  is  the  rate  of  change  of  speed,  which  has  been  already 

1  ;  there  remains  for  consideration  the  component  alonij 

.erse  line.     It  does  not  affect  the  speed,  but  it  alters  the 

•ion  of  the  motion.      It  is  proportional  to  the  square  of  the 

velocity  of  the  point  and  to  the  curvature  produced.     Tin-  depend 

ssed  by 

1  L  p«T  T  p«T  T  =  (L  per  T)2  by  (radian  per  L  arc). 
By  trail-tormina  the  ri^ht  hand  unit  we  obtain  equivalent  foi  I 
1  L  per  T  per  T-  (L  per  Tr  p      L  \rt.  74), 

L  arc  per  L  radius  per  T)  by  (L  ]"T  T  >. 
=  (radian  per  T)  by  (L  per  T). 

AI:T.  IL'±—  Dimensions.  The  dimensions  of  the  several  unit- 
expressed  above  are  said  to  be  the  same.  The  dimension  of  a 
unit  with  respect  to  a  fundamental  unit  as  L  \oned  by  takiim 

the  number  of  times  it  enters  directly  and  the  number  of  tii 
ente  -s  inversely  and  taking  the  difference.     In  transforming 
one  set  of  fundamental  units  to  another  it  is  tins  diflereix  ••  up. -n 
whi<  h  the  transformation  depends.     Tin-  dimensions  of  V 
witl  respe*  t  to  L      '  L  INT  T.  1  with  respect  to  L,  and  -  1  with 
reap  ct  to  T:  of  L  per  T  per  T.  1  with  respect  to  L,  and 
resp  ct  T..  T. 

A  i.  rj:>.—  Simple  Harmonic  Motion.  Let  a  point  move  round 
a  cii  Ic  with  uniform  angular  a  the  component  of  this 

moti  n  n!  diameter  of  the  circle  is  a  simple  harmonic 

u. 

I  th«-  p««int  (,>  move  I'-mi'l  tin-  Circle  0,  whose  radius  is  <  L. 
with  i  uniform  angular  velocity  <•*  radian  per  T.  Let  A  A'  be  :  In- 
line >f  the  simple  harmonic  motion,  and  suppose  that  /  T  have 
clap  'i  .is  at  A. 

I  '.  the  position  of  P.  The  point  Q  will  then  be  at  an  angle 
of  <W  -adians,  and  the  component  along  A  A'  of  the  vector  to  Q  will 
be  a  os(a>/  L  1  15). 
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Second,  the  velocity  of  P.  The  linear  velocity  of  Q  will  then  be 
aw  L  per  T  in  the  direction  of  the 
tangent  at  Q.  The  velocity  of  P  is 
the  component  in  the  direction  OA  ; 
hence  it  is 

-  aw  sin(wtf)  L  per  T. 
It  has  the  negative  sign  because  it  is 
towards  0  (Fig.  16). 

Third,  the  acceleration  of  P.  The 
acceleration  of  Q  will  be  aw2  L  per  T 
per  T  in  the  direction  towards  the 
centre  0  (Art.  121).  Hence  the 
acceleration  of  P,  being  the  compon- 
ent along  A  A,  will  be 

-  aw2  cos(w^)  L  per  T  per  T. 
It  has  the  negative  sign  because  it  is 
\A  towards  0  (Fig.  17). 

EXAMPLES. 


Fig.17. 


Ex.  I .  A  sphere  of  glass  rolls  down 
a  smooth  inclined  plane,  the  inclina- 
tion of  which  is  30°.  Its  velocity  at 
a  certain  point  is  70  cm.  per  sec.,  and 
at  a  second  point  below  140  cm.  per 
sec.  What  is  the  distance  between 
the  two  points  ? 

980  cm.  downwards  =  sec.  by  sec., 
sin  30°,  i.e.,  J  cm.  along  plane  =  cm. 
downwards, 


Hence, 


980  ,          T 

cm.  along  plane  per  sec.  =  sec. 

2 

980 

cm.  along  plane  =  sec." 
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.*.    980  (cm.  along  plane  per  sec.)2  =  cm.  along  plane, 

70  cm.  per  ^ 
70s 


980 


cm.  along  plane. 


ailarly, 


1 40- 

_  cm.  along  plane. 


cm. 


Hence,  distance  along  plan* 

3x70* 

980 
{.«.,      !•">  cm. 

EJ  uvy  body  on  a  level  plane  has  simultaneously  com- 

municated t«»  it  an  upward  vertical  velocity  of  48  feet  per  second, 
and  a  li'.ri/ontul  velocity  of  2a  feet  per  second.     Find  its  greatest 
-  range,  and  its  whole  time  of  flight. 

2  x  ui  due  ted —  foot  rise, 

48s  (foot  per  * 


ie.,  36  feet  rise. 
48  feet  upwards  per  see., 
32  feet  downwards  per  sec.  =  sec., 

AQ 

sees,  time  of  rise ; 


time  of  11 


.  3.  At 


25  feet  horizontal  -  sec. 
sec.  ot  I  x  25  feet  of  range, 

of  range. 


mon 
seve 

niuu 


tooth  in  the  blade  of  a  reaper  describes  a  simp! 
;  motion  of  one  and  a  half  in<  -h  amplitudi.:  in  a  j.«-riod  of  one 
.th  of  a  second.     What  is  its  maximum  vt 
acceleration  t 


136  PHYSICAL  ARITHMETIC. 

Here  the  uniform  angular  speed  is 

2-n-  inch  arc  per  inch  radius  =  \  sec.; 

147T  inch  arc  per  sec  =  inch  radius, 

f  inch  radius, 
2 ITT  inch  arc  per  sec. 

Now,  the  simple  harmonic  component  is  greatest  when  it  is  equal 
to  the  circular  velocity ;  hence  its  greatest  value  is 

2 ITT  inch  per  sec. 
Similarly,  the  maximum  acceleration  is 

2947T2  inch  per  sec.  per  sec. 

EXERCISE  XXI. 

1.  A  heavy  body  starting  from  rest  slides  down  a  smooth  plane  inclined  30 
degrees  to  the  horizon.     How  many  seconds  will  it  occupy  in  sliding  240  feet 
down  the  plane,  and  what  will  be  its  velocity  after  traversing  this  distance  ? 

2.  From  a  point  in  a  smooth  inclined  plane  a  ball  is  rolled  up  the  plane  with  a 
velocity  of  16 '1  feet  per  second.     How  far  will  it  roll  before  it  comes  to  rest,  the 
inclination  of  the  plane  to  the  horizon  being  30  degrees?    Also,  how  far  will 
the  ball  be  from  the  starting-point  after  five  seconds  from  the  beginning  of 
motion  ? 

3.  Two  bodies  start  together  from  rest,  and  move  in  directions  at  right  angles 
to  each  other.     One  moves  uniformly  with  a  velocity  of  3  feet  per  second,  the 
other  moves  under  the  action  of  a  constant  force.     Determine  the  acceleration 
due  to  this  force,  if  the  bodies  at  the  end  of  4  seconds  are  20  feet  apart. 

4.  A  stone  is  let  fall  from  the  top  of  a  railway  carriage  which  is  travelling  at 
the  rate  of  30  miles  an  hour.     Find  what  horizontal  distance  and  what  vertical 
distance  the  stone  will  have  passed  through  in  one  tenth  of  a  second. 

5.  The  time  of  flight  of  a  bullet  on  a  horizontal  rifle-range  is  observed  to  be  5 
seconds  ;  find  the  greatest  elevation  it  attained. 

6.  A  body  is  projected  horizontally  from  the  top  of  a  tower  with  a  velocity  of 
100  feet  per  second  ;  find  its  distance  from  the  point  of  projection  at  the  end  of 
2  seconds. 

7.  From  the  top  of  a  tower  169  feet  high,  a  ball  is  projected  horizontally  with  a 
velocity  of  100  feet  per  second.     When  will  it  reach  the  ground,  and  at  what  dis- 
tance from  the  foot  of  the  tower  ? 

8.  If  a  body  is  projected  in  a  direction  inclined  to  the  horizon  by  45  degrees, 
and  strikes  the  horizontal  plane  passing  through  the  point  of  projection  after  5 
seconds,  what  is  the  velocity  of  projection? 

9.  A  ball  is  projected  with  a  velocity  of  60  feet  per  second  at  an  elevation  of  15 
degrees  to  the  horizon.     What  will  be  its  range  on  a  horizontal  plane  as  compared 
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with  the  height  ascended  by  a  body  projected  vertically  upwards  with  a  velocity 
vet  per  second  ? 

.  horizontally,  with  its  barrel  5  feet  above  a  lake.     When 

discharged,  the  ball  is  found  to  strike  the  water  400  feet  off.  Find  approxi- 
mately the  velocity  of  tin-  ball. 

11    A  balloon  is  carried  along  at  a  height  of  100  :he  ground  with  u 

y  of  40  miles  an  hour  ;  a  stone  is  dropped  from  it.     Find  the  time  before 
ne  reaches  the  ground,  and  the  distance  from  the  point  where  it  reaches 
the  ground  to  the  point  vertically  below  the  pt>!  -lie  balloon. 

\'2.  What  is  the  average  velocity  of  a  point  executing  a  simple  harmonic  motion 
for  the  time  occupied  in  moving  from  the  one  •  of  its  range, 

its  maximum  velocity  being  5  feet  per  second  ? 

ii  describing  simple  harmoin  of  1/10  of  a 

second,  and  with  an  amplitude  of  4  centimetres.  Find  the  acceleration  of  the 
jwrticle  when  at  the  extremity  of  its  range.  Find  also  the  velocity  of  the  particle 
when  passing  through  the  middle  of  it*  range. 


CHAPTER  FOURTH. 

DYNAMICAL. 

SECTION  XXII— MASS. 

ART.  124. — Mass  and  Weight.  By  the  mass  of  a  body  is 
meant  the  quantity  of  matter  in  it.  Mass  is  the  intrinsic  property 
of  a  body  ;  whereas  weight  is  an  accidental  property  depending  on 
the  presence  of  another  body  in  the  neighbourhood.  These  two 
ideas  of  mass  and  weight  are  confounded  in  the  popular  mind,  and 
are  not  clearly  discriminated  in  many  text-books.  A  clear  per- 
ception of  the  distinction  greatly  facilitates  the  application  of 
arithmetic  in  the  case  of  many  problems. 

Mass  is  a  fundamental  idea,  and  the  general  unit  of  mass  is 
appropriately  denoted  by  M. 

ART.  125. — Imperial  Standard  of  Mass.  In  the  Imperial 
system  the  Standard  of  Mass  is  a  cylinder  of  platinum,  con- 
structed in  1844,  and  now  in  the  custody  of  the  Warden  of  the 
Standards.  It  is  denominated  the  "  Imperial  Pound  Avoirdupois." 
The  previous  standard  of  mass,  which  was  lost  along  with  the 
standard  of  length,  was  a  Pound  Troy.  The  provision  which  had 
been  made  for  its  restoration  was  that  one  cubic  inch  of  distilled 
water  at  62°  Fahr.,  the  barometer  standing  at  30  inches,  weighed 
252 '458  grains.  This  provision,  however,  was  repealed  on  the 
recommendation  of  a  scientific  committee,  and  the  new  standard 
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ructeil  from  authentic  copies  of  the  old,  the  size  of  the 

standard  U'ing  at  the  same  time  changed  to  the  pound  avoirdn- 

•;.r  parliamentary  copies  of  I  .uuhird  pound 


i;  -.  t. 


jared,  and  dt'ixwiu  those  of  A  tiftli 

coj  /  has  been  prepared  to  bo  uaed  instead  of  t 
in    11  ordinary  comparisons. 

cconlii  ^hts and  Measures 

mass  with  the  standard  of  mass  is  t«  - 


in.  1  •_'•;.   -Derived  Units  of  Mass.     'I  units  of  mass 

IK    1  in IM  rial  systcn  have  a  special  name  (see 

'Ji<l  .  as  the  t«  as  a  mul: 

or;   snKmnltii  .  inlupois  deix  i 

fon  1    tin*    plimipal    lt;L'al    -\-tcn  .ire  t ! '.y  aii-1  ; 
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derivatives  form  the  legal  system  for  weighing  bullion,  and  may 
be  used  in  the  sale  of  precious  articles.  For  the  retail  trade  in 
drugs,  apothecaries'  denominations  may  be  used. 

Local  standard  weights  are  constructed  by  the  Standards 
Department,  and  distributed  along  with  the  local  standard 
measures.  The  figure  represents  the  form  of  the  modern  local 
standard  avoirdupois  weights. 


Local  Standard  Pound. 


ART.  127. — Metric  Standard  of  Mass.  In  the  Metric  system 
the  kilogramme  was  originally  defined  as  the  mass  of  a  cubic 
decimetre  of  distilled  water  at  the  temperature  of  its  maximum 
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density  (about  4°  C.).      Distilled  water  is   very    suitable  for  a 
>tand  ance  on  account  of  its  being  obtainable  everywhere 

"f  purity,  its  homogeneity,  ami  the  invariability  of  its 

density  at  a  given  temperature.     By  weighing  and  measurement 

:h«-  mass  e..ntaine«l   in  a  eul>ic  decimetre  of  water  at  its  staiulanl 

was  found,  and  a  piece  of  platinum  was  constructed  to  repre- 

•  hat  mass.      The   pirn-   i.f  platinum  is  called  the  !;'>!->>munnir 

<  :     it,     «.r     mtln-r     a 

.,ud       kilogi-amni' 

({Uelitly  C  •!,    is    liov, 

ultimate    staiulanl    tor    the    kilo- 

gramnie    in    the    saim-   way  M  a 

iatinum  is  the  ultimate 

ianl  lor  the  pound.      In  the 

;  >artmen t  there  is  a 

standard  kilogramme  of  platinum, 

wh  ich  IB  similar  to  the  kilogramme 

dr.*  archives.  English  Standard  I'latiuuni 

The  gramme  is  the  one-thousandth  part  of  tin-  kilogramme,  and 
th  refore  the  mass  of  a  <  ui>.  ater  at  its  tem: 

tu   •  of  maximum  <  i 

n  S.   system  the  gramme  is  chosen  for  the  unit  of 


IMPEKIM.    i  MI'S  OF  MASS   (WEIGHTS). 


•or,  js  griiiMiii,'. 


\  grain  - 1/7000  p-  - 

"    1/256  pom 

—     1/16  pound  —28*35  grammes. 

.  1  POUND  (lb.)  —  0*4536  kilogramme. 
1  ttone  —      14  pounds. 

1  Hundredweight  (owt)«    112  pounds  -50'80  kilogrammes. 

1  ton-20  cwt.  [K)uod«  -   1*016  miilier. 

«  !(!«. 


-   1»;  .ir;n:;> 
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TROY. 

I  ounce  troy  =     480  grains    =  31*10  grammes. 

1  "  pennyweight  "=24 grains.  1  "  pound  troy  "=5,760  grains. 

APOTHECARIES'. 

1  "  scruple  "=20  grains  ;  1  "  drachm  "=  3  scruples  ; 
1  ounce  troy  =  8  drachms. 

METRIC   UNITS   OF  MASS   (WEIGHTS). 

1  millier  or  tounean  =  1,000  kilogrammes. 
1  quintal  =    100  kilogrammes. 

1  myriagramme        =      10  kilogrammes. 

1  KILOGRAMME  =15,432 -10  grains. 
1  hectogramme         ='1  kilogramme. 
1  dekagramme          ='01  kilogramme. 
1  gramme  ='001  kilogramme. 

1  decigramme  ='0001  kilogramme. 

1  centigramme          ='00001  kilogramme. 
1  milligramme          ='000001  kilogramme. 

The  authorized  abbreviation  for  gramme  is  g.,  but  it  is  customary 
with  English  writers  to  use  gm.,  in  order  to  distinguish  between 
gramme  and  grain. 

EXAMPLES. 

Ex.   1.  Find  the  rate  connecting  franc  per  kilogramme   Avith 
pence  per  lb.,  when  the  course  of  exchange  is  25  fr.  20  c.  per  £. 
240  pence  =  25-20  francs, 
10,000  lb.  -4536  kilogrammes, 
dividing  the  one  equivalence  by  the  other, 
24 

1  000 
24  x  4536 

l'*''       25200     P6nce  P6r       =franc  Per 
i.e.,  4-32  pence  per  lb.  =  franc  per  kgm 


DESSITY. 

The  reciprocal  rate  is 

100  « 

:Vam-  per  kgm.      penny  pt-r  IK, 

•L'31  franc  p,-r  k-m.  =  penny  per  U>. 

-.    From  the  definitions  of  the  gallon  and  <>f  the  litr. 
•ion  of  the  former  to  the  lar 
tllon  of  waU-r      10  11  >.  • 
1  Ib.        of  v  :>-6  gms.  of  w; 

1   -in.         of  water  •  r.r.  of  v, 

1 ,000  c.c.        of  water  =  litre  of 

1,000  gallon  =  4,536  litres, 
•_•-'  gallon  =  lit  re. 

EXERCISE   XXII. 

1.  Express  a  p<  lupois  a«  the  decimal  of  a  pound  troy,  and  an  ounce 
a  voi  rdupois  as  the  decimal  of  an  ounce  troy. 

2.  Express  22  kilogrammes  in  pouudu,  and  !'*>  p:>  grammes, 

3.  Reduce  50  kilogrammes  to  hundredweights,  and  1,000  kilogrammes  to  tons. 

4.  Express  4d.  per  Ib.  in  terms  of  shilling  per  owl.  and  pound  per  ton. 

5.  Reduce  1  franc  per  kilogramme  to  pence  per  Ib.  when  the  course  of  exchange 
is  2  *10  francs  -pound. 

6  Reduce  100  francs  per  quintal  to  shillings  per  cwt.  when  the  rate  of  exchange 
is  '_'  HO  frano     j>.)und. 

7  Convert  5*.  6d.  per  Ib.  into  francs  per  kilogramme  when  the  course  of  ex- 
ch.i  -;•:  is  -J.".  fr.  'JO  c.  \-  r 


SI  •    i  (ON    XXIII.      DKNSITV. 

.  RT.  128. — General  Unit.     liy  the  density  of  a  substance  is 
[  me  nt  the  rate  coniu-  •  mass  with   tin-   volumr.      I-    i 

•  •ssed  in  terms  of  M  i       V  M  p«-r 

I  L*.  ':.r«T;il   id. -a   is   V   pi-r   M.  \vhi.-li  is  drnomina' 

k-Maxwell  the  rarity*  am! 

•  Ih. it.  p.  82.  t  little  and  TtM™,  p.  147. 


144  PHYSICAL  ARITHMETIC. 

ART.  129. — British  Units.  The  British  unit  commonly  used 
is  pound  per  cubic  foot.  The  value  one  pound  per  cubic  foot  does 
not  express  the  density  of  any  substance,  because  the  pound  was 
not  defined  directly  by  the  cubic  foot  and  a  standard  substance. 
The  pound,  however,  originally  had  a  relation  to  the  density  of 
water ;  for,  taking  the  ounce  its  sixteenth  part,  the  density  of 
water  is  very  approximately 

1000  oz.  per  cubic  foot, 
which  gives 

62-5  Ib.  per  cubic  foot. 

The  true  value  for  the  temperature  of  maximum  density  is  62-425 
Ibs.  per  cubic  foot. 

ART.  130.— Metric  Units.  In  the  case  of  the  metric  units, 
1,000,000  grammes  per  cubic  metre  expresses  the  density  of  water, 
the  million  being  introduced  because  the  kilogramme  was  defined 
by  the  cubic  decimetre.  Thus  1  gramme  per  cubic  centimetre  ex- 
presses the  density  of  water,  and  this  is  the  unit  in  terms  of  which 
density  is  expressed  in  the  C.Gr.S.  system. 

The  density  of  pure  water  at  4°C.  is,  more  exactly,  1-000013  gm. 
per  cc.  (See  Art.  151.) 

ART.  131. — Surface-density;  Line-density.  Suppose  that  a 
body  has  a  uniform  density  throughout  p  M  =  L3.  For  a  rect- 
angular parallelepiped  (Art.  93) 

1  L3  =  L  long  by  L  broad  by  L  thick  ; 
therefore,  for  any  parallepiped  within  the  body, 

p  M  =  L  long  by  L  broad  by  L  thick. 
If  the  body  exist  in  the  form  of  a  plate  of  uniform  thickness,  then 

1  L3  =  L2  surface  by  L  thick ; 
and  .*.  p  M  =  L2  surface  by  L  thick, 

or  p  M  per  L2  surface  =  L  thick. 

Suppose  that  the  thickness  is  d  L,  then  the  density  is 
dp  M  per  L2  surface. 
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Bttei  u-c-l   to  denote  its 

is  <r. 

he  body  exist  in  thr  form  of  a  ro-i  or  win-  of  uniform  CTOM 
•n.  th»'ii 

1      L  L  :     1>V     L    1" 

'  .-.     i>  M  i"-r  L  long--   L 

The  value  of  the  cross-section  jj!  .  alue  «>f  the  line-d,-. 

Let  it  l.e  «  L',  then 

\4  per  L  long. 
I  used  to  den<  'u.-  «•!'  M  JUT  L 

Rainfall.     In  tin-  ctise  of  rainfall  we  hn\ 
a  horizontal  sheet  of  water.     T 
lh.=ft.3 

!l    «lf«'Ji. 

of  inches  of  rainfall  is  mount  th«   nuiulM  -i  «.f  in.-li.-> 
il   j.th.      An  inch  «.f  drj.r  ."•  L'  \\><.  i.t 

i:   e  foot  of  horizontal  surface. 


el  of  water 

ihiVft.-ft.  xftx  : 


'  Ibe. 


u, 
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Ex.  2.  Gold  can  be  beaten  out  to  leaf  of  the  thickness  of  1/3800 
mm.;  platinum  can  be  made  into  wire  1/20000  mm.  thick.  What 
is  the  surface-density  of  the  gold  leaf,  and  the  line-density  of  the 
platinum  wire. 

1st.  19  '4  gm.  =  cubic  cm. 

=  sq.  cm.  by  cm.  thick, 


=  sq.  cm., 


380000' 
i.e.,         ——gm.  =  sq.  metre, 

i.e.,         5'1  gm.  =  sq.  metre. 
2nd.  21  gm.  =cub.  cm., 

21  gm.  per  cm.  long  =  sq.  cm.  cross-section, 

'sq.  cm.  =  (cm.  diam.)2, 

2oiwcm'diam-' 

21   X7T 

gm.  per  cm.  long, 


4  x  4  x  1010< 


41  gm.  =  10"  cm,  long, 

=  106  kilometres  long. 

EXERCISE  XXIII. 

1.  A  cubic  foot  of  water  weighs  1,000  oz.  avoirdupois  ;  required  the  relation  of 
the  kilogramme  to  the  hundredweight. 

2.  A  town  of  241,000  inhabitants  is  supplied  with  water  at  the  rate  of  25  gallons 
per  head  per  day ;  find  the  total  supply  both  in  volume  and  in  mass  for  one  year. 

3.  If  the  mass  of  a  cubic  inch  of  water  be  252*5  grains,  find  the  number  of  cubic 
inches  in  a  ton  of  water. 

4.  The  density  of  granite  is  42-cwt.  per  cubic  yard  ;  what  is  it  in  Ib.  per  cubic 
foot? 
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.c  measures  13  cubic  ft-; 
a  cubic  metre  of  the  stone  ? 

Reduce  pound  per  cubic  foot  to  gramme  per  cubic  centim. 
7.  The  density  of  water  is  GU'4  Ib.  j>er  cubic  foot ;  what  is  its  bulkinew? 
B.   How  many  cubic  feet  of  cual  must  be  taken  by  a  steamer  going  on  a  t«  : 
voyage,  having  engines  of  1,000  horse-power?    Kate  of  consumption  of  coal  is  7 
Ibs.  per  horse-power  per  hour,  and  the  bulkiness  of  the  coal  is  40  cubic  t  > 
ton. 

of  granite  is  160  Ibs.  per  cubic  foot ;  a  paving  block  i> 
ui«lt   by  !i  inch  «!•  •  .  long.     Kiinl  tin-  number  of  tonn  required  U>  ; 

street  one  mile  long  and  20  yards  broad,  allowing  an  interval  of  ten  p» 
between  tl 

I'he  avenge  density  of  gunpowder  is   \*i2ti8  or.  IK  i  1  tin- 

amount  required  to  fill  a  boring  of  1 J  inch  diameter  ami  one  yard  long. 

of  water  is  1)36  Ib.  per  cir  express  it  in  terms  of 

•  T  cubic  foot,  ;u.. I  of  Hi.  per  squart  »»t. 

>f  iron  rail  is  10*08  Ib.  per  yard  per  w|uan- 
e  mass  required  for  100  miles  when  the  tec  rail  is  C 

incl.es. 

;  lie  population  of  Great  Britain  in  1881  was  .V.,LY.2,7».  ,rea  in 

12C  830  square  miles  ;  what  is  the  average  density  of  the  popula 

1  I.  Given  that  the  line  density  of  a  round  bar  of  ci 
fo-    per  inc!  ire,  what  is  the  weight  of  a  id*  long,  li: 

bo:    of  16  inches,  and  a  thickneas  of  I  inch? 

A  flat  bur  of  iron,  \i  inch  broad,  and  g  of 

dei  dty  9-91  Ib.  i»  luce  the  value  of  Ib.  i»er  inch  broad  per 

thi  Ic  per  foot  long. 

..-density  of  steel  wire  of  L»i  inch  circumference  is  4  Ib.  per  f, 
Wl.  t  b  the  linc-density  of  wire  of  the  same  material  2f  inch  in  circu: 

1  .  Express  the  density  of  wrought  iron  in  the  form  of,  jlrrf,  Ibs 
IDC.    IK- i  N  :  «eroiM*,  Ibs.  per  linear  yard  per  square  inch  tec 

IV  s»er  foot  i  >.  diameter  square. 

(iwro  foot  surface  pei 
.iwall'J^bi: 

1      Transform  the  density  of  water  given  as  02*423  Ibs.  per  cnbic  f o«  • 
;  table  for  calculations  of  rainfall,  namely,  pound  j- 

nd  pound  per  acre  i>cr  i  'ill. 

'.  cubic  foot  of  copper,  weigi  ''••«.,  is  rolled  into  a  square  > 

Ibei  long.    An  exact  cube  is  e  bar,  what  is  its  mass  to  fo 
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21.  Find  the  mass  of  zinc  required  to  cover  a  rectangular  roof  30  feet  long 
by  20  feet  broad,  having  a  slope  of  3  to  1,  the  superficial  density  of  the  cover- 
ing being  7  cwt.  per  100  square  feet. 


SECTION  XXIV.— SPECIFIC  MASS. 

ART.  133. — Relative  Density.  Let  the  densities  of  two  sub- 
stances A  and  B  be 

mMofA  =  V, 

and  n  M  of  B  =  V. 

We  deduce  m  M  of  A  =  n  M  of  #, 

or  mjn  M  of  A  =  M  of  B. 

This  rate  expresses  the  density  of  A  relatively  to  that  of  B,  or  the 
number  of  units  of  mass  of  A  which  are  equivalent  in  volume  to 
one  unit  of  mass  of  B. 

Different  substances  may  thus  be  compared  with  one  standard 
substance.     Solids  and  liquids  are  compared  with  water;  gases 
with  air  or  with  hydrogen. 
For  example, 

1 1  '4  M  of  lead  =  M  of  water, 
13*596  M  of  mercury  =  M  of  water, 
15-96  M  of  oxygen  =  M  of  hydrogen. 

Equivalences  are  of  two  kinds — absolute  and  relative.  Density 
is  an  example  of  the  former  kind,  and  relative  density  of  the 
latter  kind. 

ART.  134. — Specific  Mass  and  Specific  Gravity.  The  density 
of  a  substance  relatively  to  that  of  a  standard  substance  is  pro- 
perly called  Specific  Mass.  It  is  usually  called  Specific  Gravity,  as  a 
consequence  of  not  distinguishing  weight  from  mass.  These  ideas 
are  different;  their  numerical  values,  however,  are  the  same, 
because  the  weight  of  a  body  is  proportional  to  its  mass,  and  is 
independent  of  its  physical  constitution. 

By  taking  the  reciprocals 
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SPECIFIC  MASS  AND  DENSITY. — Continued. 


SUBSTANCE. 

M  OF  SUBSTANCE  =  M 
OF  WATER 
OR  G.M.  PER  C.C. 

LB.   OF  SUBSTANCE 
PER  CUBIC  FOOT. 

-£ 

r  Water,  pure, 

1 

62-425 

*"~ 

Water,  sea,    . 

1-026 

64 

-"  ij 

Alcohol,  pure, 

•791 

49 

•z.  "3 
"  ~+ 

Ether,    .... 

•716 

45 

PS." 

Hydrochloric  acid, 

1-2 

75 

?!« 

Mercury, 

13-596 

848-75 

Nitric  acid,    . 

1-2 

75 

"^  C 

Oil,  linseed,  . 

•94 

59 

%V' 

Oil,  olive, 

•915 

57 

•s  2 

Oil,  whale,     . 

•923 

58 

1 

i.  Sulphuric  acid, 

1-84 

115 

Cl    O    £ 

Air,       .... 

001293 

•0807 

cc-tf  o 

Carbonic  acid, 

•00197 

•1234 

Sjfg 

Hydrogen,     . 

•0000895 

•0056 

JIT 

Oxygen, 

•00143 

•0893 

1-5  2  a 

o£3<3 

Nitrogen, 
,  Steam  (ideal), 

•00125 
•00080 

•0786 
•0502 

EXAMPLES. 

Ex.  1.  A  cubic  foot  of  fresh  water  weighs  62' 4  Ibs.,  find  in 
cubic  feet  the  space  occupied  by  one  ton  of  sea  water. 
62'4  Ibs.  of  fresh  water  =  cubic  foot, 
1-026  Ibs.  of  salt  water  =lb.  of  fresh  water, 

112  x  20  Ibs.  of  sea  water ; 


112x20 
62-4x1-026 


,, 

i.e., 


cubic  feet, 


cubic  feet, 


35  cubic  feet  very  nearly. 


Ex.  2.  Sodium  has  to  alcohol  the  relative  density  1-23,  and 
alcohol  has  to  water  the  relative  density  '79  ;  what  is  the  density 
of  sodium  relatively  to  water  ? 
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1  L':>  M  ->dium  =  M  alcohol, 

M  alcohol  =  M  w. 
.-.     1-23  x  -79  M  sodium  =  M  v  . 
i.e.,     -'.'7  M  sodium  =  M  N\ 
Observation — In  c.rdn-  that   two   relative   eqmraleilCta   may  !••• 

aimer,  they  must   of  course  l»e  e<|iiivalen. 
M_-ct ;    and  the  conclusion  is  an  equivalence  in  the 
same  respect 

inch»->   of  iron   \vt-iurh  as  much  us    & 

mliic  inches  of  lead,  an-l                <'  per  ton  of  lead  :  E  imn 

value  of  a  certain  block  of  lea«i  what 
of  a  block  of                               ixe  t 

17   11   of  l.-ad 
1   t..n  of  l.-ad       I.'.  • 
7  tons  of  ii«»n      1 1  t«»ns  of 
4X  of  iron  =  ton  . 

3G   17    11        '      l     i. 
1 ."»     11 

_    .     28 

^     "    '    ' 

2J 

specific  gravity  of  gold  is  19-3,  that  ot 
lat  is  t  t  an  alloy  of 

sj)  cific  gi  no  change  of  vi.him.- 

a«-  oiu:  combination  of  the  metals  t 

jet  the  c<  v  l>e 

V  ur<>ld  -f  /*  V  silver  =»  a  +  b  V  a 
M       v  M  par  V 

th  refore  the  composition  by  mass  is 

19-3  a  M  gold  +10-4  t.  M  19*  •+ 10*4  *  M  i 

11  i  ice  the  den 

M       -V. 
a  +  b 
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Hence,  19-3.+  1Q-4J 

a  +  o 
from  which  ab 


EXERCISES  XXIV. 

1.  A  gallon  of  fresh  water  measures  277 '271  cubic  inches,  and  contains  10  Ibs. 
avoirdupois.     A  ton  of  sea  water  measures  35  cubic  feet.     "What  is  the  mass  of  a 
gallon  of  sea  water  in  pounds  and  decimals  ? 

2.  If  100  cubic  inches  of  oxygen,  under  certain  circumstances  of  pressure  and 
temperature,  contains  35  grains,  and  a  cubic  inch  of  mercury  contains  0'49  Ibs., 
how  many  cubic  inches  of  the  oxygen  would  contain  the  same  quantity  of  matter 
as  a  cubic  inch  of  mercury  ? 

3.  Of  two  bodies  one  has  a  volume  of  5  cubic  inches,  the  other  of  one-fifth  of  a 
cubic  foot ;  the  mass  of  the  former  is  15  oz.,  and  of  the  latter  12 '8  Ib.     What  is 
the  ratio  of  the  density  of  the  first  to  that  of  the  second  ? 

4.  A  flask  holds  27  oz.  of  water.     What  mass  will  it  hold  of  an  oil  whose  specific 
mass  is  0-95? 

5.  A  cubic  foot  of  water  contains  1,000  ounces.     502'5  ounces  of  lead  of  specific 
gravity  11 '5,  and  440  ounces  of  iron  of  specific  gravity  8,  are  placed  in  a  cistern  of 
the  capacity  of  one  cubic  foot.       Find  the  quantity  of  water  necessary  to  fill 
the  cistern. 

0.  From  the  relative  densities  to  water  of  zinc,  iron,  tin,  copper,  lead,  find  the 
relative  densities  to  iron  of  each  of  the  other  four  metals. 

7.  The  line-density  of  iron  wire  of  No.  10  Birmingham  wire  gauge  is  4'9G  Ib. 
per  100  lineal  feet ;  what  is  the  line-density  of  copper  wire  and  of  brass  wire  of 
the  same  gauge  ? 

8.  Sodium  has  to  alcohol  the  relative  density  1'23,  and  water  has  to  alcohol  the 
relative  density  1'26 ;  what  is  the  density  of  sodium  relatively  to  water  ? 

9.  If  the  specific  gravity  of  a  specimen  of  milk  be  m,  and  that  of  pure  milk  .s- ; 
calculate  the  proportion  of  water  added. 

10.  What  must  be  the  volume  of  a  mass  of  wood  of  relative  density  0'5,  in 
order  that  when  it  is  attached  to  500  gms.  of  iron  of  relative  density  7,  the  mean 
density  of  the  whole  may  be  equal  to  that  of  water  ? 

11.  If  the  price  of  whisky,  the  specific  gravity  of  which  is  "75,  be  16s.  a 
gallon,  find  the  price  when  it  is  mixed  with  water  so  as  to  have  the  specific 
gravity  '8. 

12.  A  Prussian  dollar,  made  of  an  alloy  of  silver  and  copper,  has  the  specific 
gravity  10 '05.     Determine  the  relative  amount  of  silver  and  of  copper  in  it,  the 
specific  gravities  of  these  metals  being  10 '5  and  8 '7  respectively. 

13.  A  nugget  of  gold  mixed  with  quartz  weighs  10  oz.     The  specific  gravity  of 
gold  is  19'35,  of  the  quartz  2'15,  and  of  the  nugget  6*45.     Find  the  mass  of  the 


joM  and  of  the  quartz  contained  in  the  nugget ;   find  also  the  ratio  of  their 

1 1.   A  mixture  i<  ini  U-  «-f  7  cut»ic  centimetres  of  sulphur: 

[•843)  and  3  cubic  centimetres  of  distilled  water:  and  its  specific  gravity  when 
sold  is  found  to  be  1 

1~>.  The  density  of  a  mixture  of  two  liquid  ;.»,,!  u>  he  an  arith- 

1  mean  between  those  of  the  components;  the  ratio  of   the 

glumes  of  the  components  contained  in  t! 

veral  liquids  which  do  not  alter  their  volume  wi:  are  shaken 

ogether;    determine  the  specific  gravity  of  the  mixture  from  their  >; 
. r.r.  i t :••-. 

I  tlf  a  pint  of  a  liquid  which  is  half  as  dense  again  as  wat  !  with 

cross  secti<>  '<  specific  - 

>u  of  a  squ  •  it-i  cross  sect 

1".   \Vliat  is  the  mass  of  a  cast-iron  ball  baring  a  diameter  of  0  inches  ;  and  of 

r  baring  the  same  diameter  and  4  feet  long? 

20.  A  i<ig  round  a  square  garden  containing  one  tenth  of 

i  earth  may  raise  the  garden 

2  .  Two  liquids  are  mixed  jtrat  by  volume  in  ti  <>n  of  1  to  4,  and 

MCO  if./  by  mass  in  the  proportion  <  -  specific  masses  are  2 

v.     Find  the  specific  mas«e»  •  ids. 


• 


'>R. 
-.—Idea  of  Mass-Vecto. 

id«  i  of  mass.     From  the  idea  of  a  vector  we  d«  mas* 

.  which  is  proportional  to  a  I  to  a  mass.     This  term 

*ra   introduces  .xwell,*  u 

A  bj  L. 

•or  can  be  resolved  and  compounded  in  th«-  same 
-  a  simple  vector. 

.—Centre  of  Mass.      I  ;o  of  mass  (commonly 

" 
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called  centre  of  gravity)  of  a  number  of  material  particles  situated 
in  a  straight  line  is  a  point  such  that  were  the  whole  mass  placed 
there,  the  value  of  M  by  L  would  be  the  same  as  before.  The 
distance  along  the  straight  line  from  the  origin  to  the  centre  of 
mass  may  be  called  the  equivalent  distance.  (Compare  Art.  31.) 

When  the  particles  are  situated  in  one  plane,  then  the  centre  of 
mass  is  a  point  which  satisfies  the  above  condition  for  two  inde- 
pendent axes ;  and  when  they  are  in  space,  for  three  independent 
axes.  The  vector  from  the  origin  to  the  centre  of  mass  may  in  a 
similar  manner  be  called  the  equivalent-vector.  The  mass-vector 
due  to  the  equivalent-vector  and  the  whole  mass  is  the  resultant 
of  the  several  component  mass-vectors. 

ART.  137.  When  a  body  of  uniform  density  is  symmetrical 
with  respect  to  a  plane,  the  centre  of  mass  is  somewhere  in  the 
plane  of  symmetry ;  when  it  is  symmetrical  with  respect  to  two 
planes,  the  centre  of  mass  lies  in  the  axis  of  symmetry ;  and  when 
it  is  symmetrical  with  respect  to  three  planes,  the  centre  of  mass 
coincides  with  the  centre  of  symmetry. 

CENTRE  OF  MASS. 

(The  body  being  of  uniform  density.) 

Triangle. — From  a  vertex  along  two  thirds  of  the  line  to 

the  middle  point  of  the  opposite  side. 
Semicircle. — From  the  vertex  along  -5756  of  the  radius. 
Pyramid  or  Cone. — From  the  apex  along  three  fourths  of  the  axis. 
Hemisphere. — From   the   vertex   along  five   eighths  of  the 
radius. 


EXAMPLES 

Ex.  1.  At  the  corners  of  a  cube  weights  are  placed  of  1,  2,  3,  4, 
5,  6,  7,  8  Ibs.  respectively ;  determine  their  centre  of  mass. 


^VECTOR. 


L55 


Then  tor  the  direction 


Fig. is. 


L.t  the  side  of  the  cube  be  L  (Fig. 
i»t'  A"  \ve  i. 

1+3x1+6x1  +  7x1)  lb. 
by  L, 
'•  by  L; 
•he  whole  mass  is  3C 

:ice  of 
:'    mass   along   the 

.oil  of  A". 

larly 

L  nd        L 

/  .1 

L  L         .   : '.  ||  L  alo: 


18 


L.       .   .     ,  L  . 


th 


A 

L  L 

at  right  angles  at  a 
i  it  4  feet  from  its  •  <1  the  iMT|KMidicular  distances  of 

rod,  which  i>  nni:  •  «1  b\ 
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EXERCISE  XXV. 

1.  Find  the  centre  of  mass  of  two  spheres  of  brass,  of  1  inch  and  2  inches 
diameter,  placed  at  a  distance  of  5  inches,  the  distance  being  measured  from  the 
centres. 

2.  Where  is  the  centre  of  mass  of  a  square  tin  plate  ?    If  the  plate  weighs  5  oz. 
and  a  small  body  weighing  2  oz.  is  placed  at  one  corner  of  the  plate,  where  will 
the  centre  of  mass  of  the  whole  be  ? 

3.  Find  the  centre  of  mass  of  the  figure  A  when  the  pieces  are  of  uniform 
material,  and  the  central  piece  is  half  a  side  piece  in  length,  and  is  joined  at  the 
mid-points  of  the  sides. 

4.  Find  the  centre  of  mass  of  a  T  square,  the  two  pieces  being  of  the  same 
material,  and  equal  in  length,  breadth,  and  thickness. 

5.  Find  the  centre  of  mass  in  the  case  of  a  wooden  F,  the  principal  pieces  being 
of  the  same  length,  and  the  central  piece  of  half  that  length.     Also  for  an  E. 

6.  Find  the  centre  of  mass  of  the  letter  Y,  the  three  pieces  being  uniform,  and 
each  one  inch  in  length,  and  the  two  upper  inclined  at  an  angle  of  GO". 

7.  A  wooden  vessel,  6  inches  square  and  6  inches  in  height,  with  a  neck  2  inches 
square  and  3  inches  in  height,  is  full  of  water.     Find  the  position  of  the  centre  of 
mass  of  the  water. 


SECTION  XXVI.—  MOMENTUM. 

ART.  138. — Unit  of  Momentum.  The  idea  of  momentum  is 
derived  from  the  idea  of  velocity  by  introducing  the  idea  of  mass. 
The  momentum  of  a  body  is  proportional  to  its  mass  and  to  its 
velocity;  the  general  unit  is  M  by  (L  per  T).  This  unit  is  equi- 
valent to  (M  by  L)  per  T,  when  it  is  understood  that  the  mass 
remains  constant  during  change  of  time.  Hence  the  bracket  may 
be  dispensed  with,  and  either  of  these  interpretations  put  upon 
M  by  L  per  T. 

Momentum  is  a  directed  quantity,  its  direction  being  the  same 
as  that  of  the  velocity  (or  mass-vector)  on  which  it  depends. 
Hence  it  is  resolved  and  compounded  after  the  manner  of  directed 
quantities. 

If  the  speed  only  of  a  body  is  considered,  then  we  consider 
only  its  speed-momentum. 
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1  nam  •  i  'inentum  in  any  of 
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piece  weighing  14  Ibs.  is  projected  forward  in  the  direction  of 
motion  with  an  additional  velocity  of  300  feet  per  second.  What 
will  now  be  the  velocity  of  the  remainder  ? 

The  mass  of  the  piece  is  14  Ibs.,  and  its  additional  velocity  is 
300  feet  forward  per  second,  therefore  its  additional  momen- 
tum is 

14  x  300  Ib.  by  foot  forward  per  second. 

By  the  third  law  of  motion  the  additional  momentum  of  the  re- 
mainder of  the  shell  has  the  same  magnitude  but  the  opposite 
direction,  therefore  it  is 

14  x  300  Ib.  by  foot  backward  per  second; 
but  the  mass  of  the  remainder  is  60-14  Ibs.; 
its  additional  velocity  is 

14x300.    ,  T     n 

— ieet  backward  per  second, 

i.e.,         91-3 
Hence  the  new  velocity  of  the  remainder  is 

400  -  91*3  feet  forward  per  second, 
i.e.,       308-7  „ 

EXERCISE  XXVI. 

1.  Of  two  bodies  moving  with  constant  velocities,  one  describes  36  miles  in  1  h. 
20  m.,  the  other  55  feet  in  !£  sec.;  the  former  weighs  50  Ib.,  the  latter  72  Ib. 
Compare  their  momenta. 

2.  How  far  would  a  cannon-ball  weighing  10  Ib.  travel  in  one  minute,  suppos- 
ing it  to  possess  the  same  momentum  as  a  line  bullet  of  2  oz.  moving  with  the 
velocity  of  1,000  ft.  per  sec. 

3.  A  man  whose  weight  is  12  stones  falls  freely  from  a  height  of  64  feet.     Cal- 
culate, neglecting  the  resistance  of  the  air,  the  velocity  and  momentum  acquired 
on  reaching  the  ground. 

4.  A  mass  of  snow,  28  Ibs.  in  weight,  falls  from  the  roof  of  a  house  to  the 
ground,  a  distance  of  40  feet.     Calculate  the  momentum. 

5.  A  ball  weighing  10  Ibs.  is  projected  vertically  upwards  with  an  initial  velocity 
of  1,660  feet  per  second.    Find  its  velocity  and  its  momentum  after  30  seconds  and 
after  60  seconds. 

6.  Find  the  momentum  per  cubic  foot  in  the  case  of  a  stream  flowing  at  2  miles 
an  hour.     Express  in  terms  of  the  F.P.S.  unit. 


/*"-.  l.V.» 

•mpare  the  amounts  of  momentum  in  a  pillow  of  20  ll>s.  which  has  fallen 
through  one  foot  vertically,  and  an  ounce-bullet  moving  at  200  oiul. 

momentum  of  a  hammer  of  a  tons,  let  fall  half  a  foot. 

'.'.  A  K. ill  projected  with  a  ••  from  a  gun 

::ig  with  the  carriage  8  tons.     Find  the  maximum  velocity  of  recoil  of  the 

10.  A  pipe  with  a  di.  rate  of  9*8 - 

}>er  minute;  what  ia  the  the  water. 
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In  the  French  system  the  unit  principally  used  is  the 
kilogramme  by  metre  per  second  per  second. 
In  the  C.G.S.  system  the  unit  chosen  is 

gramme  by  centimetre  per  second  per  second  ; 
it  is  denominated  the  dyne. 

The  founders  of  the  C.G.S.  system  have  adopted  the  prefixes 
mega  and  micro  to  denote  respectively  a  multiple  and  a  sub-multi- 
ple of  one  million.  Thus 

1  megadyne  =  1,000,000  dynes. 
1,000,000  microdynes  =  l  dyne. 

Units  of  force  such  as  the  above  are  called  absolute  units,  because 
they  are  defined  entirely  in  terms  of  the  fundamental  units  of 
length,  mass,  and  time. 

ART.  143.— Intensity  of  a  Force ;  Inertia.    Since 

1  F  =  M  by  L  per  T  per  T, 
1  F  per  M  =  L  per  T  per  T, 
and         1  F  per  (L  per  T  per  T)  =  M. 

By  F  per  M  is  expressed  the  intensity  of  a  force  ;  it  is  equivalent 
to  the  acceleration. 

By  F  per  (L  per  T  per  T)  is  expressed  inertia;  it  is  equivalent 
to  the  mass. 

ART.  144. — Gravitation  Measure  of  Force.  In  practice  it  is 
very  convenient  to  measure  a  force  by  comparing  it  with  the 
weights  of  known  masses  at  the  place.  Let  the  acceleration  pro- 
duced by  gravity  at  the  place  be 

32-2  foot  per  second  per  second ; 

then,  since         1  poundal  per  Ib.  =  foot  per  second  per  second, 
we  have  32 "2  poundals  per  Ib. 

If  the  counterbalancing  mass  is  m  Ibs.,  the  force  is 

m  32*2  poundals. 

When  the  mass  is  half  an  ounce  m  is  -^V,  hence  one  poundal  is 
nearly  equivalent  to  the  weight  of  a  half  ounce. 


/'"  101 

Similarly,  if  the  inte:  I    the  place  he  uiven  as 

981  cm.  per  second  per  second, 

1  dyne  pergm.  =  cm.  j  i  i>er  second, 

we  1:  981  dynt 

If  the  counterbalancing  ma>-  ..  the  fmv 

TO  9^1  d\ 

If  the  value  of  M  is  given,  say  jn  M,  hut  not  that  of  L  per  T 
T.  then  all  that  we  kin»\v  i>  expressed  by 

TO  F  =  L  ]      T         T : 
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.*.  by  substitution, 

453-6  x  30-48 


2x6x6-9125       '  "  *  " 

i.e.,      166  +  dyne. 

Ex.  2.  What  force,  expressed  in  pounds  weight,  will  in  a  min- 
ute give  a  mass  of  one  ton  a  velocity  of  1  0  miles  per  hour  ] 
The  mass  is  112  x  20  lb., 


The  additional  velocity  is  feet  per  sec, 

ie  44 

"3 

the  change  of  momentum  is  -       -  —  -  —  lb.  by  ft.  per  sec. 

Now,  this  is  given  uniformly  in  60  seconds, 

112x20x44,,    ,     , 

-  s  —  7.-^  -  lb.  by  loot  per  sec.  per  sec., 

112x44 

i.e.,  --  -  --  poundals. 
y 

If  the  intensity  of  gravity  at  the  place  is  32  -2  feet  per  sec.  per 
sec,  then 

32-2  poundals  =  lb., 


i.e.,     17  +  lbs. 

Ex.  3.  A  body  under  the  action  of  a  constant  force  traverses  in 
the  tenth  second  from  rest  twice  the  distance  it  would  have 
traversed  in  the  fifth  second  from  rest  under  the  action  of  gravity. 
Compare  the  forces. 

Suppose  the  intensity  of  the  force  to  be  x  poundals  per  lb,  then 
the  acceleration  it  produces  is  x  feet  per  sec.  per  sec,  therefore 
jc/2  feet  per  sec'2,  therefore  the  distance  traversed  during  the  tenth 
second  is  (102-9'2)x/2  feet,  i.e.,  190/2  feet. 

Suppose  that  the  intensity  of  gravity  at  the  place  is  32-2  poun- 
dals per  lb,  then  it  may  be  shown  in  the  same  manner  that  the 
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1-iriiiLj  the  fifth  second  fruiii  i 
\v  it  is  given  that 


•_ 

ity  of  the  force  is  30-5  punndals  per  Ib. 

L\VII  ali'i:.  -ntal 

by  a  mass  of  1   Ik  hai. 
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is  fastened  to  one  end  of  a 
pull«-\ •.     What  man  must  be  attached 
e  other  end  in  on  1  10  488  grammes  may  rise  tl: 

ght  • 

ap!  '^o  t 

ppose  x  gms.;  then,  a>  j  of  gra\ity  is  980 

'J80-488x9> 

488)980  gm.  1  i  sec. 

.c+488  gms.,  * 
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Now,  this  is  equal  to  200  cm. 


from  which  x  -—  492. 

Answer — 492  gm. 

EXERCISE  XXVII. 

1.  A  mass  of  200  grammes  is  acted  on  by  a  force  equal  to  the  weight  of  10 
grammes  for  20  seconds.      What  distance  will  the  mass  have  passed  through, 
and  what  velocity  will  it  have  acquired  ? 

2.  A  body  whose  mass  is  108  Ibs.  is  placed  on  a  smooth  horizontal  plane,  and 
under  the  action  of  a  certain  force  describes  from  rest  a  distance  of  11^  feet  in  5 
sees. ;  what  is  the  force  in  British  absolute  units  ? 

3.  A  body  resting  on  a  smooth  horizontal  table  is  acted  on  by  a  horizontal 
force  equal  to  the  weight  of  2  ounces,  and  moves  on  the  table  over  a  distance  of 
10  feet  in  2  seconds ;  find  the  mass  of  the  body. 

4.  It  is  found  that  a  body,  considered  as  a  point,  has  its  velocity  increased  by 
7  feet  per  second  in  any  second  of  its  motion  ;  it  is  known  that  the  body  weighs 
23  Ibs.;  what  is  the  magnitude  of  the  force  producing  the  acceleration?    How 
many  pounds  of  matter  would  this  force  support  against  gravity  in  a  place  where 


6.  How  long  must  a  force  of  14  pounds  act  on  a  mass  of  1,000  tons  to  give  it  a 
velocity  of  one  foot  per  second  ? 

G.  Calculate  in  pounds  the  moving  force  which,  acting  for  a  minute  upon  the  mass 
of  a  ton,  will  get  up  in  it  the  velocity  of  30  miles  an  hour. 

7.  A  force  equal  to  the  weight  of  one  Ib.  acts  on  a  mass  of  2  Ibs.  for  one  second  ; 
if  the  value  of  g  be  32,  find  the  velocity  of  the  mass  and  the  space  which  it  has 
travelled  over.     At  the  end  of  the  first  second  the  force  ceases  to  act ;  how  much 
farther  will  the  body  move  during  the  next  minute  ? 

8.  How  far  will  a  lateral  pressure  of  an  ounce  move  a  pound  on  a  smooth 
horizontal  plane  in  five  minutes  ? 

9.  Taking  10  pounds  as  the  unit  of  mass,  a  minute  as  the  unit  of  time,  and  a 
yard  as  the  unit  of  length  ;  compare  the  resulting  systematic  unit  of  force  with 
that  of  the  ft.-lb.-sec.  system. 

10.  Determine  the  unit  of  time  in  order  that  the  foot  being  the  unit  of  length, 
the  value  of  the  intensity  of  gravity  may  be  expressed  by  1  instead  of  32 '2. 


FORCE. 

11.  A  -',  carrying  two  unequal  masses  at  its  e\ 

a  smooth  pulley.     It  is  observed  that  at  the  end  of  5  sec 

is  descending   with   ;i   velocity  of  r   second.     Kind   the    ratio 

>  of  5  ]K>unds  and  7  i*nmds  are  >  '«y  a  string  passing 

i.aving  no  initial  motion,  find  tin-  \ 
second*. 

!  wo  masses  of  48  and  50  grammes  respectively  are  attached  to  t 
•  wood's  machine ;  and  starting  from  rest,  the  larger  mass  nasties  through  10 
1  'etennine  from  these  data  the  value  of  the  aecelern- 
-  being  the  centimetre  and  the  second. 

14.  In  Art  wood's  machine  one  of  the  boxes  is  heavier  than  tl.  ..ilf  an 

o-.inc 

•ot  during  the  first  second  ? 

•  .d  «  machine  -  neglect '  wheels 

two  weights  attached  to  the  string  be  each  5}  ounces,  what  must  the 
moving  weL  hat  at  the  end  of  one  second  these  weights  may  be 

moving  with  a  velocity  of  one  foot  per  second  ?    In  this  case,  how  far  1. 

•lie  first  sec< 

16  In  A tt wood's  machine,  where  the  weights  are  17  oz.  and  16  ox.,  Ci. 
acce  -ration  and  the  tension  of  the  cord. 

17  The  two  ends  of  a  string  (>as»ing  over  the  pulley  of  an  Attwood's  n 

[are  laded  a  .4  with  16 •  i.  L5J  ounces.    Find  the  tension  at 

i  he  weights  at  the  extremities  of  a  string  which  passes  .  i loy  of 

wood's  machine  are  500  and  502  grammes.    The  larger  weight  is  all. 
deer   id  ;  and  3  seconds  after  motion  has  begun  3  grammes  are  remove. 

<cending  weight.    What  time  will  elapse  before  the  weights  are  again 

lined  plane,  whose  height  to  one  half  of  its  length,  has  a  small 
pull,    at  the  topo  .1  string  passes.    To  one  end  of  the  string  is  attached 

!.  rests  on  the  plane :  •  the  other 

!.i       v    •  i«  suspended  amass  of  8  Ibs.;  and  the  misses  are  left  free  to 

raov,       Find  the  acceleration  and  the  distance  traversed  from  rest  by  either  mam 
In  5     oonds. 

|-    90.    V  mass  of  6i  It*  a  smooth  horizontal  table  and  connecU 

ead  to  a  mass  of  U  Ibs.,  which  hangs  over  the  edge  of  the  table  : 

latUr  body  w  allowi-d  to  fall,  dragging  the  former  after  it,  what  force  <1 

exert  ,,-r  body,  and  what  is  its  accelerative  effect  on  the  velo 

that  i    :,|y> 
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SECTION  XXVIIL—  COMPOSITION  OF  FORCES. 

ART.  145. — Composition  of  Forces.  Force  involves  mass-vector 
in  its  idea  (Art.  141),  but  as  the  mass  acted  on  is  constant,  the 
different  forces  can  be  represented  as  simple  vectors.  The  magni- 
tudes of  the  vectors  must  be  made  proportional  to  the  magnitudes 
of  the  forces,  and  be  drawn  in  corresponding  directions. 

Suppose  that  the  particle  at  A  (Fig.   19)  is  simultaneously 

subject  to  the  force  ^  F 
in  a  horizontal  direction, 
and  to  the  force  q  F  in  a 
vertical  direction.  Draw 
AB  representing  p  F  ac- 
cording to  some  scale,  and 
AC  representing  q  F  ac- 
cording to  the  same  scale. 
=>_  The  diagonal  AD  of  the 

wi  p— »  13 

P  r~  rectangle  formed  by  AB, 

AC  represents  their  resultant  on  the  same  scale.  Hence  the 
magnitude  of  the  resultant  is  tjp*  +  <f  F,  and  its  direction  is  the 
angle  which  has  the  tangent 

q  Ip  L  opp.  per  L  adj. 

When  the  two  forces  are  not  inclined  at  a  right  angle,  the  con- 
struction leads  to  a  parallelogram  instead  of  a  rectangle. 

ART.  146. — Coefficient  of  Friction.  Friction  is  a  force  which 
opposes  the  sliding  of  one  body  over  another.  Its  utmost  amount 
is  proportional  to  the  force  with  which  the  two  surfaces  press 
against  each  other,  provided  the  surfaces  are  plane.  Hence 

p,  F  resistance  =  F  normal  pressure. 

The  constant  /A  is  greater  when  motion  does  not  take  place,  than 
when  it  does  take  place.  In  the  former  case  it  is  called  the  co- 
efficient of  statical  friction,  in  the  latter  the  coefficient  of  kinetic 
friction. 


OF  FORCES.  1G7 

•f  a  body  I  :i  a  plane  inclined  to  the  horizon 

F  <l<>\vn\vanK     The  components  of  this  force  aloiii; 
and  nonnal  to  the  plane  are  mg  sin  a  F  down  the  plane,  and 
F  normal.     Hence  the  frietional  resistance  is  pi,     Oot«  F 
up  the  plane.     Motion  will  be  about  to  ensue  when 
mg  sin  a  -  piny  cos  a  =  0, 

ft  =  tun  a. 

iniitiiiLC  ani:le  at  which  sliding  <  not  commoi. 

rall«  '••  of  repose;  its  tan.:  ual  to  the  coeflBcient  of 

1  friction. 

VMPLES. 

of  20  Ibs.  rests  on  a  horizontal  plate  which  i> 
made  to  ascend  first  with  a  constair  y  of  one  foot 

d,  second  with  a  velocity  constantly  increasing  at 
••  foot  per  second  per  second  ;  find  in  each  case  the  pressure 
on   lie  plate. 

Take  the  accelera  -T  second  per 

sec  mi. 

1  i  the  first  case  there  is  a  force  on  the  <  32 

poi  ndals  downwards  and  no  force  on  the  plate,  since  the  vei- 
ls <  »nstair  10  pressure  on  the  plate  is  640  poundals. 

1  i  the  second  case  there  is  as  before  a  force  of  20  x  32  poundals 
t\o\  n wards  on  the  weight,  and  there  is  in  >  its  resistance 

dm  to  the  accel<  ration  impart*  d  by  the  ascending  plate,  n  a 
20     1   p»un<l.iN,  !..  .'.hole  pressure  on  the  plate  is 

20  x  (32  +  1)  poundals,  that  is,  660  poundals. 
1  Ibs.,  3  11)8.,  4  Ibs.,  5  Ibs. 

directions  north,  east,  south,  west  respec- 
•id  the  in  ,,f  the  resultant  fon 

^  ]  ei  iters  as  a  factor  in  each  < 

ctors  represen  forces  may  be  taken  as 

•1  L  north,  .'>  L  east,  4  L  south,  5L  west     The  first  and  third 

.  L  south,  an< I  .-iniil.uly  the  second  and  fourth 
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compounded  give  2  L  west ;  hence  the  resultant  vector  is  2  J2  L 
south-west,  and  the  resultant  force  is  2  ^/2  Ibs.  in  the  direction 
south-west. 

Ex.  3.  Two  rafters,  making  an  angle  of  120°,  support  a  gasalicr 
weighing  one  cwt.;  what  is  the  pressure  along  each  rafter  1 

Draw  the  vector  AB  representing  the  force  of  1 12  Ibs.  (Fig.  20). 
Draw  BC  parallel  to  AD  and  BD  parallel  to  AC.  It  may  be 
shown  that  ACB  is  an  equilateral  triangle ;  therefore  the  vector 
AC  has  the  same  length  as  AB ;  and  so  has  AD.  Hence  the 
pressure  along  each  rafter  is  1 1 2  Ib.  weight. 


Fig  20 


Ex.  4.  The  slope  of  a  plane  is  45°  ;  find  the  time  in  which  a 
body  would  slide  from  rest  down  100  feet  of  its  length,  the 
angle  of  friction  being  15°. 

The  intensity  of  the  weight  is  32  poundals  vertical  per  Ib.. 
i.e.t         32  sin  45°  poundals  downwards  per  Ib.  +  32  cos  45° 

poundals  normal  per  Ib. 
But  tan  15°  poundals  up  per  Ib.  =poundal  normal  per  Ib., 

32  cos  45°  tan  15°  poundals  up  per  Ib., 
(32  sin  45°  -  32  cos  45°  tan  15°)  poundals  down  per  Ib., 
1  foot  per  second  per  second  =  poundal  per  Ib.  ; 


09 


-  (1  -  tan  15°)  feet  per  second  per  second, 

J4  (1  -tan  15°)  feet  =  second2, 
/s/2 

100  feet; 


16  (1-tan  15) 


y  OF  FORC  IC'.i 

ml', 


f.«.,         3-5  sec<> 

I  XX  VIII. 

1.  A  man  steps  on  to  an  elevator,  which  thereupon  descends  with  a  uniform 
acceleration  of  10  feet  per  second  per  second.     What  sensation  will  he  expi  : 
tlculate  its  amount? 

\  mass  of  20  Ibs.  b  placed  upon  a  horizontal  plane  which  is  made  to  descend 
with  a  uniform  acceleration  of  30  feet  per  second  per  secoi  the  pressure 

on  tin-  ; 

\  balloon  is  ascending  vertically  with  a  \  increasing  at  the 

rale  of  3  feet  per  second  per  second  :  tin<l  the  api<arent  weight  of  one  . 
weighed  in  the  balloon  by  means  of  a  spring  b-.  lance. 

4.  Three  rope*  are  tied  together,  and  a  n> 

effo  U»  are  in  equilibrium,  the  angle  between  the  first  and  second  rope  is  90*.  and 
that  between  the  first  and  third  b  150',  what  are  the  relative  strengths 
mei  as  regards  palling? 

5   A.  particle  is  acted  on  by  a  force  whose  magnitude  is  unknown,  but  whose 
•n  makes  an  angle  of  GO0  with  the  horizon  ;  the  horizontal  compo: 
Deis  known  to  be  1*35  dynes.     Determine  the  total  force  and  also 

.  16  dynes  act  on  a  particle,  the  angle  between 
iiig  30°,  between  the  second  and  third  U0°,  and  between 

ulate  the  magnit  ,  resultant 

7    Three  forces,  proportion  ..  act  on  a  point;  the  angle 

t    een  the  first  and  second  is  tXT;  the  angle  between  the  second  a 
.     Find  the  angle  which  the  resultant  make*  with  the  first. 
K   On  a  smooth  plane,  rising  2  in  5,  a  weight  of  10  Ibs.  is  kef?  ng  by 

f.  oe  in  the  direction  of  the  plane.    Determine  the  pressure  on  the  plane. 
'.'   Three  cords  are  tied  together  at  a  point    One  of  these  is  pulled  in  a 
r   »erly  direction  with  a  force  of  6  pounds,  and  another  in  an  easterly  direction 
it    a  force  of  8  ;  .hat  force  must  the  third  cord  be  pulled  in 

l>  -to  keep  the  whole  at  rest? 

1<     A  weight  of  10  tons  is  hanging  by  a  chain  20  feet  long.    Find  how  im  . 
n*  <m  in  the  chain  is  increased  by  the  weight  being  pulled  out  by  a  horizontal 
rt    to  a  distance  of  12  feet  from  the  vertical  through  the  • 
1  1    A  weL  nds  is  suspended  by  a  string,  and  it  is  also  acted  on  by  a 

ri  ontal  force.    If,  in  the  position  of  i-  the  tension  of  the  st. 

po  nds,  what  b  the  horizontal  force  ? 
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12.  A  mass  of  10  Ibs.  is  supported  by  strings  of  lengths  3  and  4  feet  respec- 
tively, attached  to  two  points  in  the  ceiling  5  feet  apart.     What  is  the  tension  of 
each  string  ? 

13.  Answer  the  above  question  in  the  case  of  equal  strings,  of  such  a  length 
that  the  mass  is  only  an  inch  from  the  ceiling. 

14.  A  body  rests  on  a  horizontal  plane,  whose  coefficient  of  friction  is  1/2 ;  at 
what  inclination  must  a  force  equal  to  the  weight  of  the  body  be  applied  so  that 
it  may  be  just  on  the  point  of  moving  the  body  ? 

15.  Suppose  the  resistance  of  the  air  to  the  motion  of  a  hailstone  to  be  equal 
to  one  tenth  of  the  weight,  when  the  speed  is  16  feet  per  second,  and  the  increase 
to  be  as  the  square  of  the  speed.     What  is  the  greatest  speed  the  hailstone  can 
acquire  by  falling  ? 

16.  A  weight  of  112  Ibs.  rests  on  a  rough  plane,  inclined  at  15°  to  the  horizon, 
and  the  coefficient  of  friction  is  '75.     Calculate  the  limiting  forces  which,  applied 
horizontally,  must  be  exceeded  to  give  the  weight  upward,    downward,  and 
horizontal  movement  respectively  on  the  plane. 


SECTION  XXIX.— DEFLECTING  FOKCE. 

ART.  147. — Deflecting  Force.  The  force  required  to  produce  a 
given  curvature  of  the  path  of  a  body  moving  with  a  given  speed 
is  proportional  to  the  mass  of  the  body  and  to  the  necessary 
acceleration.  The  body  has  a  tendency  to  move  uniformly  in  a 
straight  line,  and  this  tendency,  looked  upon  as  a  force  urging  it 
outwards  from  the  curve,  is  called  centrifugal  force.  According  to 
Art.  121  the  acceleration  is  given  by  the  equivalence 

1  L  per  T  per  T  =  (L  per  T)2  by  (radian  per  L  arc), 
hence  the  force  is  given  by 

1  F  =  M  by  (L  per  T)2  by  (radian  per  L  arc). 
Now,  the  units  upon  which  F  per  M  depends  can  be  transformed 
into  any  form  in  which  they  are  combined  into  units,  provided 
the  quality  of  each  unit  is  preserved  ;  thus 

1  F=  M  by  (L  arc  per  T)2  per  L  radius, 
=  M  by  (L  arc  per  T)  by  (radian  per  T), 
=  M  by  (radian  per  T)2  by  L  radius. 
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-  radian  =  revolution.  by  substituting  in  the  last,  \\v 

4--  F  =  M  by  (iv  T)-  by  L  radius. 

In  the  case  of  t  we  have 

1  poumlal  =  li  >  11  us. 

system 
1  dyne  =  gin.  by  (cm.  a:  a,  radius. 

Simple  Harmonic  Motion.     The  acceleration 

a   simple    ha:  \\    by   the 

:ioe 
1  L  :       T          T  '  L  .'•enu-nt, 

.  is  -iven  by 

1  F  per  M  =  (radian  ]••     V  L 

In  the  motion  of  a  simple  pendului;  L  displacement 

\\-(  L_  ice 

1  F  per  M  =  (radia:  : 

or  F         :»1  L-         'h. 

VMI'LES. 

Ex.  1.  If  a  stone  w.  '  Ihs.  l>o  attached  to*  a  ;aid   .  ! 

st  ini:.                             support  20  Ibe.,  at  what  rate  u 
w  ir                1  horizontally  so  as  to  break  tin-  >tringt 

4T>poundal«lb.  1  Sou  per  sec.)- by  ft,  m< 
2    b                    radius, 

-  ;T3poundal«(revo! 

B  t                                  20  dak, 

ec.)», 


mm— «  (^  I  *T  ***<*- ) *l 

. 


,v.        1:' 

I 

•  'iut i<  >n   pi-r  s 

ilntion  i 
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Ex.  2.  A  toy-car,  whose  mass  is  J  lb.,  runs  at  the  rate  of  5  miles 
an  hour  on  a  level  circular  railway  20  feet  in  circumference; 
calculate  the  horizontal  pressure  on  the  rails. 

1  poundal  =  lb.  by  (ft.  per  sec.)2  per  ft.  radius, 

£  lb.  by  (|2)2  (ft.  per  sec.)2  per  —  ft.  radius. 
V  3  '  2vr 

222X7T 


2  x  32  x  10 

22  x  22  x  22 


-^  poundals, 
poundals, 


2x9x10x7 
i.e.,  8*4  poundals. 

Ex.  3.  A  railway  train  moves  smoothly  at  the  rate  of  30  miles 
an  hour  over  a  curve  of  500  yards  radius;  find  the  angle  at 
which  a  plumb-line  in  one  of  the  carriages  will  be  inclined  to  the 
vertical. 

1  poundal  per  lb.  =  (ft.  per  sec.)2  per  ft.  radius, 

20  (ft.  per  sec.)2  per  ft.  rad., 
x  o 


*     '     ft.  outwards  per  sec.  per.  sec. 
oUO  x  o 

Also  32-2  ft.  downwards  per  sec.  per  sec.  ; 

^44}2 

.-,  v     '   0.  ,  ft.  outwards  per  ft.  downwards, 
500  x  6  x  32'2 

i.e.,  0'4  ft.  outwards  per  ft.  downwards. 

Hence  the  tangent  of  the  angle  is  "04,  and  the  angle  about  6°. 

Ex.  4.  Find  the  maximum  force  in  a  case  of  simple  harmonic 
motion  in  which  the  moving  mass  is  a  gramme,  the  range  on  each 
side  of  the  middle  position  10  centimetres,  and  the  period  -^ 
second. 

47r2  dyne  =  gm.  by  (rev.  per  sec.)2  by  cm.  displacement, 
1  gm.  by  3002  (rev.  per  sec.)2  by  10  cm., 


Y.AV7Y.V 


173 


.-. 
i<?., 

3'67r-  in. 

5,    Fiii'l  h«i\\-  many  vibrations  a  simple  pendulum.  I  ii 
.vunld  make  in  a  minute  at  < 

poundals  p--r  pound     (rev.  per  s.-c.)-'  l.\  ft.  K-n-tli. 
J  ft- 


|"  i>onn«lul>  JUT  {...un.l     (rrv. 
3 


•sec.)*, 

per 


. 


us  per 


ut  ions  per  sec., 


30  N 


revolnl 


Ef.  :ni»-  "f  a  complete  vibra 

0.   00  centimetre   1  :  show  that  the  value  • 

4r*  dyne  per  gm.  i-er  sec.)1  by  cm.  l.-r 

ugth, 

-p         dyne  p.-i  -in., 

T*xlOO«  ^111., 

986  dyne  per  -lamin- 

pound's  weight,  the  tendon  of  a  string  4  feet  long  which  DM  • 
attHch«--i  to  it,  deMriUng  a  horinmtel  drole  once  in 
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2.  Two  bodies,  A  and  B,  describe  circles  with  constant  velocities ;  the  radius  of 
A' a  circle  is  390  times  that  of  B's  ;  A  moves  round  its  circle  once  while  B  moves 
round  its  circle  13  times ;  .4's  mass  is  91  times  .B's  mass.     Compare  the  force 
acting  on  A  with  the  force  acting  on  B, 

3.  A  mass  of  20  Ibs.  is  revolving  uniformly,  once  in  5  seconds,  in  a  circle  whose 
radius  is  3  feet.     Find  the  centrifugal  force. 

4.  A  mass  of  1  Ib.  is  placed  on  the  rim  of  a  wheel  2  ft.  in  diameter,  which 
revolves  upon  its  axis,  and  is  otherwise  balanced.     The  linear  velocity  of  the  rim 
l3eing  30  ft.  per  sec.,  what  is  the  pull  on  the  axis  as  caused  by  the  mass  of  1  Ib. 

5.  A  locomotive  of  20  tons  runs  at  the  rate  of  30  miles  an  hour  at  a  part  of  the 
line  where  the  radius  of  curvature  is  10  miles ;    calculate  in  tons  its  entire 
pressure  against  the  inner  surfaces  of  the  rails. 

G.  A  locomotive,  15  tons  in  weight,  runs  with  a  velocity  of  20  miles  an  hour 
in  a  circle  of  a  mile  radius ;  calculate  in  poundals  its  entire  pressure  against 
the  rails. 

7.  A  railway  carriage  weighing  4  tons  is  passing  round  a  curve,  the  radius  of 
which  is  250  yards,  at  the  rate  of  20  miles  an  hour  ;  what  is  the  outward  pressure 
on  the  rails  ? 

8.  If  the  earth  were  set  to  revolve  on  its  axis  in  half  a  day,  nothing  else  being 
altered,  what  would  be  the  weight  of  a  mass  of  100  Ibs.,  tested  by  a  spring 
balance,  supposing  the  balance  to  have  been  graduated  to  show  pounds'  weight  at 
the  equator,  when  the  earth  was  revolving  with  its  actual  angular  velocity? 
Earth's  radius  is  21xl06  feet;   0=32 '09  at  the  equator,   with  actual  angular 
velocity. 

9.  A  railway  carriage  is  going  round  a  curve  of  500  feet  radius,  at  30  miles  per 
hour.     Find  how  much  a  plummet  hung  from  the  roof  by  a  thread  6  feet  long 
would  be  deflected  from  the  vertical. 

10.  A  skater  describes  a  circle  of  100  feet  radius,  with  a  velocity  of  18  feet  per 
second  ;  what  is  his  inclination  to  the  ice  ? 

11.  Find  the  force  per  gramme  of  the  earth's  mass  towards  the  sun,  supposing 
the  earth's  motion  to  be  in  a  circle  of  radius  1'473  x  1013  centimetres. 

12.  Calculate  the  tension  of  an  endless  chain,  of  1  pound  per  foot,  and  30  feet 
long,  when  made  to  rotate  as  a  horizontal  circle  once  per  second. 

13.  Masses  of  6  and  16  M  are  fixed  at  the  ends  of  a  horizontal  rod ;  round 
what  vertical  axis  must  it  revolve  that  the  two  centrifugal  forces  may  destroy 
one  another ;  first  when  the  rod  is  supposed  without  mass,  second  when  its  mass 
is4M. 

14.  What  ought  to  be  the  difference  of  level  between  the  rails,  when  the 
radius  of  curvature  of  a  railway  curve  is  300  yards,  the  breadth  of  the  guage  4  ft. 
S^  in.,  and  the  highest  velocity  of  a  train  at  the  place  45  miles  an  hour? 

15.  A  square  frame-work  of  a  yard  in  the  side  rotates  once  per  second  about 
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its  sides,  which  is  vertical ;  what  must  be  the  coefficient  of  friction  to  keep 

:..,'  down  the  opposite  side? 

!•'..  A  weight  of  28  Ibs.  is  suspended  by  means  of  a  ring  on  a  straight  rod  which 
revolves  in  a  horizontal  plane  about  a  fixed  axis;   the  coefficient  of  friction 
between  the  ring  and  the  rod  is  |,  and  the  distance  of  the  weight  from  tin- 
ax  is  is  "»  ft. :   find  the  angular  velocity  when  the  weight  will  begin  t<> 
outwards. 

A  mass  of  2  pounds  is  kept  performing  simple  harmonic  vibrations,  at  t  lu> 
rate  of  30  periods  per  second,  through  a  range  of  a  t 

i ximum  force,  and  the  force  at  1/50  foot  position. 

A  mass  of  1/1000  pound  vibrates  256  times  in  a  second  through  a  range  of 

h.     Find  the  max  in  aim  force  uj« 

19.  A  mast  of  a  gramme  vibrato*  through  a  millimetre  on  each  side  of  its 
middle  position  256  times  per  second  :  maximum  force  upon  it  in 
grammes  weight.     Assume  the  intensity  of  gravity  at  981*4  centimetres  per 

20.  A  body  whose  mass  is  10  Ibs.  is  tied  to  a  thread  6  ft  long,  and  is  allowed 
to  s  wing  backwards  and  forwards  through  the  are  of  a  sen . 

fro?  »  the  lowest  point  of  the  arc,  what  forces  are  acting  01. 

t .  A  secoi  un  is  lengthened  and  the  time  of  o». 

ino  jated  by  an  eighth  of  a  second.    Calculate  the  increase  in  length,     (g 

^rarity  at  Paris  is  9*1  metres  per  second ; 
wh  t  is  the  length  of  the  pendulum  which  beats  seconds  them. 

.,  39-20  inches  long,  vibrates  seconds  of  mean  time  at  a  certain 
pla   :.     Find  the  force  of  gr» .  matter  at  that  place. 

fa*    r  would  the  pendulum  beat  at  a  place  where  the  force  of  gravity  is  a  quarter 
per  sent,  greater? 

i  be  the  length  of  a  si.  :.g  in  2*5  seconds, 

at ;   place  where  the  intensity  of  K  j  «er  see.  per  sec. 

A'hat  most  be  the  length  of  a  pendulum  beating  10  time*  in  a  . 
we.  »ds  pendulum  is  39  inches  long. 

inches  long  is  found  to  make  182  beat*  .at  a 

cer  •  in  place ;  find  the  force  of  gravity  at  the  place. 

At  a  place  where  a  sir  •  • ««  long  beats  seconds, 

•  w  many  seconds  are  gained  per  day  .-,  shortened 

by  *  le  millimetre. 

A  clock,  whuv  pendulum  ought  to  beat  second*,  is  gaining  at  the  rate  of 

•••  given  to  the  screw-head,  suppos- 

NJ  have  40  turns  to  the  inch,  to  correct  the  error  in  length  ulum. 

im  at  39|fach«. 
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SECTION  XXX.— SPECIFIC  GBAVITY. 

ART.  149. — Heaviness  and  Density. — We  have 

1  F  =  M  by  L  per  T  per  T. 

The  acceleration  at  a  particular  place  due  to  the  attraction  of  the 
earth  is  the  same  for  every  kind  of  matter ;  let  it  be  denoted  by 
(I  L  per  T  per  T,  then 

?F  =  M. 

Let  the  density  of  a  substance  be  p  M  =  V,  by  eliminating  M 
we  deduce 

«rF=V. 
This  gives  us  the  idea  of  loeight  per  volume,  that  is,  of  heaviness.* 

ART.  150. — Specific  Gravity.  By  the  specific  gravity  of  a  sub- 
stance is  meant  its  heaviness  compared  with  the  heaviness  of  a 
standard  substance,  as  water  at  the  temperature  of  62°  Fahr. 
(British),  or  at  its  temperature  of  maximum  density  (French). 
As  the  intensity  of  gravity  is  the  same  for  all  kinds  of  matter,  the 
specific  gravity,  that  is,  the  relative  heaviness,  has  the  same  value 
as  the  specific  mass,  that  is,  the  relative  density. 

ART.  151. — Buoyancy.     Let  the  heaviness  of  a  solid  be 

WF-V, 

and  of  a  fluid 

/>Y/F  =  V. 

When  the  solid  is  immersed  in  the  fluid,  the  heaviness  of  the 
fluid  acts  as  an  upward  force,  and  the  resulting  heaviness  of  the 
solid  is 

Pff  -pffF  =  V, 
i.e.     (p-p)gF  =  V. 

When  p  is  greater  than  />,  the  resulting  heaviness  becomes 
negative,  that  is,  it  becomes  buoyancy. 

The  determination  of  the  density  of  water  at  4°  C.  upon  which 
the   kilogramme  was  based,  was  effected  by  weighing  a  brass 
*  Rankine's  Rules  and  Tables,  p.  102 
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ylinder   in    water.       The   cylinder   us -d    i>    represented    in   the 
!i.      It  was  hollow  luit  completely  el 


.t  a  small  tube  kept  up  tin-  <  n  the  air 

:nler  and  the  air  in  the  room  wh«-n  the  <  ylinder  was 

limn  -M'-M-d  in  water.     The  ratio  of  hollow  to  solid  cylinder  was  SO 

the  weight  of  the  metal  was  only  a  little  greater 

y  of  the  water  displaced      I  ueter  and 

.'.•  e  I.  h  intended  to  be  2*435  decimetres.     By  means  of 

drawn  on  its  surface  the  mean  diameter  wa 

17°     '.  to  be  2-428368  dm.,  and  the  mean  h  dm. 

Tin-  volume  of  the  «-\  Under  at  0*  C.  was  computed  to  be  11  ••_'* 

••ill.;  M,  and  that   of  the  solid   part    1 

was  effected  by  means  of  a  i  kilogramme  and 

M 
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its  decimal  parts.  Let  the  provisional  kilogramme  be  denoted  by 
kilo ;  then  the  final  results  of  the  weighings  at  60°  C.  were  as 
follows : — 

Weight  of  the  cylinder  in  air,  11  -4660055  kilo, 

weight  of  the  cylinder  in  distilled  water,  0*1967668  kilo  ; 

therefore  weight  of  water  having  the  volume 

of  the  cylinder,  1 1  -2692387  kilo  ; 

therefore  1 1  -2692387  kilo  =  1 1  -28  cubic  decimetres, 

i.e.  -999046  kilo   =  cubic  decimetre. 

Corrected  for  the  change  to  4°  C.,  it  is 

•999207  kilo  =  cubic  decimetre, 

and  the  primary  kilogramme  was  constructed  to  equal 
•999207  kilo. 


EXAMPLES. 

Ex.  1.  How  much  would  a  brass  kilogramme  appear  to  weigh 
if  it  were  suspended  in  water  1 

S'3g  dynes  =  cc.  of  brass, 
g  dynes  =  cc.  of  water, 
(8-3  -  1)  g  dynes  apparent  =  8 "3g  dynes  real, 
1,000  g  dynes  real, 

1,000  (8-3-1)      , 

—  g  dynes  apparent, 
o'o 

i.e.,     879'5  g  dynes  apparent. 

Observation. — g  dynes  =  gm.,  hence  gm.  may  be  substituted  in 
the  above  instead  of  g  dynes. 

Ex.  2.  A  solid  weighs  100  grains  in  water  and  120  grains  in 
alcohol  of  specific  gravity  0'8.  Find  the  mass  and  the  specific 
gravity  of  the  solid. 

Suppose  that  the  mass  of  the  solid  is  x  grains.  Then  (aj—  100) 
grains  is  its  apparent  loss  of  mass  in  water,  .•.  (x-  100)  grains  is 


'  'IF1C  GRAVITY. 


17!) 


1.      Similarly   (.f-12u)   grains  is  the 
•  •hoi  displaced ;  hence 

i  alcohol  -grain  v 


a: -100 

•8  grain  alcohol  =  -rain  water. 

"      .r-100          ' 


i  \\hirli  x  --=200. 

-..1M  •  JIM  i-  1UO  -: 
1'  turrain>  - 

3.    A.  piece  d  l7-_ 

!M  air,  and    1  .mes  in  water  :  find  the  diametn- 

AJ  ness  of  air  is  small,  the  weight  of  t  in  air 

in:  y 

2  gramme-  ms. 

1  gm.  «-t'  wat.-r     >.|.  mi.  b] 

•ii  : 
400 


- 

_ 

\  lUOr 


cm.  diani. 


2       =   -30103 
100r  =  2-49715 

,S8 

. 

W<  lid  k  it  in  v 

rk     Ih.  P 
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.-.     -24  poundals,  weight  of  cork  =  poundal,  weight  of  water? 
-  poundals  app.  wt.  of  cork  =  poundal,  real  wt.  of  cork, 

2Qg  poundals,  real  weight  of  cork, 
20g  — 9V—  poundals  app.  weight  of  cork. 
Similarly 

-  poundals  app.  wt.  of  lead  =  poundal  real  wt.  of  lead. 

But  the  apparent  weight  of  the  lead  is  to  be  equal  to  the  apparent 
weight  of  the  cork,  only  in  the  opposite  direction ;  hence 

20  </  —  0~     — poundals  real  weight  of  lead 

20  "*      —  — — -  --  pounds  of  lead, 
i.e.,         69 '4  pounds  of  lead. 

Ex.  5.  A  rectangular  barge  open  at  top  is  made  of  sheet  iron  a 
quarter  of  an  inch  thick  (480  Ibs.  per  cubic  foot) ;  it  is  36  feet 
long,  1 2  feet  wide  and  7  feet  deep :  what  weight  placed  in  the 
barge  will  just  sink  it  ? 

For  the  rectangular  sides 

1  square  foot  =  foot  long  by  foot  deep, 

2  (36  +  12)  feet  long  by  7  feet  deep, 

2  (36  +  12)  7  square  feet. 
For  the  rectangular  bottom 

36  x  12  square  feet, 

hence  surface  of  plate         2  (36  +  12)  7  +  36  x  12  square  feet, 
and  480  Ibs.  =-  square  foot  surface  by  foot  thick, 

and         --  foot  thick, 

4x12 


48 

i.e.,     480x23  Ibs.         i.e.,     11,040  Ibs. 
Since  the  barge  is  rectangular 


•ic  foot  =  foot  long  l»y  foot  broad  by  foot  <! 
3G  ici-t  by  11 

36  x  12  x  7  cubic  : 
fool  of  wvl 

a    7  ibs., 

1,000  Ibs. 

ired  i<        lsi».Ou<>  Ibs.-  11,040  1 

.000  UK. 

:!v«l  to  Mi  »ut  an   k< 
_h  t 

M  "f  Jiu: 

1  foot3  of  ice  =  -92  foot    •>!'  pure  \\;t 
but  tlie  cross-section  is  constant, 
1  foot  b 

toot  of  sea  wa 
50 

feet  of  sea  v 

1    A  piece  of  copper  weighs  31  grains  in  air  ami  27 i  in  water.    Find  its  specific 
gr;    ity. 

.f  which  the  volume  is  1*6  cubic  centimetres  weighs  3*4  grammes  in 
at!  id  of  specific  gravity  Off..  specific  gravity  and  weight  of  the  nub- 

:    A  glass  ball  weighs  3,000  grains,  and  has  a  specific  gravity  8.    What  will  be 

l«rant  weight  when  immersed  in  a  liquid  whose  specific  gravity  is  01C! 

A  piece  of  brass,  whose  spedfio  gravity  is  8-4  and  weight  20  grammes,  b 

v  string  which  passes  over  a  smooth  pulley,  and  hangs  in 

it  weight  must  be  attached  to  the  other  end  of  the/string  that  there 

If    .  i-iece  of  wood  exactly  counterpoises  a  cubic  inch  of  brass,  what 
vol.  ne,  supposing  the  specific  gravity  of  the  wood  to  be  0*9,  that  of  the  brass  8*1, 
ic  inches  of  the  sir  in  which  the  weighing  takes  place,  are  as 
t  water  at  the  standard  temperature  ? 
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6.  A  body  weighs  8  oz.  in  air,  6 '17  oz.  in  olive  oil,  and  5 '948  oz.  in  sea  water. 
Compare  the  specific  gravities  of  olive  oil  and  sea  water. 

7.  A  body  weighs  in  air  80  grains,  in  water  5(5  grains,  and  in  another  liquid  46 
grains.     Find  the  specific  gravity  of  this  liquid. 

8.  A  piece  of  oak  having  a  specific  gravity  of  '74  and  a  volume  of  32  cubic 
inches  floats  in  water.     How  much  water  will  it  displace  ? 

9.  If  a  piece  of  wood,  weighing  120  pounds,  floats  in  water  with  f  of  its  volume 
immersed,  show  what  is  its  whole  volume. 

10.  An  inch  cube  of  a  substance  of  specific  gravity  1*2  is  immersed  in  a  vessel 
containing  two  fluids  which  do  not  mix ;  the  specific  gravities  of  these  fluids  are 
1*0  and  1'5.     Find  what  will  be  the  point  at  which  the  solid  will  rest. 

11.  An  inch  cube  of  ice  having  a  specific  gravity  '918  is  floating  in  water  of  which 
the  specific  gravity  is  0 '99987.     Find  its  height  above  the  surface  of  the  water. 

12.  A  body  floats  in  water  with  J  of  its  volume  above  the  surface ;  determine 
its  specific  gravity.     How  much  of  it  will  be  submerged  in  a  fluid  whose  specific 
gravity  is  '9  ? 

13.  Suppose  that  an  iceberg  has  the  form  of  a  cube,  and  floats  flat  with  a  height 
of  30  feet  above  the  ocean.     What  depth  will  it  have  under  the  surface  ? 

14.  The  specific  gravity  of  lead  is  11 '4,  that  of  cork  0*24.     How  much  lead 
must  be  attached  to  a  piece  of  cork  weighing  3  grammes  to  make  it  sink  ? 

15.  Find  whether  a  piece  of  cork  weighing  2  grammes  with  a  piece  of  lead 
weighing  6 '94  grammes  attached  to  it,  will  sink  or  swim  in  water. 

1C.  A  body  of  300  grammes  having  a  specific  gravity  5,  has  100  grammes  of 
another  substance  attached  to  it,  and  the  joint  weight  of  the  two  in  water  is  300 
grammes.  Find  the  specific  gravity  of  the  attached  substance. 

17.  A  certain  body  A  is  observed  to  float  in  water  with  exactly  half  its  volume 
submerged ;  and,  when  attached  to  another  B  of  twice  its  own  volume,  it  is  found 
to  be  just  submerged.     Find  the  specific  gravity  of  A  and  of  B, 

18.  Find  the  specific  gravity  of  a  piece  of  cork  from  the  following  duta — 

Weight  of  cork  in  air,  -  -  -  2  grammes, 
Weight  of  cork  and  sinker  in  water,  4  grammes, 
Weight  of  sinker  in  water,  -  -  12  grammes. 

19.  A  cube  of  metal  is  floating  in  mercury  sp.  gr.  13 '6  ;  when  a  weight  of  170 
Ibs.  is  placed  on  the  top,  the  cube  is  observed  to  sink  3  inches.     Find  the  size 
of  the  cube. 

20.  A  body  composed  partly  of  iron  and  partly  of  a  wood  (sp.  gr.  0*4)  is  ob- 
served to  be  just  submerged  in  water.     Compare  the  volumes  of  iron  and  of  wood 
in  the  body. 

21.  An  iron  ball  of  12  Ibs.  floats  in  mercury  covered  with  water.     Find  the 
weights  of  the  parts  in  the  two  fluids. 

22.  A  rod  of  uniform  section  is  formed  partly  of  platinum  and  partly  of  iron. 
The  platinum  portion  being  2  inches  long,  what  will  be  the  length  of  the  iron 
portion,  when  the  whole  floats  in  mercury  with  one  inch  above  the  surface  ? 


much  iron  most  be  attached  to  a  wooden  beam  10  feet  long,  and  .". 
broad  and  thick,  in  order  to  rink  it?    The  specific  gravity  of  the  wood 

•J4.  A  raft,  whose  weight  and  specific  gravity  are  known,  floats  in  v 
how  U>  the  greatest  weight  which  it  can  si:  it  sinking. 

25.  An  empty  balloon  with  its  car  and  appendages  weighs  in  air  1,200  Ibs.    If 
a  cu't-ic  foot  of  air  weigh  1J  oz.,  how  many  cubic  feet  of  gas  of  specific  gra\ : 
must  be  intro<luced  before  the  balloon  will  begin  to  a- 

A  small  vessel  quite  filled  with  distilled  water  weighs  530  grains ;  and 
ins  of  sand  are  thrown  in,  the  whole  weighs  546  grains.  Find  the  v 
:y  of  the  sand. 

e  of  copper  and  a  piece  of  silver  fastened  to  the  two  ends  of  a  string 
jtassiiig  over  a  pulley,  hang  in  equilibrium  when  entirely  immersed  in  a  li«iuid 
whose  specific  gravity  is  1*15.  Determine  the  rel.  •  ••«  of  the  masses, 

cific  gravities  of  silver  and  copper  being  10*47  and  8*89. 


TlM.N  \\X1.     PBE86U1 

J. — Intensity  of  Pressure.     \\\.  acts  across  a 

suri  ice,  there  are  two  equal  and  oppo>  -  tod  forces.     V 

the  r  an-  inwards  towards  one  ; 

jpr*  '  wards  from  one  another,  each  is  called  a 

these  may  be  sped 

of. 

L 

1    is  properly  called  intensity  of  pressure^  but  owi 
quc   •  iiirli  it  <"  !y  called "  pressure 

the    1  ve  poundals  per  square  foot,   11..  l.\ 

wei  ht  per  square  foot,  !!•. 

t"ismea  -n.hls  (A 

I  9,  system  we  have  dyne  per  sq.  «  . 

gm.  by  weight  per  sq.  cm.,  etc. 

:.— Height  of  Column  of  a  Liquid.     \Vh.-n  a  mass  of 
liqu  1 
thrc  ighout,  th  ;ive  to  siij  \\right  <>f 
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the  upper.  No  appreciable  error  is  made  by  calculating  the  pressure 
at  a  point  in  the  liquid,  on  the  assumption  that  the  density  is 
uniform  throughout. 

Let  the  density  of  the  liquid  be 

PM  =  L3; 

for  a  vertical  column 

1  L3  =  L2  horizontal  surface  by  L  height; 

P  M  =  L2  horizontal  surface  by  L  height. 
Now  grF  =  M, 

pcj  F  =  L2  horizontal  surface  by  L  height, 

P9  F"  Per  L.2  horizontal  surface  =  L  height. 

But  the  pressure  is  the  same  in  magnitude,  whatever  be  the  incli- 
nation of  the  plane  of  application  taken  at  the  point,  provided  it 
is  sufficiently  small  ;  hence 

pg  F  per  L2  surface  =  L  height. 

Thus  for  every  unit  of  height  of  a  column  of  liquid  we  have 
pg  times  the  corresponding  unit  of  pressure.     This  explains  why  a 
pressure  is  usually  expressed  as  a  height  ;  for  example,  as  so  many 
inches  of  mercury.     The  equivalence  in  this  case  is 
•491163  pound  weight  per  sq.  in.  =in.  height  of  mercury  at  32°  F. 

EXAMPLES. 

Ex.  1.  Find  the  relation  between  pound  per  sq.  inch  and  kilo- 
gramme per  sq.  centimetre. 

•4536  kgm.  =lb.  (1) 

1  cm.  =  -3937  inch, 

.-.     1  cm2.  =  (-393T)2  inch2.  (2) 

Dividing  (1)  by  (2) 

•4536  kgm.  per  sq.  cm.  =—   —  2lb.  per  sq.  inch, 


.-.    -4536  x  (-3937)2kgm.  per  sq.  cm.  =lb.  per  sq.  inch, 
i.e.,  '0703  kgm.  per  sq.  cm.  =  lb.  per  sq.  inch. 

Ex.  2.  Find  the  value  of  the  standard  atmospheric  pressure  in 
terms  of  dynes  per  sq.  cm. 


PRESSCRR 

Th-  of  mercury  i>   \:\-:>$6  gm,  =  cc.,  and  the  standard 

intcn-ity  of  L"  981  dyne  per  gm.    Hence 

•"•96  x  981  dyne  per  sq.  cm.  =  cm.  height  of  column, 

the  standard  height  is  7G  . 
.  .     76  x  13-596  x  981  dyne  per  s«j.  cm. 
981  -56 

09531 

5886 
6867 


74:.:.*; 


101853 

•1-014  x  106  dyne  per  sq. 
10  bottom  !  barometer  st.. 

at  7T  hat  would  be  •  m  oil  barometer  at  the 

8am 

0-9! 

.»6  gm.  jxjr  sq.  cm.  -cm.  of  mercury, 
•9      gm.  per  sq.  cm.  = » • 

1 3 '590  cm.  of  oil  *»  *9  cm.  of  n 
::• ;  on  -•;  • 

cm.  of  oil, 

lie:- 

r  of  a  force  pump  bein.ir  3 
up«m  it  when  water  is  forced  up  a 

.l>.  by  wei;;ht  p.-r  I 

201 
20  x  CJ-5  lt>.  weight  =  *•• 

1  t-  lies, 

.  in.-hes, 
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3x20x62-5n 

~T4T  y  weiglltj 

i.e.,  26  Ib.  weight. 

Ex.  5.  Find  the  whole  pressure  on  a  vertical  lock-gate  14  feet 
broad,  against  which  the  water  rises  9J  feet. 
The  intensity  of  the  pressure  is  given  by 

62-5  Ib.  weight  per  sq.  ft.  =  ft.  height ; 
hence  at  the  bottom  it  is 

9 '5  x  62 -5  Ib.  weight  per  sq.  ft., 
and  at  the  top, 

0  Ib.  weight  per  sq.  ft. 
As  the  pressure  increases  uniformly  with  the  depth,  the  average 

pressure  is 

9-5  x  62-5,,         .  ,  . 
— Ib.  weight  per  sq.  ft. 

Now  14  x  9*5  sq.  ft.  of  surface, 

7  x  (9 -5)2  x62-5  Ib.  weight, 
i.e.,  39484  Ib.  weight. 

Ex.  6.  A  square  board,  whose  edge  is  2  feet  long,  is  immersed 
in  water  with  one  edge  just  at  the  surface,  and  it  is  inclined  to  the 
horizontal  at  30°.  Find  the  pressure  on  one  side  of  it. 

62-5  Ib  weight  =  ft.  long  by  ft.  broad  by  ft.  deep, 

2  ft.  long  by  2  cos  30°  ft.  broad  by  2  sin  30°  +  °ft.  deep, 

'2 

.-.     62-5  x  2  x  2^?  x  I  Ib.  weight, 
i.e.,  62-5v/3  Ib.  weight. 


EXERCISE  XXXI. 

1.  Reduce  pound  per  square  foot  and  pound  per  square  inch  to  dyne  per  square 
cm.,  when  the  intensity  of  gravity  is  981  cm.  per  sec.  per  sec. 

2.  Given  the  average  weight  of  a  man  as  12  stones,  and  the  density  of  a  dense 
crowd  as  5  men  =  7  square  feet.    Find  the  pressure  per  square  foot  due  to  a  dense 
crowd  on  a  bridge. 

3.  Wind,  having  a  velocity  of  50  miles  an  hour,  exerts  a  pressure  of  12  Ibs.  per 
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square  foot.     Find  the  total  force  exerted  on  a  •  ft.  inclined  at  an 

•o  the  direction  of  the  wind. 
4.   i  .ches  of  mercury  to  millimetres  of  mercury. 

-s  a  pressure  of  100  mm.  of  mercury  in  terms  of  inch  of  w.r. 
•duce  a  pressure  of  GOO  millimetres  of  mercury  at  <  s  per  square 

cm.  wh<.-n  the  intensity  of  gr  :  cm.  per  sec.  per  see. 

.press  a  pressure  of  700  mm.  of  mercury  i 

rnrity  of  water  as  <;•_>•:.  Ih.  pvr  cul.ic  foot,  and  that 
tctv-water  is  equivalent  in  volume  to  one  Ib.  of  pure  water.     Find  the  pros- 

surface  of  the  ocean  due  to  the  superincumbent 
water. 

plunger  of  a  force-pump  has  a  cross- section  of  8  square  inches,  and 
•  feet  below  the  cistern,  what  pressure  is  required  to  force  it  down? 

10.  During  a  storm  the  barometer  at  sea-level  stood  as  low  as  27*466  inches. 
'. 

11.  \Vi.:it  ought  to  be  the  length  of  a  water  barometer,  inclined  to  the  1 
at  an  angle  of  30°,  the  mercury  barometer  standing  at  30*5  inches? 

...meter  of  the  tube  of  the  barometer  is  1 

••  rise  through  2  the  real  ah 

13.  v  theoretical  height  to  which  water  can  be  raised  by  the  co: 

pumj  when  the  mercurial  barometer  sUmls  at  28  incite*? 

t   14.  A  barometer  is  observed  to  fall  one  tenth  of  an  inch  when  carried  up  88  feet 

of  vi  tical  height ;  how  much  would  it  fall  if  taken  132  yards  up  a  hill  ruing  1 

[    15.  Apieceo/meUlof  .p.  gr.8>aiwlwei4hing201U.Udropi^dintoac, 

I  16.  What  depth  of  water  is  required  to  float  an  iceberg  one  mile  square  by  500 
-;h? 

ok  of  a  wine  bottle  with  flat  bottom  is  4  inches  long,  the  total  height 
of  th    bottle  being  12  inches.      When  the  bottle  is  fill.  .-  of  specific 

gravi   •  (r'.rj  to  within  half  an  inch  of  it*  mouth,  what  is  the  pressure  on  each 
^Bi    inch  of  the  bottom  ? 

18.    What  is  the  pressure  on  a  sluice-gate  12  feet  broad,  against  which  the 

rises  5  feet? 

I  19.    A.  sluice-gate  is  4  feet  broad  and  6  feet  do.  water  rises  to  a 

heigh   of  5  feet  on  one  side  and  S  feet  on  the  other  aide.     1  roarare 

in  po  tids  on  the  gate. 

20.  'ind  the  whole  pressure  upon  a  vertical  dam  of  a  column  of  water  10 
i>p  and  30  feet  wide.     What  would  be  the  pressure  of  the  same  head 

of  w.i  er  against  a  dam  inclined  at  an  angle  of  46°  to  the  ho, 

21.  V  vessel,  consisting  of  a  decimetre  cube,  is  filled  to 
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with  mercury,  while  the  rest  is  filled  with  water ;  determine  the  whole  prcs- 
sure  against  one  of  the  sides  in  kilogrammes. 

22.  A  rectangular  board,  one  foot  square,  is  immersed  in  water  with  its  upper 
edge  10  feet  below  the  surface  of  the  water,  and  horizontal,  the  surface  of  the 
board  being  vertical.     Find  the  total  pressure  on  one  side. 

23.  If  the  height  of  the  water  barometer  be  1,033  centimetres,  what  will  be 
the  pressure  on  a  circular  disc  whose  radius  is  7  cm.  when  sunk  in  water  to 
a  depth  of  50  metres  ? 

24.  A  square  plate  whose  area  is  64  square  inches  is  immersed  in  sea  water, 
its  upper  edge  being  horizontal  and  12  inches  below  the  surface.      Determine 
the  whole  pressure  of  the  water  on  the  plate  when  it  is  inclined  at  45°  to  the 
horizon,  assuming  a  cubic  inch  of  sea  water  to  weigh  0'63  ounces. 


SECTION  XXXIL— PRESSURE  OF  A  GAS. 

ART.  154. — Height  of  Homogeneous  Atmosphere.  In  the  case 
of  a  vertical  column  of  gas,  the  density  is  not  uniform  throughout. 
The  gas  in  a  horizontal  layer  is  compressed  by  the  weight  of  the 
superincumbent  gas.  It  is  sometimes  convenient  to  consider  what 
would  be  the  height  of  a  vertical  column  of  gas  having  the  density 
throughout  which  it  actually  has  at  the  bottom,  and  producing 
the  same  pressure  at  the  bottom.  The  height  of  such  a  column 
is  called  height  of  homogeneous  atmosphere,  because  the  conception 
applies  to  the  air  of  the  atmosphere.  Prof.  Everett  suggests  the 
shorter  and  more  appropriate  name,  "  pressure  height."* 

The  pressure  of  the  atmosphere  is  used  as  a  convenient  unit  of 
pressure  in  the  same  way  as  the  weight  of  a  pound  is  used  as  a 
convenient  unit  of  force.  The  exact  unit  is  defined  by  the  follow- 
ing equivalences — 

1  atmosphere  =  29-922  inches  of  mere,  at  32°  F.  (British). 
=       760  mm.  of  mere,  at  0°  C.  (French). 

ART.  155. — Dependence  of  Density  on  Pressure.  The  law  dis- 
covered by  Boyle  states  that  the  density  of  a  portion  of  gas  is 

*  Units  and  Physical  Constants,  p.  37. 
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.  tl    t«>  tlie   pressure   of  the  portion,  provided  that  the 
temperature  be  kept  c-uistuiit.      He:. 

k  MperV-Fl-rS. 

or  k  M  =  F  per  S  by  V. 

denote  some  constant  mini 

\MPLES. 

,  1.  A  litre  of  air  at  0°  C.  and  760  mm.   piv-><ir 
gnu,      Find  the  mass  of  73  litres  at  the  sanu 

.in.  press- 

1-393  ,-iu.     lit iv  by  7GO  n 
i . 

-  gin.  mm. 

M  I'.v  1. <>••<)  mm., 
. 

:2gms. 

/  ins  a  sma 

fi  radius,  when  5  -  \   tin-  m  ;  at 

wb:(  uld  the  same  quantity  of  air  form  a 

the    i  ••  change  of  t.  re-  being  neglected. 

1  ke  the  quantity  of;  yum  M.  and  the  first  sp 

as  i  V  pressure  of  the  atmosphere  is  . 

Tilt  it  to  30  1 

1  M  =  V  by  (30  +  5)  feet  of  wa; 

1M. 

i  tor, 
J80  feet  of  w. 

feet  of  depth, 
of  t! 
,i-     •:  ;.  ; 
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the  end  of  the  8th  stroke  of  the  piston,  the  atmospheric  pressure 
being  15  Ibs.  to  the  square  inch. 

Take  the  original  mass  of  air  for  unit  of  mass,  and  the  volume 
of  the  receiver  for  unit  of  volume  ;  then 

1  M  =  V  by  15  Ib.  wt.  per  sq.  inch. 
At  the  end  of  the  operations  we  have  the  same  volume ;  hence, 

1  M  =  15  Ib.  wt.  per  sq.  inch. 

The  volume  of  the  barrel  is  one  seventh  that  of  the  receiver  and 
barrel  conjointly.  As  the  air  will  always  distribute  itself  with 
uniform  density,  one  seventh  of  the  mass  will  be  removed  by  the 
first  double  stroke,  one  seventh  of  the  remainder  by  the  second 
double  stroke,  and  so  on  ;  hence  after  8  strokes  (1  -  ~)8  M  will  be 
left.  But 

1  M  =  15  11).  wt.  per  sq.  inch, 
.-.     (1  -  ^)8  x  15  Ib.  wt.  per  sq.  inch. 

log  6  =  -77815  1-46440 

log  7  =  '84510  1-17609 

T-93305  0-64049 

8 


1-46440 
A-nswer — 4*37  Ib.  wt.  per  sq.  inch. 

EXERCISE  XXXII. 

1.  "What  is  the  height  of  the  homogeneous  atmosphere,  when  the  mercurial 
barometer  is  at  30  inches?    The  specific  gravity  of  air  at  that  pressure  is  "00125. 

2.  In  a  tube  of  uniform  bore  a  quantity  of  air  is  enclosed.     What  will  be  the 
length  of  this  column  of  air  under  a  pressure  of  three  atmospheres,  and  what 
under  a  pressure  of  a  third  of  an  atmosphere  ;  its  length  under  the  pressure  of  a 
single  atmosphere  being  12  inches  ? 

3.  When  the  height  of  the  mercurial  barometer  changes  from  29 '55  inches  to 
30'33  inches,  what  is  the  change  in  the  mass  of  1,000  cubic  inches  of  air,  assuming 
that  100  cubic  inches  of  air  weigh  31  grains  at  the  former  pressure,  and  that  the 
temperature  remains  constantly  at  0°  C.? 

4.  A  cylindrical  bell  4  feet  deep,  whose  content  is  20  cubic  feet,  is  lowered  into 
water  until  its  top  is  14  feet  below  the  surface  of  the  water,  and  the  air  is  forced 


OF  A 

until  it  is  three  quarters  full.     What  volume  would  the  air  occupy  under 
. i >spheric  pressure,  the  water-barometer  1 

the  water- barometer  stand  •  •  what  depth  must  a  diving  bell  be 

sunk  to  reduce  the  contained  air  to  one-third  of  its  original  volume,  the  height  of 

.  diving  -bell  into  water  at  a  uniform  rate,  and  air  is  supplied  )>y 

•  pump  so  as  to  keep  the  bell  full,  without  allowing  any  to  escape,     How 
•  he  rate  at  which  the  air  is  supplied  be  varied  as  the  bell  descends  ? 
7.   An  air-bubble  at  the  bottom  of  a  pond  10  I  .us  a  volume  of  O'OOOOG 

>ic  inch.     Find  what  its  volume  becomes  when  it  just  reaches  the  M 
the  barometer  standing  at  30  inches. 

.  clo«rd  indiarubber  ball  containing  air  has  a  \  cubic  inches  at  a 

of  100  feet  below  the  surface  of  water,  whose  density  is  in 

water-barometer  be  80  feet.  the  volume  of  the  ball  at  the 

•-•  water,  assuming  the  temperature  to  remain  constant  ? 
>tte's  tube  has  a  uniform  section  of  1  square  inch,  and  is  gni 
..  s ;  G  cubic  inches  are  inclosed  in  the  shorter  (closed)  limb,  when  ti. 
at  the  same  level  in  both.     What  volume  of  mercury  must  be  pour. 
• 
stands  at  30  inches1. 

10   Ten  cubic  centimetre*  of  air  are  measured  off  at  atmospheric  pressure. 
Wh.  n  introduced  into  the  vacuum  of  a  barometer  they  depress  the  mercury 
whii  h  previously  stood  at  76  centimetres,  and  occupy  a  volume  of  15  <. 
how  much  has  the  mercurial  column  been  depressed  ? 

ulrical  tube,  2  feet  long,  closed  at  one  end,  is  lower. 

sea    (*'  ownward  like  a  diving-bell.    The  atmospheric  pre*- 

face  being  30  inches  of  mercury,  find  how  high  the  water  rise* 

about  334  feet  of  sea-water  U  equal  in  weight  to  a  similar  column  of 
me,  ury  of  30  inches. 

1      If  the  pressure  inside  the  receiver  of  an  air-pump  were  reduced  to  }  • 
•An  enherio  pressure  in  4  strokes,  to  whnt  i  6  strokes? 

1      The  cylinder  of  a  «ingle-barreUe. !  lias  a  sectional  area  of  one 

ami  re  inch,  snd  the  length  of  the  stroke  \M  4  inches.    The  pump  is  attached  to  a 
rec    ver  whose  capacity  b  36  cubic  inches    Compare  the  pressure  of  the  sir 

.  after  8  complete  strokes  of  the  j  •  lie  pressure  before  com- 

I      11  nipbe /ytbatof  thereoeiv 

the    ensity  ••:  the  Utter  at  the  flh  stroke. 

•  tached  to  an  air  me  of  100  cubic  incur  v 

tile    vlinder  has  the  volume  of  10  cubic  inch* -  :  iginal 

If  the  barrel  of  the  con  \>  be  3  feet  long,  and  ti. 

po»     of  the  same  cross-section,  be  1G  ft< 

•  ••  .   I-   ;  i  •'  at  l\4  feet. 
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SECTION  XXXIIL— WORK. 

ART.  1 5 G.—  Absolute  Units  of  Work.    Work  is  done  when 
resistance  is  overcome ;  the  quantity  of  work  done  is  proportional 
to  the  resisting  force  and  to  the  distance  through  which  it  is  over- 
come.    Let  the  unit  of  work  be  denoted  by  W,  then 
1  W  =  F  resistance  by  L  displacement. 

By  "  displacement "  is  meant  the  displacement  in  the  direction 
of  the  force. 

The  British  absolute  unit  is  denominated  the  foot-poundal,  and 
is  defined  by 

1  foot-poundal  =  poundal  resistance  by  foot  displacement. 
The  C.G.S.  absolute  unit  is  denominated  the  erg,  and  is  de- 
fined by 

1  erg  =  dyne  resistance  by  cm.  displacement. 

ART.  157. — Gravitation  Units.  Work  is  also  measured  in 
terms  of  gravitation  units,  by  taking  the  corresponding  gravita- 
tion unit  of  force  instead  of  the  absolute  unit  of  force.  The 
principal  British  unit  is  the  foot-pound,  denned  by 

1  foot-pound  =  Ib.  by  weight  by  foot  displacement. 
A  metric  unit  is  the  kilogrammetre,  denned  similarly, 

1  kilogrammetre  =  kilogramme  by  weight  by  metre. 
The  principal  C.G.S.  unit  is  the  gramme-centimetre,  defined 
similarly. 

ART.  158. — Work  done  by  a  Pressure.  Suppose  that  the  re- 
sistance is  a  pressure  uniformly  distributed  over  the  surface  of 
application.  Then 

1  F  resistance  =  (F  per  S)  by  S  surface, 

and  1  W  =  (F  per  S)  by  S  surface  by  L  displacement. 

If  1  S  =  L2,  then,  since  the  displacement  is  normal  to  the  surface  of 
application, 

1  VV  =  (F  per  LJ)  by  L"  volume  displacement. 


\\URK.  L93 

K\  VMI'i 

1.   Reduce   1   foot-pound  to  ergs,   taking  tin;  acceleration 
due  to  gravity  at  981  cm.  p.-r  second  per  second. 
;  pound  =  lb.  by  weight  )>y  foot, 

1  Ib.  =45:3-6  _ 

weight      981  cm.  per  Bee,  JUT  » 
1  foot -30-48  cm., 

;nd  =  981  x  453-6  x  30*48  gm.  by  < 

by  cm. 

=  981  x  453-6  x  30-48  ei^s, 
1  •:;:.'•>     in"  ,.rg8. 

-  runs  on  a  1« 

;ire  8  lb^.  11"\\    many  units  of 

must  be  expended  in  DO  mn  of  4U  miles,  when  I 

:iditure  of  steam. 

>  11).  by  weig)  ton  of  in 

120  tons,  UO  x  8  Ib.  1 

1  foot-pound     11-. 
li'OxSfooti  nee, 

40  x  5,280  f. 

8x40x  5,280  fo«> 
2-03  x  10- 

/ 

Iron    the  ground  the  materials  for  l.uiMn.j   a   in  lunn. 

[66  I 

DC  hundivdu. 
A    tin-  coin::  • 

ourses,  but  the  I 

of     .  ill     to 

the      >]'.  !)••   -j..t  th«- 

hie  foot, 
=  square  fo« 
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2P  square  feet  by         feet  height ; 

o 

200 


The  average  height  is  — —  feet, 

o 

112x212x200x  100  f 

toot-pounds, 

J 

i.e,         l-098x!08 

Ex.  4.  What  is  the  amount  of  work  done  per  stroke  by  an 
engine  when  the  average  pressure  of  the  steam  during  the  stroke 
is  38  Ib.  weight  per  square  inch,  the  length  of  the  stroke  being 
3  feet,  and  the  diameter  of  the  piston  1 4  inches  ; 

1  foot-pound  =  Ib.  wt.  per  sq.  in.  by  sq.  in.  by  ft. 
38  Ib.  wt.  per  sq.  in.  by  7%  sq.  in.  by  3  ft.  per  stroke, 
38  x  72  x  Sir  foot-pounds  per  stroke, 
i.e,         17,556 

EXERCISE  XXXIII. 

1.  Reduce  a  kilogramme tre  to  foot-pounds,  and  reciprocally. 

2.  The  resistance  to  traction  on  a  level  road  is  150  Ibs.  per  ton  moved;  how 
many  foot-pounds  of  work  ar*  expended  in  drawing  6  tons  through  a  distance 
of  150  yards  ? 

3.  A  hole  is  punched  through  a  plate  of  wrought-iron  one  half  inch  in  thick- 
ness, and  the  pressure  actuating  the  punch  is  estimated  at  36  tons.     Assuming 
that  the  resistance  to  the  punch  is  uniform,  find  the  number  of  foot-pounds  of 
work  done. 

4.  It  is  found,  neglecting  friction,  that  a  force  acting  horizontally  will  move 

10  Ibs.  up  5  feet  of  an  incline  rising  1  in  4.      Find  the  work  done,  and  find 
ulso  the  force  parallel  to  the  plane  which  will  just  support  the  weight  of  10  Ibs. 

5.  Calculate  the  amount  of  work  done,  independently  of  that  lost  through 
friction,  in  drawing  a  car  of  two  tons  weight,  laden  with  30  passengers  averaging 

11  stones  each  in  weight,  up  a  slope,  the  ends  of  which  differ  in  level  by  50  feet. 

6.  The  inclination  of  a  mountain  path  to  the  horizon  is  30°;  how  much  work  is 
done  against  gravity  by  a  man  of  12  stones  weight  in  walking  a  mile  along  the  path  ? 

7.  How  much  work  is  done  by  means  of  a  crane  in  raising  from  the  ground 
the  material  required  to  build  a  stone  wall  100  feet  long,  36  feet  high,   and  '2 
feet  thick,  the  density  of  the  stone  being  153  pounds  per  cubic  foot. 
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I  A  :':\   wh.-el   \\ruiiiii,;   7   ton-   tuins  mi  a  hori/.ontal  a\le  1  foot  in  diameter. 

coefficient  of   friction  bet  tk  ami  its  bearing  is   0"0?.\   what 

r  of  foot-t  A,,ik  mu-t  In-  dune  a-ain-t  friction  while  the  wheel 

n  along  an  inclined  plane  is  taken  at  150  Ibs.  fur 
Fiml   the   work  done  in  draw:  :p   1(K.» 

<>f  an  incline  which  ri<e«  1  foot  in  height  for  '_'.*»  in  I'-n^th. 

.:s  of  10  Ibs.  and  8  Ibs.  are  connected  by  a  very  tin.-  thread  whkli 

1'ulley,   M.   '  ieil  ;  the  heavii-i 

tst  not  heavy  enough  t»>  fall  ami  draw  the  1  Jit   up: 

A  we  supine  the  weights  to  move  uniformly,  MI  that  one  goes  up  an  <1  the 

I  work  are  done  against 
•    during  the  m<  • 

II  1  he  plunger  of  a  force-pump  is  Hj1  inches  in  diameter,  the  length  of  tli. 

ie«,  and  the  pressure  of   the  water  is  50  lb>. 
inch  :  umber  of  units  of  work  done  in  one  stroke. 

!•_'.   !  c  absolute  unit  of  WOT  ' 

be  equal  to  1  the  second  and  foot  being  the  units  of   time  and 

klNKlii  QY, 


H 
i.  l.vj.-  Kinetic  Energy.     •  t  the 

^.r..  alrnt  ..f  tin-  v. 

•  ii.  il    tu   tin-  mass   of  i 

illiti   1  HiN-cil.  ami  :•  it    of  speed.  •    th;tt 

the     icn  '  .    must   !•.-  -nail,  iit 

I  speed  may  not  \ai\  Motibij,     I). 
1  W     M          L         T  I  ; 

lit  of  kit:  .1  l....i\.  \\r  lia\r  lo 

i.  T  that  •  nal  8jxje«l  •    die 

half  tin-  filial  >jM-i-«l  ;    IP 

,V     M  1'}     L         T 

-Ml.    l'\ 
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Observe  that  the  dimensions  of  each  of  the  equivalents  of  W  arc 
the  same. 

ART.  160.— Kinetic  Energy  of  Rotation  ;  Moment  of  Inertia. 
We  have 

£W=Mby(LperT)'2. 

Suppose  that  a  rigid  body  revolves  round  an  axis,  and  that  the 
whole  of  the  mass  of  the  body  is  at  nearly  the  same  distance  from 
the  axis  •  then  since 

1  L  per  T  =  L  radius  by  (radian  per  T), 
it  follows  that 

J  W  =  M  by  ( L  radius)-  by  (radian  per  T)", 
or  £  W  per  (radian  per  T)2  =  M  by  (L  radius)-. 
The  idea    M   by  (L  radius)2  depends  on   the  body  only ;  it  is 
called  the  moment  of  inertia  of  the  body.     From  the  above  the  unit 
is  seen  to  be  equivalent  to  half  unit  of  work  per  square  of  unit  of 
angular  velocity. 

ART.  161. — Radius  of  Gyration.  When  the  several  portions 
of  the  body  are  at  different  distances  from  the  axis,  an  equivalent 
radius  can  be  found  such  that,  were  the  whole  mass  situated  at 
its  end,  the  value  of  M  by  L2  would  be  the  same  as  the  sum  of  the 
actual  values  of  M  by  L2  for  the  different  portions.  This  equiva- 
lent radius  is  called  the  radius  of  gyration.  Compare  Arts.  31 
and  136. 

RADIUS    OF    GYRATION. 


Bar  revolving  about  one  end, 

Bar  revolving  about  its  centre, 

Circular  plate  revolving  about  its  centre, 

Circular  plate  revolving  about  its  diameter, 

Sphere  about  its  diameter, 

Thin  hollow  sphere  about  its  diameter, 

Cylinder  revolving  about  its  axis,  - 

Con  e  revolving  about  its  axis, 


•577  L  per  L  length. 

•289     „ 

"707  L  per  L  radius. 

,K 

»  ?» 

•6324  ,, 
•816  „ 
•707  „ 

'548  L  per  L  radius  of  base. 
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1.   A  looniKitivc  \\  .'.o  t'»n>  i<  moving  \vit; 

miles  an  hour.      K  ;uds, 

;n<lals. 

i-poiin.lal  a  \\>.  \>\  (ft.  i 
'  Hi'  11,.  l,y  (88)*  (ft  per  sec.)"; 
I2x88*i 
;<•-  f,,ut- 

!  tout  ]».,  un.  1 


poo*H 

8O8  x  Wfoot  i».im.ls. 

in. i—   is    loo  gms.,  is  thrown 
•  1-  writ  ..  MI.  JMT  -••<•.      V 

«nerj.  at  the  moment  of  propnNi": 

h.iit' . 

_,'  =  gm.  by  (cm.  per  sec.)*, 
gm, 

f  /*/  -f  ]•!•••  |> ul-  jHjed  is  9^  '  sec., 

50  x  980a  ergs,  iV  10:  er->.  ''galergs. 

half  a  s.-,  ,,n,l   the  speed  is  490  cm.  p« 
gravi  y  in  that  time  has  deducted    ; 
/  is 

50  x  490*  erg.- .  '05  x  ]  0:  ergs. 

7  one  second  the  speed  has  been 

has  also  been  n-.lu.T.I  t<>  /• 

:5.   Fin.l  tin.-  niunl.cr  •»!'  units  «,f  \vm-k  n-«,  ^tart  on  a 

i  am  car  of  4  tons  so  as  to  give  it  a  speed  < 

an  li>     i  :  and   also  wlu'rh  inu^t    !»•   apiili- 

hat  the  -t.u  t  may  be  made  in  two  sccoi. 
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i  foot-poundal  =  lb.  by  (ft.  per  sec)2, 
4  x  112  x  20  Ib.  by   ~Y(ft-  Per  sec-)2; 


.. 

i.e.,  346931  foot-poundals. 

To  find  the  force. 

1  poundal  =  (Ib.  by  ft.  per  sec.)  per  sec., 
4xll2x20x44(lb  by  ft  per  sea)  per  2  gec  . 

0 

4x112x2x44  poundals, 
i.e.,  39424  poundals. 

Ex.  4.  What  average  force  will  bring  to  rest  in  100  ft.  a  train 
of  30  tons  which  has  a  speed  of  10  miles  an  hour.  Also,  what 
average  force  will  bring  it  to  rest  in  5  seconds  ? 

J  foot-poundal  =  Ib.  by  (ft.  per  sec.)2, 

30  x  20  x  112  Ib.  by  (—  Y(ft.  per  sec.)2; 

30x20x  112x442 

—  ^  —  -  -  loot-poundals  ; 
2  x  9 

but  1  foot-poundal  per  ft.  advance  =  poundal, 

30x20x  112x442 

—  =  —  ^  --  it.  poundals  per  100  ft.; 

A   X    4! 

30x20xll2x442 

2x9x100 

i.e.,  72277  poundals. 

Again,          30x20xll2x44lbbyftp 
o 

30x20x  112  x44,,    , 

0'  Ib.  by  it.  per  sec.  per  sec., 

oxo 

197120  poundals. 

Ex.  5.  What  is  the  moment  of  inertia  of  a  grindstone,  18  inches 
in  diameter,  and  4  inches  in  thickness,  the  density  being  -09  Ib. 
per  cubic  inch  1 
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rich  diain.)'-'  l>y  4  inch  thick. 
"  cuhic  inch  =  (inch  diain.)-  hy  iiu-h  thick, 

•09  Ib.  =  cul»ic  inch, 

.-.       '09  x  IS-  lh. 
\  (ft.  radius  of  gy  ruii  Mi-c.)-, 

(f  ft.  radius  c.fd> 
;;  ft."  i  ft.  radi 


, 


.. 

o 
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the  kinrtir  nicriry   «»f  th<>  grindstone 
•v«.l\  inir  ut  the  rate  of  !•">  revolutions  per  second  t 
1  •-">  iw. 

radian  =  i 
3?r  radian  =  .-• 


1!..  h\  ft.    1.\  (radian  per  sec.)*, 


7_71  foot-pouiidals. 


UOISBXXMN 


1     V  man  of  6  cwt.  niovcn  with  »  vel  •  fc«t  per  aooond ;  how  many 

f  work  are  »tored  up  . 
ompare  the  amountu  of  kinetic  energy  in  a  pillow  of  20  lb» 

;h  one  foot  vertically,  and  an  ounce  ballet  moving  at  200  f- 

•.ml  the  number  of  unita  of  work  aooumulat,  ..  shot  leaving  the 

men   i  of  the  gun  with  a  velocity  of  1,500  frot  per  Mcond. 

maiu  of  snow.  2*  Ib*.  in  weight,  falb  from  the  roof  of  a  hotue  • 
stance  of  40  feet.    Calculate  the  kinetic  energy  acquired  at  tl. 

>  v  Ull  weighing  fire  ounce*,  and  moving  with  a  v.  000  feet  per 

ateoi  I,  strike*  a  ihield,  and  after  piercing  it  moves  on  with  a  velocity  of  400  feet 
•  •  Mttd.  How  much  energy  hat  been  expended  in  piercing  the  •»,'-. 

6.  'alcul,-  tic  energy  of  a  tram-car  weighing  25  ton*,  when  it  is 

UIOM  g  at  the  rate  of  6  miles  an  hour,  ami  is  laden  with  86  passenger*,  averaging 
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7.  If  the  coefficient  of  kinetic  friction  for  a  tram-car  moving  on  its  rails  is  ,i, 
11  nd  how  much  work  is  done  when  the  above  car,  loaded  as  stated,  is  pulled  3 
miles  along  a  level  road. 

8.  Calculate  the  kinetic  energy  of  a  hammer  of  5  tons  let  fall  half  a  foot. 

9.  Two  30-ton  hammers  moving  in  opposite  directions  at  20  feet  per  second, 
simultaneously  strike  a  mass  of  soft  iron.    How  many  foot-pounds  of  work  will 
they  do  upon  it  ? 

10.  A  32-lb.  ball  is  thrown  vertically  upwards  with  a  velocity  of  20  feet  per 
second.     "What  is  its  kinetic  energy  when  it  has  gone  5  feet  ? 

11.  A  train  of  200  tons  starting  from  rest  acquires  a  velocity  of  40  miles  ;m 
Lour  in  3  minutes  on  a  horizontal  railroad.     "What  is  the  excess  of  the  moving 
above  the  retarding  forces,  each  being  assumed  uniform  ? 

12.  What  is  the  amount  of  kinetic  energy  in  an  engine  of  25  tons  when  moving 
with  a  velocity  of  20  miles  per  hour  ?    What  force,  measured  in  poundals,  acting 
for  ten  seconds,  is  sufficient  to  stop  the  engine  ? 

13.  What  average  force  will  bring  to  rest  in  20  feet  a  tram-car  of  5  tons,  having 
a  velocity  of  6  miles  per  hour  ? 

14.  Supposing  the  coefficient  of  friction  to  be  0'05,  how  far  will  a  railway  car- 
nage run  on  level  rails  with  a  velocity  of  10  miles  an  hour  ? 

15.  If  an  ounce  bullet  leaves  a  gun  with  a  velocity  of  800  feet  per  second,  the 
gun  barrel  being  3  feet  long,  what  would  be  the  accelerating  force  on  the  bullet, 
•supposing  it  to  have  been  acting  uniformly  throughout  ? 

16.  A  bullet  weighing  2^  ounces  leaves  a  gun  with  a  velocity  of  1,550  feet  per 
second  ;  the  length  of  the  gun  barrel  is  2|  feet ;  find  the  average  accelerating 
force  xipon  the  bullet  within  the  barrel,  and  express  it  in  gravitation  units. 

17.  A  shot  of  1,000  Ibs.,  moving  at  1,600  feet  per  second,  strikes  a  fixed  target ; 
how  far  will  the  shot  penetrate  the  target,  exerting  upon  it  an  average  pressure 
equal  to  the  weight  of  12,000  tons? 

18.  A  locomotive  of  15  tons,  being  supposed  to  acquire  a  speed  of  20  miles  an 
hour  in  moving  through  a  mile  of  distance,  under  the  action  of  a  constant  differ- 
ence of  moving  and  resisting  forces  ;  calculate  in  Ib.  weight  the  requisite  differ- 
ence of  the  forces. 

19.  A  heavy  body  is  projected  up  an  incline  rising  1  in  100  ;    the  friction 
against  the  plane  is  one  tenth  of  the  pressure  ;  find  the  distance  it  will  travel  be- 
fore being  reduced  to  rest,  the  velocity  of  projection  being  121  feet  per  second. 

'20.  Find  the  tension  on  a  rope  which  draws  a  carriage  of  8  tons  up  a  smooth 
incline  of  1  in  5,  and  causes  an  increase  of  velocity  of  3  feet  per  second  per 
second. 

21.  If  on  the  same  incline  the  rope  breaks  when  the  carriage  has  a  velocity  of 
48'3  feet  per  second,  how  far  will  the  carriage  continue  to  move  up  the  incline '' 

22.  A  mass  P,  after  falling  freely  through  h  feet,  begins  to  pull  up  a  heavier 
mass  Q  by  means  of  a  string  passing  over  a  pulley  as  in  Attwood's  machine ;  find 
the  height  through  which  Q  will  be  lifted. 
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Two  masses  of  .">  and  10  11. -.  directly,   moving  with 

:ies  of  8  and  10  feet  ]>or  second.     Fiiul  the  conunou  velocity  after  impact, 
and  show  thut  there  has  been  a  transformation  of  kinetic  energy. 

lammes  is  tired  into  a  target  with  u  velocity  of  500 

metres  a  second.     The  target  is  supi»osed  to  weigh  a  kilogramme,  ami  to 
to  move.     Find  in  kilogrammetres  the  loss  of  energy  in  the  impact. 

25.  An  ounce-bullet  leaves  the  mouth  of  a  rifle  with  a  % 

sec.     If  the  barrel  be  4  ft.  long,  calculate  the  mean  pressure  of  the  powder, 
neglecting  all  friction. 

26.  The  bob  of  a  simple  pendulum  is  pulled  through  an  arc  of  60  degrees,  and 
let  go.     Compare  its  kinetic  energy  after  describing  an  arc  of  30  degrees  v  . 
energy  at  the  lowest  point. 

•y  of  a  shot  of  1,000  Ibs.  discharged  from  a  100- tot: 
:ng  none  of  the  30,000  foot-tons  of  energy  gr. 
w;i-u-l  in  heat,  light,  or  sound. 

on-bull  <>f  5  kgm.  is  discharged  with  a  velocity  of  500  metres  per 
:c  energy  in  ergs.    If  the  cannon  be  freely  suspended, 
^•e  a  mass  of  100  kgm..  find  in  ergs  the  energy  of  the  re. 

ertia  of  a  ring  is  00  kilogramme  by  (metre)* ;  what 
'.(  pound  by  (fou 

30.  A  has  a  mass  of  SO  ton*,  which  may  be  supposed  to  b. 

lie  circumference  of  a  circle  8  feet  in  radius ;  it  makes  20  rev 
rniiui  e  ;  find  ,  nergy  in  foot-pounds. 

31.  v  kinetic  energy  of  a  circular  saw  having  a  diamct 

when  moving  with  a  circumferential  velocity  of  6,000  ft 
i:iin  of  steel  is  000  Ib.  per  cubic  foot. 

32.  The  rim  of  a  fly-wheel,  specific  gm 

4  an    5  feet  respectively,  and  whose  thickness  is  1  foot,  revolves  B 

•er  minute  round  its  axis;  calculate  in  foot-pound*  the  entire  am- 

33.  A  cord,  which  may  be  taken  as  weightless,  is  wrapped  round  the  ci 
ferei  e  of  a  wheel  of  3  feet  radius,  and  a  weight  of  14  Ibs.  is  attached  to  the  free 
end  .  the  cord.    The  mass  of  the  wheel  b  300  Ibs.,  and  its  radius  of  gj 
abou  the  axis  is  2$  feet.    The  weight  being  let  go  from  rest  falls  for  2  seconds  ; 
find  >w  far  it  has  fallen,  and  its  velocity  at  the  end  of  that  time.    There  is  sup- 
post  to  be  no  friction. 

31.  A  mas*  of  10  Ib*.  is  attached  by  a  string  to  the  rim  of  a  circular  disc,  the 
Bias*  A  win  •,*.,  and  the  radius  of  gyration  1|  feet.  Find  the  angular 

Be  j  of  the  disc  5  seconds  after  the  weight  is  allowed  to  fall,  supposing  that 
1  there  s  no  f i  i 

3.'..  A  ruler  of  100  Ibs.  mass  and  one  foot  radius  revolves 

frict i  nlessly  on  its  axis,  which  is  horizontal.  A  thread  rolled  round  the  c;. 
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carries  on  one  end,  which  hangs  down  freely,  a  weight  of  one  Ib.     Find  how  far 
the  weight  falls  from  rest  in  3  seconds. 

36.  A  rod  of  uniform  density,  which  can  turn  freely  round  one  end,  is  let  fall 
from  a  horizontal  position  ;  what  is  its  angular  velocity  when  it  reaches  its  lowest 
position  ? 


SECTION  XXXV.— POWER. 

ART.  162. — Power.  By  power  is  meant  the  rate  at  which  work 
is  done  by  an  agent.  It  is  expressed  in  terms  of  W  per  T-  The 
term  activity  is  used  by  Sir  W.  Thomson  and  Professor  Tait  to 
denote  this  idea. 

The  British  absolute  unit  is  the  foot-poundal  per  second,  and 
the  C.G.S.  unit  is  the  erg  per  second.  Gravitation  units  are  foot- 
pound per  sec.,  kilogrammetre  per  minute,  etc. 

A  practical  unit  is  the  Jwrse-power,  founded  by  Watt  on  an  esti- 
mate of  the  average  rate  at  which  a  horse  can  work  ; 

1  horse-power  =  3 3, 000  foot-pounds  per  minute, 
=       550  foot-pounds  per  second. 
The  intensity  of  gravity  is  taken  at  its  standard  value. 

The  corresponding  French  unit  is  the  force  de  cheval ; 

1  force  de  cheval  =  75  kilogrammetres  per  second. 

It  has  recently  been  proposed  to  introduce  the  term  "watt "  to 
denote  10"  erg  per  sec.,  which  is  a  convenient  unit  of  power  in 
electrical  measurements. 

EXAMPLES. 

Ex.  1.  Calculate  the  amount  of  work  done  against  gravity  in 
drawing  a  car  of  2*5  tons,  laden  with  30  passengers  averaging 
1 1  stones  each,  up  an  incline,  the  ends  of  which  differ  in  level 
120  feet.  Also,  find  the  horse-power  sufficient  to  do  that  work  in 
half  an  hour. 
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_0x  112  + 30  x  11  x  14)  Ib.  weight,  and  120  feet  height, 

:>0  x  11  M  :'..ot-pound<. 

i.e.,     1,220,400  foot-pounds. 
1  horse-power  =  33,000  foot-pounds  per  minute. 

30  mini; 
.-.     1  horse-power  =  33,000  x  30  foot-poun 

•, 


£ 

nit. 


ham 

2.   Kxpress  a  horse-power  in  O.G.J9 

"0  foot-pounds  per  minute. 
.'53,000  Ib.  by  weight  1  :  minute. 

n, 

98 1  sec.  per  sec.  =  weight, 

CO  sec.     min.  : 
'  gm.i.yrm.^rsec.persec.  rsec., 

Ib.   by   \ 

33,000  x  5,000  x  981  x 


11 

7  x  10*  erg  per  sec. 
1   .1851  1-04139 

2-9V  i: 

8-500 

11  71430 
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EXERCISE  XXXV. 

1.  The   French    "  force  de   cheval "  is  4,500    kilogram  metres    per    minute ; 
express  it  in  terms  of  the  horse-power. 

2.  Given  1  horse-power  =  550  foot-pounds  per  sec.,  and  1  "force  de  cheval" 
=  75  kilogrammetres  per  sec.  ;  deduce  the  relation  of  the  "force  de  cheval"  to 
the  horse-power.     It  is  supposed  that  the  intensity  of  gravity  is  the  same  in  the 
two  definitions. 

3.  Find  the  value  of  the  horse-power  in  terms  of  kilogrammetres  per  minute. 

4.  Determine  the  horse-power  of  a  machine  capable  of  raising  10  tons  through 
si  height  of  20  feet  in  2  minutes. 

5.  If  an  engine  consumes  2  pounds  of  coal  per  horse-power  per  hour,  how  many 
foot-pounds  of  work  will  it  perform  when  consuming  112  pounds  of  coal  ? 

6.  How  many  foot-pounds  of  work  are  required  to  raise  30,000  Ibs.  of  water 
from  a  depth  of  a  furlong  ;  and  how  many  horse-power  to  do  it  in  five  minutes  ? 

7.  If  a  pressure  of  1  ton  is  exerted  through  10  yards,  how  many  foot-pounds  of 
work  are  done  ;  and  at  what  horse-power  does  an  engine  work  which  does  the 
work  in  half  a  minute  ? 

8.  A  pumping  engine  is  partly  worked  by  a  weight  of  2  tons,  which  at  each 
stroke  of  the  pump  falls  through  4  ft.  ;  the  pump  makes  10  strokes  a  minute  ; 
how  many  gallons  of  water  are  lifted  per  minute  by  the  weight  from  a  depth 
of  200  ft.  ? 

9.  Calculate  the  horse-power  of  an  engine  from  the  following  data  :— stroke  24 
in.,  diameter  of  piston  16  in.,  100  revolutions  per  minute,  average  effective 
pressure  in  cylinder  GO  Ibs.  per  square  inch. 

10.  In  the  transmission  of  power  by  a  rope,  the  wheel  carrying  the  rope  is  1 4 
feet  in  diameter  and  makes  30  revolutions  per  minute,  the  tension  of  the  rope 
being  100  Ibs.     Find  the  amount  of  power  transmitted  estimated  as  horse-power. 

11.  What  diameter  of  cylinder  will  develop  50  horse-power  with  a  four-foot 
stroke,  40  revolutions  per  minute,  and  a  mean  effective  steam  pressure  of  30  Ibs. 
per  square  inch  above  the  atmosphere,  the  engine  being  non-condensing? 

12.  The  cylinder  of  an  engine  is  12  inches  diameter  by  20  inches  long  ;  with  an 
average  pressure  of  GO  Ibs.  per  square  inch  it  has  a  power  of  40  horse-power. 
Find  the  rate  of  revolution  of  the  engine. 


SECTION  XXXVI. —MECHANICAL  ADVANTAGE. 

ART.  163. — Virtual  Velocity. 
Since  1  W  =  F  resistance  by  L  displacement, 

1  W  per  T=  (F  resistance  by  L  displt.)  per  T, 
=  F  resistance  by  (L  displt.  per  T) ; 
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for  the  force  is  supposed  to  be  constant  during  the  displacement. 
The  velocity  indicated  is  that  of  the  force  in  its  own  direction, 
that  i-,  the  irtual  velocity. 

\:\.  I<;L— Velocity  Ratio  and  Mechanical  Advantage.     The 

1*8  tliird  law  «»t'  motion  asserts  that  in  th< 

of  any  machine,  the  rate  at  which  work  is  done  by  the  a^ent  is 
t»«|Ua!  :ate  at  which  work  is  dun.-  a.u'ain-t  the  r.-i-t.uice. 

when  there  is  no  acceleration  of  tlie  part>  «>f  the  machine,  and  n<» 

ion, 

pose-  that  the  speed  of  the  :u:rn;  U   L  ju-r  T.  and  that  of 

L    T  .  :hen 
L  '.^i'lt.  of  agent  =  L  di-plt.  «.f  i 

r         L  i-  tlie  same  f«»r  the  a^mt  and  f"r 

F  :._•:;!       F  !  •  -i-!.i  lice. 

The  t  machine,   and    the 

latt.  r  the  mechanical  advantage.  th«- 


the  tl> read  of  a  screw  makes  9  <•*,  anil 

the   arm  lies:    what    f  to  sustain 

a  \     I. 

agent*-turn  of  s<  i 
•urns  of  screw      ."»  in.  h.  rexistan 

inch,  a-i-i. 


Ib.  \  resistance: 


i  rj  11..  \vt..  !•(•>!-• 
8x119 


11'.  \vt.,  ageut. 
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Ex.  2.  In  a  crane  the  numbers  of  the  teeth  in  the  two  wheels 
are  45  and  60  respectively;  the  numbers  of  leaves  in  the  two 
pinions  9  and  15 ;  the  arm  of  the  winch  is  3  feet,  and  the  radius 
of  the  weight-bearing  axle  4J  inches.  Find  the  mechanical 
advantage  of  the  crane. 

GTT  ft.,  agent  =  revolution  of  1st  pinion, 
45  revn.  of  1st  pinion  =  9  revn.  of  1st  wheel, 
1  revn.  of  1  st  wheel  =  revn.  of  2nd  pinion, 

60  revn.  of  2nd  pinion  =  15  revn.  of  2nd  wheel, 

o_  x  o 

1  revn.  of  2nd  wheel  =  —'      —  ft.,  resistance: 
2  x  12 

6?r  x  45  x  60  x  12  x  2  f.  .  , 

.-.  -  ft.,  agent  =  ft.,  resistance, 

9  x  15  x  9  x  2-7T 

i.e,     160  ft.,  agent  =  ft.,  resistance, 

1/160  F  agent  =  F  resistance; 

Ex.  3.  In  a  small  hydraulic  press  the  ram  is  2  in.  and  the 

plunger  J-  in.  in  diameter;  the  length  of  the  lever  handle  is  2  ft, 

and  the  distance  from  the  fulcrum  to  the  plunger  is  H  in.     Find 

the  power  exerted  on  the  ram  when  a  10-lb.  weight  is  hung  at  the 

end  of  the  lever. 

iV  S(l-  inch  plunger  =  sq.  inch  ram ; 

.•.     16  in.  displacement  of  plunger  =  in.  displacement  of  ram, 
and       24  in.  displacement  of  agent  =  J  in.  displacement  of  plunger ; 

.*.  —  —  in.  displacement  of  agent  =  in.  displacement  of  ram ; 

o 

1  Ib.  wt.  agent  =  256  Ib.  wt.  ram, 
1 0  Ib.  wt.  agent ; 
2,560  Ib.  wt.  ram. 


EXEECISE  XXXVI. 

1.  Find  the  steepest  incline  up  which  a  force  of  5  cwt.  can  just  move  a  weight 
of  2  tons,  friction  being  left  out  of  account. 

2.  A  man  weighing  12 '5  stones  is  lowered  into  a  well  by  means  of  a  windlass, 
the  arm  and  axle  of  which  are  30  inches  and  8  in  diameter.     Find  the  force  which 
must  bo  applied  to  let  him  down  with  uniform  velocity. 
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3.  The  wire-rope  working  a  railway  signal  passes  over  and  luis  its  end 

to  the  rim  of  a  fixed  grooved  pulley  ;  the  pulley  is  1  foot  in  diameter,  and  is 
;*  feet  long.     Find  the  tt  nsioii  transmitted  alon-  the  rope  when 
pulls  with  a  force  of  37  Ibs.  at  riJit  angles  to  the  K-ver  and  at 

4.  Twelve  sailors,  each  exerting  a  force  of  48  pounds,  work  a  capstan  with 

U  inches  long  ;  the  radius  of  the  capstan  stance 

.  sustain  ? 

."».    A  driving  wheel  i.a-  f,4  u-i-th,  and  the  .;  :    how  many 

revolutions  per  second  will  the  latter  make  when  th>  itions 

per  second  ? 

screw  having  4i  threads  to  the  ii 
what  is  the  force  exerted  by  the  screw  when  a  force  of  15  Ibs.  i«  t  he  end 

~  .   A-  :  of  which  is  a  «|ii  i  :>ed  by  means  of  a  lever 

long  ;  find  the  force  which  will  rui 

lie  icrew  of  a  steamer  has  a  pitch  and  makes  »  rev 

minute  ;  deduce  the  theoretical  velocity  of  the  steamer  in  knots  per  hour. 

i  of  a  screw  be  inclined  at  an  angle  of  ::<>  d,  -M«  s  to  the  hori- 
idiu.s  of  the  horizontal  sect: 
of  the  lever  4  feet  ;  find  what  power  will  sustain  15  cwt.  on  it. 

10.  In  a  screw-jack,  where  a  wonn  wheel  is  used  ,e  screw  is  0 
inch,  :he  number  of  t'                     wonn  wheel  is  1C,  and  the  length  of  the  lever 

•  •*»  ;  find  the  gain  in  |« 

11.  A  wheel  and  axle  is  used  to  raise  a  bucket  from  a  »  • 
whei    is  15  inches  ;  and  while  it  make,  7  MS  the  buck 

90  IK   ,  rises  5)  feet.    Show  what  is  the  smallest  force  that  can  be  employed  to 
turn    he  wheel. 

e  that  we  have  four  weight  Icsn  '.iee  moveable  and  one 

ag  an  exai  first  system,  and  that  the  weight  is  a  man 

^K  lag  160  Ibs.;  find  what  pull  vert  on  the  power  end 

ropr    i  onler  to  raise  !  -by. 

3  cwt.  is  raised  3  f«-,-t  by  means  of  a  single  moveable  ] 
• 

: 

.  weighs  8  Ibs.,  .. 
which  a  power  of  20  Ibn.  cai. 

1  '    i  the  power  to  the  weight  in  a  system  of  •  ys,  in 

ings  are  attached  to  the  weight,  neglecting  the  *  • 

-•  two  parts  of  the  axle 
•  i*ed  hangs  from  a  sin  . 
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pulley  in  the  usual  manner,  and  is  supported  by  a  pressure  applied  perpendicu- 
larly to  a  lever  handle  15  inches  in  length.  Find  the  ratio  of  the  agent  to  the 
resistance. 

17.  In  a  lifting  crab  the  lever  handle  is  14  inches  long,  the  diameter  of  the  drum 
is  6  inches,  and  the  wheel  and  pinion  have  57  and  11  teeth  respectively.     Find  the 
weight  in  pounds  which  could  be  raised  by  a  force  of  50  Ibs.  applied  to  the  lever 
handle,  friction  being  neglected. 

18.  The  thread  of  a  screw  makes  12  turns  in  a  foot  of  its  length  ;  the  power  is 
applied  at  the  end  of  an  arm  2  feet  long  ;  it  is  found  that  when  the  power  is  30 
Ibs.  it  can  just  raise  a  weight  of  1,200  Ibs.  ;  what  portion  of  the  power  is  used  in 
overcoming  friction,  and  how  many  foot-pounds  of  work  are  done  by  the  power 
when  the  weight  is  raised  2  feet  ? 


SECTION  XXX VII. —MOMENT  OF  A  FOECE. 

ART.  165. — Moment  of  a  Force.  When  the  virtual  velocity  of 
an  agent  is  round  a  circle,  F  by  L  per  T  can  be  expressed  as  F 
by  L  radius  by  (radian  per  T).  The  angular  velocities  of  the 
agent  and  the  resistance  being  the  same,  the  condition  that  the 
value  of  W  per  T  must  be  the  same  for  both  reduces  to  the  con- 
dition that  the  value  of  F  by  L  radius  be  the  same.  This  idea 
F  by  L  radius  is  called  the  moment  of  a  force.  Special  units  are 
poundal  by  foot,  Ib.  by  weight  by  foot,  kgm.  by  weight  by 
metre,  etc. 

Let  r  L  and  r'  L  be  the  measures  of  the  arms,  then,  since  the 
angular  velocity  is  the  same  for  both,  the  velocity-ratio  becomes 

r/r'  L  agent  =  L  resistance  ; 
and  therefore  the  mechanical  advantage  becomes 
r'/r  F  agent  =  F  resistance. 

ART.  166. — Horizontal  Lever.  In  the  case  of  a  vertical  force 
acting  at  the  end  of  a  horizontal  lever,  the  displacement  of  the 
end  of  the  lever  is  at  the  beginning  in  the  direction  of  the  force. 
Hence  the  condition  for  equilibrium  is  that  the  value  of  F  by  L 
arm  should  be  the  same  for  the  two  opposing  forces.  When  the 
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its  of  masses,  a<  the  intensity  of  LTHU  : 
for  the  two.  the  condition  reduces  to  M  l»y  L  arm  being 
r'or  the  two. 

7.— Couple.      Tlie   resultant    of  two   parallel   fore. 

am,  and  acts  at  any  point  round  which  the  moment 
he  one  force  is  equal  to  the  moment  of  the  other  for 
When   the  two  parallel   f«>ive>  are  equal    and  act    in   opp 
directions,  there  is  no  resultant.     Tin  itote  what 

i  <'ouple.     Their  effect  is  to  produce  rotation  \\ithoir 
>n. 

The  moment  of  the  couple  is  the  sum  of  the  moments  of  the 
>rces  about  any  point  in  the  common  arm.      I !  value, 

en  I)V  that  of  either  force  and  the  length  of  the  arm. 

•.  Inch  work  is  done  l»y  a  r.uiple, 
1  W  p<T  T      F  f'.ivr  i.y  L  ana  T 

/       1     1      i  the  value  of  foot-ton  of  statical  m«>meiit  in  terms  of 

1  ton 

1  -50*8  k. 

1  foot  1 

« lies  =  metre. 

xpressions  on  -  le,  and  leave  out  such  units 

as  a  pear  on  both  sides. 

,       Q  by  foot  •  I'O  x  50-8  x  lL'  k-m.  l.y  metre, 

r^^lJi  kgm.  by  metre  -  ton  by  foot, 

30 

/  ^  of  5  arid  7  p  undals  act  in  the  same  direction 

alon(   parallel  lines  at  points  2  feet  apart ;  where  is  their  centre  ? 
[if  tl  )  direction  of  the  forn  ^cd,  where  will  the 

relit     •  l.e  thell  ? 

0 
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In  the  first  case  the  resultant  must  act  between  the  two  given 
forces.  Suppose  x  feet  from  the  7  poundal  force,  then  it  must  be 
2  -  x  feet  from  the  5  poundal  force.  Now 

7  x  x  poundal  by  foot  =  (2  -  x)  5  poundal  by  foot. 


rjt. 


Hence  10  inches  from  the  greater  force. 


Fig.21. 


Fig.22. 


x  x 


§      In  the  second  case  the  resultant  acts  outside 
«.7and  on  the  side  of  the  greater  force.    Let  the 
measure  of  its  distance  from  the  greater  force 
be  x  feet.     Then 
7  poundal  by  foot  =  (x  +  2)5  poundal  by  foot, 

#  =  —-;  hence  5  feet. 


Ex.  3.  The  arms  of  a  balance  being  of  unequal  lengths,  a  mass 
of  16  Ibs.  appears  to  be  only  14  Ibs.  What  would  be  its  apparent 
mass  if  weighed  in  the  other  scale. 

Here  we  have  to  consider  only  Ib.  by  L  arm,  because  the  inten- 
sity of  gravity  is  the  same  for  the  mass  and  the  counterpoise. 

14  Ib.  counterpoise  =  16  Ib.  mass, 
.*.     16  L  arm  of  counterpoise  =  14  L  arm  of  mass. 
But  for  second  weighing 


/"  -1  FOL'  -J11 

11  L  arm  of  counterpoise  =  1C  L  arm  of  i; 
1'j  11».  o'iiiiterpoise=  14  Ib.  mass, 
16  IK  n, 

— -^ —  Ib.  counterpoise, 

t.«.,  11. s. 

I  at  one  end  and  at  a  point 
3J  feet  I'roin  that  em  I,  ami  « 

ices  at  the  two  fixed  j>< 

12  11..  bj  by  foot, 

3-5  t 
20vli' 

bfl  remaining  force  is  68-6  -  20  Ib.  by 

48-0  pound  uci-ht. 

j.   E:  r».   A  uiiiforn:  -'-.^gm.  JXM     IB,      1'iml  its  1»  : 

whe  i  a  mass  of  12-5  gm.  8U£]>< -mliMl  at  ciu-  end  keeps  it  in  e<jui 
in  about  a  fulcrum  <-nd. 

om. 

r  arm  be  /  cm.,  th-  m.  in  it. 

'!    •• 

int,  h. ••;..•  t!..-  moments  are 

1 ''  x* 

1  -  •  gm.  by  i 

^  ]  it  the  mom*  suspended  mass  is 

hen.  3 

ar-18,  ; 
Ion;:  and  L  F  it  ft] 
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Fig.23. 


angles  to  AC,  at  C  a  force  2  F  in  the  same  direction,  and  at  B  a 

force  3  F  in  the  opposite  direction 
Find  the  moment  of  the  resulting 
couple. 

The  third  side  of  the  triangle  is 

v/2l"2Tl"02  inch ; 
i.e.,         26  inch. 

Let  x  inches  denote  the  distance  o 
the  centre  of  the  parallel  forces  fron 
C;  then 
2  x  05  F  by  inch  =  (26  -  x)  F  by  inch, 

x  =  — 
3' 

The  distance  from  C  of  the  point  of  application  of  the  force  a 
B  is  the  component  of  CB  along  CA. 

10  inches  component  along  CA  =  26  inches  along  CB, 
10  inches  along  CB, 


100.. 
26 


inches  along  CA. 


Hence  the  arm  of  the  couple  is  ~  —  '     inch ; 

O  1  «J 

therefore  the  moment  of  the  couple  is 

3  (.?-»)  Flinch, 

i.e.,         26-11-5 

i.e.,         14'5         ,, 


EXERCISE  XXXVII. 

1.  Find  the  value  of  foot-ton  of  statical  moment  in  terms  of  inch-pound. 

2.  A  substance  is  weighed  from  either  arm  of  an  unequal  balance,  and  its  ap 
parent  weights  are  9  Ibs.  and  4  Ibs. ;  find  the  ratio  of  the  arms. 

3.  An  article  placed  in  one  pan  of  a  balance  weighs  425  grains,  in  the  other  40 
grains.     What  is  its  correct  weight  ? 

4.  A  body  is  weighed  first  in  one  pan  and  then  in  the  other  pan  of  a  balanc 
with  unequal  arms ;  the  apparent  weight  of  the  body  in  the  first  experiment  i 
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grammes.     Find  the  true  weight  and  the 
:  the  arms. 

a  shopkeei*?r  use  a  false  weight  of  15|  oz.  for  a  i>ound,  what  will  a  true 
hundredweight  appear  to  weigh? 

v  bar,  3  feet  4  inches  Ion:,',  rests  horizontally  over  a  peg,  with  two 
Ibs.  respectively  hung  at  its  • 

-:iialh-r  weight. 

7.  The  arm  of  a  steelyard  is  30  inches  long,  the  distance  of  the  support  i  i.  _• 

:•  an  inch.     What  is  the  greatest  mass 
can  be  measured  by  means  of  a  movable  weight  of  14  Ibs.? 
yard  takes  a  hori/ 
;tt  a  distance  of  •>  inches  f i o:n  the  point  of  suspension;  to  balance  a 

.ust  be  ph 
•  he  matt  of  t : 
.  well-balanced  dogcart  when  loaded  wit  mail  to 

!se'»  back.     If  tlie  distance  betw. 
vet,  find  the  j»osition  of  the  centn- 
li».     .  ,",  a  ma**,  hanging  fn> 

the  matt. 

IL  A  valve,  3  inches  in  diamet  lown  by  a  1 

lengtl   of  the  lever  being  10  inchen,  ami  the  val 

A  the  preMure  |«er  «quan  lie  valve  wl 

liung  at  the  en  er  b  25  Iba.,  dicregarding  the  w 

]«  \<  : 

\  safety  valve  having  an  area  of  4  square  inches  is  kept  down  by  means  of 
a  le\     .  nged,  and  t  in  attached. 

•lie  valve  at  one  ti  length  from  the  hinge. 

.\ii.niin  pretttne  per  s«iuare  inch  which  the  valve  will  stand. 
V  mass  of  3  Ibs.  is  suspended  from  a  lever  at  a  distance  of  SB  1 1n- 

fold   in  ;  at  what  :  ••  same  side  of  the  fulcrum  mint  a  forc«  of  2  oz.  act 

toba  oicethewtu  .att? 

[   14.  two  men  are  to  carry  a  block  of  iron  of  176  Ibs.  suspended  from  a  \, . 
^B    I  feet  long,  each  man's  shoulder  being  1  foot  C  inches  from  hi*  own 
the  ]    le ;  at  what  jwint  of  the  pole  must  the  block  be  »'; 
one  t    the  HMD  may  bea  weight  borne  by  the  <>t 

1       Two  parallel  forces  act  at  tw<  •;  inches  ai 

^•DI  to  directions ;  their  resultant  it  a  force  of  1  ll>.  acting  :tt  | 

i.e  larger  of  the  force*.     Determine  the  amounts  of  the  forces. 
16.    llevti  •  long,  ha»  • 

A,  and  one  of  17  Ibs.  f :  •  ting  the  w«-i 

.1  weight  of  2'ft  Ibs.  be 
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17.  Where,  in  the  above  case,  must  the  centre  of  gravity  be  if  we  are  justified 
in  putting  the  weight  of  the  lever  out  of  the  question  ? 

18.  A  uniform  bar  12  feet  long  is  supported  by  two  men,  one  of  them  at  an 
end ;  where  must  the  other  be  in  order  that  he  may  support  three  fifths  of  the 
whole  weight  ? 

19.  Three  men  are  to  carry  a  log  which  is  of  uniform  size  and  density,  and  has 
a  length  of  12  feet.     If  one  of  the  three  lifts  at  an  end,  and  the  other  two  lift  by 
means  of  a  lever,  how  ought  the  lever  to  be  applied  in  order  that  each  man  may 
bear  one  third  of  the  weight  ? 

20.  A  rod  AB  weighing  10  Ibs.  is  found  to  balance  about  a  point  8  feet  distant 
from  A  ;  a  weight  of  6  Ibs.  is  then  fastened  to  A  ;  about  what  point  will  the  rod 
now  balance  ? 

21.  A  rod  AB,  whose  length  is  5  feet,  and  mass  10  Ibs.,  is  found  to  balance 
itself  if  supported  on  a  fulcrum  3  feet  from  A  ;  if  this  rod  were  placed  horizon- 
tally on  two  points,  one  under  A  and  the  other  under  B,  what  pressure  would  it 
exert  on  each  point? 

22.  A  uniform  bar  20  inches  long  and  weighing  2  Ibs.  is  used  as  a  common  steel- 
yard, the  fulcrum  being  5  inches  from  one  end.     Find  the  greatest  mass  which 
can  be  weighed  with  a  movable  weight  of  4  Ibs. 

23.  Forces  equal  to  the  weights  of  1  lb.,  2  Ibs.,  3  Ibs.,  4  Ibs.  act  along  the  sides 
of  a  square  taken  in  order ;  find  the  magnitude  and  line  of  action  of  their  re- 
sultant. 

24.  A  uniform  beam  18  feet  long  rests  in  equilibrium  upon  a  fulcrum  2  feet 
from  one  end  ;  having  a  weight  of  5  Ibs.  at  the  farther  and  one  of  110  Ibs.  at  the 
nearer  end  to  the  fulcrum  ;  find  the  weight  of  the  beam. 


SECTION  XXXVIIL— GEAVITATIOX. 

ART.  168. — Law  of  Gravitation.  The  law  of  gravitation,  for- 
mulated by  Newton,  asserts  that  the  attractive  force  between 
any  two  particles  of  matter  is  proportional  to  the  mass  of  the 
attracted  particle  and  to  the  mass  of  the  attracting  particle,  and 
is  inversely  proportional  to  the  square  of  the  distance  between 
them.  Hence  it  is  exprebsed  by 

k  F  =  M  attracted  by  M  attracting  per  (L  distance)2. 
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unit  of  force  F  might  be  defined  by  means  of  this  law,  by 
milking  /;=  1  :  but  when  it  is  defined  as  in  Art  141,  then  k  is 
not  1,  unless  by  chance. 

r.  169.— Intensity  at  Unit  Distance.     When  the  attracting 

constant,  say  m  M,  wo  deduce 
nik  F=  M  attracted  per  (L  distance)2. 
led  the  intensity  of  the  attraction  at  unit  di>ta 
further,    the  ,  say  </  L. 

^F=M  attract. 

•a  at  a  given  distance. 

170.— Intensity  of  a  Field.     Kound  any  <i  n  of 

matter  there  is  a  field  of  force, and  at  each  point  of 
is  a  .-alue  for 

F  per  M  attracted. 

Tlit  resultant   of   the   sc 

inte  to  the  t    elements    of   matter 

dist  ibution. 

|   A  body  of  spherical  form  and  <•*  an 

•f  force  at  any  place  or  he  same  as  if  the  \\h-.l. 

:  \: , • :      .  . ,: 


,u 


L. — Potential.     When  a  j  ;•«  moved 

poei  ton  to  another  posi*  mount  of 

B  path  takrn.  ly  <,u  the 

star   ng  {>oint  and  the  final  }><>int.     This  gives  i;  --a  of 

of  potential,  which  means  the  amout:  ;  done  in  • 

mass  from  one  position  to  another.     It  is  mcasur< 
tenr  ,  of 

W  per  M  in-' 
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ELEMENTS  OF  THE  SUN  AND  PLANETS.* 


Name. 

Mean  Distance  from 
the  Sun. 

Mean  Diameter. 

Density. 

Sun, 

860,000  mile 

1-44  M  per  V  =  M 

per  V  of  w«ater. 

Mercury, 

35f  (106mile) 

2,992    „ 

6-9 

Venus, 

66f 

7,660    „ 

4-8 

Earth,      . 

m 

7,918    „ 

5-7 

Mars, 

141 

4,211     „ 

4-2 

Jupiter,    . 
Saturn,     . 

480 
881 

86,000    „ 
70,500    „ 

1-38 
•75 

Uranus,    . 

1771 

31,700    „ 

1-3 

Neptune, 

2775 

34,500    „ 

1-2 

Name. 

Period  of  Rotation. 

Relative  Weight  at 
Surface. 

Period  of  Revolution. 

Sun. 

25    to    26   days 
per  turn. 

27  -71  L  per  T  per 
Tat  surface  =L 

per  T  per  T  at 

surf  ace  of  earth. 

Mercury, 

24h.  5m. 

0-46 

87  '97  days  per  rev. 

Venus, 

23h.  21m. 

0-82 

224-70 

Earth, 

23h.56m.4-09s. 

1-00 

365-26 

Mars, 

24h.37m.22-7s. 

0-39 

686-98 

Jupiter, 

9h.  55m.  20s. 

2-64 

1  1  '86  years  per  rev. 

Saturn, 

lOh.  14m. 

1-18 

29-46 

Uranus, 

0-90 

84-02 

Neptune, 

0-89 

164-78 

EXAMPLES. 

Ex.  1.  How  far  would  a  body  fall  towards  the  earth  in  one 
second  from  a  point  at  a  distance  from  the  earth's  surface  equal  to 
the  earth's  radius  ? 

The  earth,  being  very  approximately  a  sphere,  attracts  as  if  its 
mass  were  situated  at  its  centre.  Hence, 

*  Newcomb's  Popular  Astronomy,  p.  542. 


URAVITATIOX. 
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i'uundal  =  IK  per  (radius)2, 

'1  radius, 
poundul  per  1 
34-  ft.  pi-:-  .sec.; 

V  }:-  1' 
1  we, 

.-.     v  :  ft- 

moon's  mass  is  136  x  I  the  moon's  radius 

:</'  ft.:  the  mass  of  the  earth  is  11,920  x  10*  lhs.;  the  radius 

1  x  10*  ft.     Find  1;  at  tin-  moon's  sur- 

a  second, 
trth  IKMI  ed. 

lb.  attm- 

lalperlb.  =  l  r.dist.)*, 

Hi.  iMT(;r7x  10"  r 

x!36xlO« 


poundal  j- 


32  x  21*  x  136 
ll,920x(5-7)' 

' 
1 


..  ft  per  sec.  per  sec ; 


KRCISE  XXXVIII. 

.-  VPOM  that  the  «rth  ihimak  until  it*  clUmeter  we»  6,000  milw,  what 
.,  the  effect  on  the  wdfht  of  an  inhabitant?    The  diameter  of  the  earth 
bap]    >xiinat«ly  8,000  mile*. 

we  .uppo«o  the  ma«  of  the  nan  to  be  300,000  time,  the  maw  of  the  earth, 
and  it    radiui  to  be  100  time*  the  n.  he  attraction  at  the  rar- 

face  <     the  sun  of  a  maM  which  at  the  surface  of  the  earth  i»  attracted  by  the  force 

I.I!.-     1 
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3.  The  diameter  of  Jupiter  is  10  times  that  of  the  earth,  and  its  mass  300  times 
that  of  the  earth  ;  by  how  much  per  cent,  of  his  former  weight  would  the  weight 
of  a  man  be  increased  by  being  removed  from  the  surface  of  the  earth  to  the  sur- 
face of  Jupiter  ? 

4.  The  intensity  of  gravity  at  the  surface  of  the  planet  Jupiter  being  about  2'G 
times  as  great  as  it  is  at  the  surface  of  the  earth,  find  approximately  the  time 
which  a  heavy  body  would  occupy  in  falling  from  a  height  of  167  feet  to  the  surface 
of  Jupiter. 

5.  Find  the  intensity  of  the  earth's  attraction  afc  the  distance  of  the  moon,  tak- 
ing 32  feet  per  second  per  second  as  its  value  at  the  surface  of  the  earth.     The 
diameter  of  the  moon's  orbit  is  480,000  miles. 


CHAPTER   FIFTH. 

THERMAL, 
IX.— TKMPBRATUB 

7_'. — General  Unit     The  temperature  of  a  body  is  its 
>nsidered  with  reference  to  ita  power  •  •!'  o.nmmiii- 
Uodies.    Any  unit  of  difference  of  tempera! 

;ia,  0. 

Jli.  Standard  Difference  and  Derived  Units.     For  a 

itai  Jai'l  iliflVrence  of  temperature  Newton  chose 
>et  .•»••  rmal  state  of  pure  water  when  freezing  and 

,il  state   of  the  same  substam 
ml  atmospheric  pressure. 

'  '1  .in  the  choice  of  a  standard,  there  is 

liv  r>;  e  mode  ot  ;i  unit     Tlio  degree  ot 

ici    is  the  onehun-.  standanl 

Hi  e  the  degree  of  C(  iun<ln-<lth  p.i 

:al   d  M'gree.     The  degree  of 

i  part  of  the  same  interval     Hence 

68, 

:it  =4  degs.  Rraunmr. 

:L— Scales   of  Temperature.     As  :  ,  an 

ff«I  nal  <|ii;uitity  it  is  neccs*.  HJH.II  an  ori^i-  ••  liirh 

o    eckon,  especially  as  the  state  of  no  temperature  < 
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Fig.24. 


directly  observed.  Fahrenheit  chose  for  origin  the  temperature 
which  is  32  of  his  degrees  below  the  freezing  point  of  water ; 

Celsius  and  Reaumur  chose  the 
lower  fixed  point,  namely,  the  freez- 
ing point  of  water.  In  Fig.  2-i 
the  three  scales  are  compared,  the 
Fahrenheit  directly  with  the  two 
so  others. 

By  the  following  rule  a  numerical 
comparative  scale  of  the  Centigrade 
and  Fahrenheit  degrees  can  be  easily 
drawn  out.  On  the  Centigrade 
scale  0  is  identical  with  32  on  the 
Fahrenheit ;  for  every  5  added  to 
the  0  add  a  9  to  the  32. 

For  the  absolute  zero  of  tempera- 
ture see  Art.  199. 

Observe  that  the  expression  n°  F. 
is  used  to  denote  a  temperature  ; 
while  the  expression  n  deg.  Fahr.  is 
used  to  denote  a  number  of  units  of 
temperature.  The  former  quantity 
is  ordinal,  the  latter  is  not. 

ART.  175.— Use  of  Scales.  The 
Centigrade  scale  has  been  generally 
adopted  where  the  metric  system 
has  been  adopted.  It  is  commonly 
used  along  with  the  C.G.S.  system. 
0  The  Fahrenheit  scale  is  very  gene- 
rally used  in  English-speaking 
countries  for  purposes  of  ordinary 
life,  and  also  for  those  of  science, 
though  the  Centigrade  scale  is  com- 

Centigrade    Fahrenheit   Reaumur 


I2O 

—  240— 

Qn 

nor> 

inn  • 

—  220— 

212     . 

~  2iO~~ 
—200— 

—  190— 
—  180— 

70 

—  170  — 

—  160  — 

—  150— 

GO 

—  140— 
—  130  — 

—  120  — 
—  110  — 

—100  — 
—  90  — 



30 

—  80  — 

—  70  — 

—60  — 

10 

—40  — 
32 

~30~ 
—  20  — 

-  10 

1  —  10  — 

-IO 

-  20 

_  o  — 
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miong  those  who  wish  their  results  to  be  readily 
That  of  lu-aumur  is  used  to  some  extent 
on  tiie  Continent  of  Europe  for  medical  and  d«>mestie  purpo 

F.\ 

Ex.  1.  The  point  of  nMndmomd  :rade. 

••i-d  by  on  tin-  Fahrenheit  scale  ? 
First,  to  com  to  Fahr.  decrees. 

Fahr.  =  100d 
i.-g.  Fahr.  = 
and 

1-1  d.--.  1 

Se<  degs. 

Fahi  .4  point,  whir'  p.  Fata  aboi 

/.•!'• 

I zy 

1 

»ceed  as  above,  fir-  ^reesFal 

I  lici   into  degrees  Centigrade,  and  th  i Agrees 

••d  to  degrees  CeDtignid.-.     liir 
ious  to  si.  11  niiinbr 

I  tin  i  'he  algebraic  remui 

9  dogs.  Fahr.  -5  degs.  <  out , 

(85 -32)  degs.  Fa 


78C.; 
..-28V 
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EXERCISE   XXXIX. 

1.  Convert  212  degrees  Fahrenheit  into  degrees  Centigrade  ;  and  100  degrees 
•Centigrade  into  degrees  Fahrenheit. 

2.  Express  300°  C.  and  200°  C.  in  terms  of  the  Fahrenheit  scale. 

3.  Express  500°  F.,  400°  F.,  300°  F.,  200°  F.,  100°  F.,  in  terms  of  the  Centigrade 
scale. 

4.  Express  the  British  standard  temperature  of  02°  F.  in  terms  of  the  Centigrade 
scale,  and  the  French  standard  temperature  of  3° '94  C.  in  terms  of  the  Fahrenheit 
^scale. 

5.  Express  327°  F.,  80°  F.,  70°  F.,  and  -  30°  F.  in  terms  of  the  Centigrade  scale 

6.  Express  on  the  Centigrade  scale  the  following  melting  points  : — . 

Lead,     -        -        -    630°  F.  Brass,    -  -    1869°  F. 

Zinc,     -        -        -    773°  F.  Copper,-        -        -    1996°  F. 

Silver,  -        -        -    873°  F.  Cast-iron,       -        -    2780°  F. 

7.  Express  on  the  Fahrenheit  scale  the  following  boiling  points  : — 

Alcohol,        -        -      78°  C.  Mercury,        -        -      357°  C. 

Ether,  -        -        -      35°  C.  Sulphuric  Acid,     -      338°  C. 

8.  The  following  melting  points  are  expressed  on  the  Centigrade  scale,  express 
-them  on  the  Fahrenheit  scale  : — 

Mercury,       -        -   -39° '44.  Tin,        -        -        -      235°. 

Sodium,         -        -      90°.  Iron,      -        -        -    1500°. 

9.  The  point  at  which  mercury  freezes  is  indicated  approximately  by  the  sam< 
number  on  the  Fahrenheit  and  Centigrade  scales.     Find  the  number. 

10.  At  what  point  are  the  numbers  on  the  scales  of  Fahrenheit  and  Reaumu 
identical? 

11.  Find  the  first  four  coincidences  above  the  freezing  point  of  the  Fahrenhei 
and  Centigrade  degree  divisions. 

12.  "What  temperature  is  denoted  on  the  Fahrenheit  scale  by  double  the  num 
her  it  is  denoted  by  on  the  Centigrade  scale  ? 


SECTION  XL.— HEAT. 

ART.  176. — General  Unit. — Heat,  being  a  species  of  energy 
can  be  measured  in  terms  of  the  unit  of  energy,  for  example, 
the  foot-pound,  or  the  erg,  or  the  joule  (Art.  226).     But  for  cei 
tain  purposes  it  is  found  more  convenient  to  define  an  independent 
thermal  unit,  which  can  afterwards  be  compared  with  the  unit 
of  energy.     Any  unit  of  heat  is  denoted  by  H. 
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.    177. — Thermal  Unit.      The   thermal   unit  is  commonly 

Mied  )>y  the  effect  of  heat  in  altering  the  temperature  of  a  stun 

•••hen  the  whole  of  the  heat  communicated  ur"es  to 

'luce  alteration  of  temperature.     The  substance  chosen  is  pure 

:er  ahout  the  temperature  of  its  maximum  density,  that  W,  1    ( '. 

The  amount  of  heat  required  to  In.-  communicated  : 

iter  to  chanire  its  temperature  from  the  MI'*  0  to  the  wf*  ©  i- 
proportional  to  the  mass  of  :  it  is  in.t  >nieth 

.rure  /,•  -  ///  0.      It  depends 

rticular  values  of  m  and  )>,  and  is  strictly  proportional 
ihVrence  of  temperature  only  when  the  d  iall. 

~sed  by  sayinir  that  the  value  /•  nf  th- 

H  =  M  of  water  liy  W  ditlrrencc 
<lei  or  average  temperature  of  the  chai 

16   variation  in   the  value   of  this  njuivalnier   is   sli-ht    for  the 
ran  en  0°  C.  and  4*  C.;  conseqi;  unit  of  heat  may 

be  c  efined  by 

1  H  =  M  of  water  l>y  0  differei; 

xact  purposes  the  change  i 
M  tinned, 

\f  -  Jtr.  178. — Special  Thermal  Units.     1  of  heat 

.!  -tained  according  to  the  special  units  of  mass  an  .-ra- 

adopted.    Some  of  these  have  no  special  na  use- 

ice  are  specified  1  mtities  on  which 

j  the  pound  of  water  l>j  I  >threnhnt,  whi 

ike  pound  of  water  by  degrte  Centiyrade ;  th 
MM  of  \caier  by  degree  Centigratl  . , ,  •  h 

•jramme  of  water  by  degree  Centigrade*     The  t  h  i  rd  • 

uui  a  is  denon  10  calorie,  and  the  fourth  i>  •Ien«.mi::.i:.  d  th*- 

sm>  'I  calorie. 

; .  1 70.— Dynamical  Equivalent  of  Heat.    Uy  the  merhaniral. 
or,   nore  appropriu  dynamics'. 
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the  value  in  terms  of  a  unit  of  work  of  a  thermal  unit  of  heat. 
By  his  experiments  Joule  has  found  that 

772-55  foot-pounds  =  pound  of  water  by  degree  Fahr., 
the  intensity  of  gravity  being  that  of  the  sea-level  at  Greenwich. 
For  ordinary  calculations  the  value  772  is  sufficiently  exact.     The 
value  for  any  other  unit  of  work  and  any  other  unit  of  heat  can 
be  found  by  the  arithmetical  process  of  conversion.     Thus 

9  degs.  Fahr.  ^5  degs.  Cent.. 

.-.     772  x  9  foot-pounds  =  5  pound  of  water  by  deg.  Cent., 
i.e.,       1,390  foot-pounds  =  pound  of  water  by  deg.  Cent. 
In  the  case  of  the  French  units, 

424  kilogrammetres  =  kgm.  of  water  by  deg.  Cent. 
It  is  customary  to  denote  by  /  any  one  of  these  three  factors. 

EXAMPLES. 

Ex.  1.  How  much  boiling  water  and  how  much  freezing  water 
must  be  taken  to  make  up  a  pound  of  water  at  blood-heat,  that  is, 
97°  Fahr.  1 

Suppose  x  Ib.  of  boiling  water,  then  1  —x  Ib.  of  freezing  water. 
The  change  of  temperature  in  the  first  case  is  212-97  deg. 
Fahr.,  therefore  the  heat  given  out  is 

x  (212  -  97)  Ib.  of  water  by  deg.  Fahr. 

In  the  second  case  the  change  of  temperature  is  97  -  32  deg.  Fahr., 
therefore  the  heat  taken  in  is 

(1  -  »)(97  -  32)  Ib.  of  water  by  deg.  Fahr. 
Now,  if  there  be  no  loss  of  heat  to  other  bodies, 


hence  x  =  JJ,  and  1  -  x  =  {}. 

Answer  —  ^f  Ib.  of  boiling,  and  f  f  Ib.  of  freezing  water. 
Ex.  2.  Reduce  pound  by  deg.  Cent,  to  ergs. 

1,390  foot-pounds  =  Ib.  of  water  by  deg.  Cent., 
1-356  x  107  ergs    =  foot-pound  ; 

.-.  1-356  x  1,390  x  107  ergs  =lb.  of  water  by  deg.  Cent., 
i.e.,  1-9  x  1010  ergs    =lb.  of  water  by  deg.  Cent. 
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no  of  Etamfbrd's  experiments,  a  hone  working  for 

'2  Imur.s  r>«»  mi:.  ::i{»eratiiiv  K,  equivalent  in 

Ihs.  of  water,  )>y  ISO  ,le-s.  Fahr.     Taking 
"i-k  of  one  horse  at  30,000  io<»t-p<mii<ls  JUT  minute,  calculate 
from  this  experiment  the  dynamical  equivalent  uf  heat. 
The  heat  pro'liio-il  was 

-  180  11  ». 
30,000  foot-poun<i 

.'.-ork  expended  was  150  x  30,000  foot 


Hen  '°  foot-pounds  =  Ib.  of  water  l,y  dcg  1 

•'  lu 

i.e.,     940  foot-pounds  =  11>.  of  water  by  deg.  I 


Reduce  pound  of  water  by  degree  Fahrenheit  to  ergs. 
Kin.l  the  n-latioii  between  the  pound  of  water  by  degree  Fahrenheit,  U 
raiunie  of  water  by  degree  Centigrade. 

The  temperature  of  a  fluid  U  ascertain*!  by  the  hand  to  be  the  aame  M  that 
3  pounds  of  water  taken  at  0°  C.  with  7  pounds  of  water 
i  at  100°  C. ;  what  u  the  temperature  of  the  flui.l  ? 

What  U  the  amount  of  available  heat  in  a  quart  bottle,  filled  with  water 
*  a.  and  capable  of  being  cooled  to  10 

A  mass  of  100  Ibs.  falls  100  feet,  a,  king  a  fixed  obstacle  rebounds 

:  t-t;  calculate  the  value  in  terms  ho  work 

I  I 

6.  A  leaden  bullet  of  2  ox.  strikes  a  target  at  a  speed  of  1,000  feet  per  sec,,  and 
s  ipped.    Find  in  terms  of  the  British   u  •    heat 

ated  in  the  impact  ? 

7.  rhe  Niagara  Falls  are  IK  feet  in  height.     Find  by  how  much  the  tempera. 

the  water  will  be  increased  by  the  fall,  »u|»|HMtng  that  the  whole  energy 
1  ti  •  water  due  to  the  fall  is  transformed  into  heat 

.  en  that  the  frictional  resistance  to  a  passeng. 

:  what  is  the  amount  of  work  done  agn:  .  tons 

ig<  og  a  journey  of  10  miles?    Also  what  is  the  amount  of  heat  developed ? 
9.    Jy  the  consumption  of  a  gramme  of  carbon  8,000  units  of  heat  arc  produced  ; 
'  40  wr  cent,  of  this  be  employed  in  raising  a  mass  of  one  gramme,  how  high  will 

«ed,  the  intensity  of  gravity  being  981  em.  per  sec.  per  »• 
r 
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10.  The  combustion  of  one  pound  of  coal  raises  the  temperature  of  100  gallons 
of  water  through  4*4  degrees  Cent.     What  is  the  mechanical  equivalent  of  the 
absolute  thermal  effect  of  the  coal? 

11.  An  engine  consumes  40  Ibs.  of  coal  of  such  calorific  power  that  the  heat 
developed  by  the  combustion  of  one  Ib.  is  capable  of  converting  16  Ibs.  of  water 
at  100°  C.  into  steam  at  the  same  temperature,  and  during  the  process  the  engine 
performs  16  x  107  foot-pounds  of  work.      What  percentage  of  the  heat  produced 
is  wasted  ? 


SECTION  XLL—  THERMAL  CAPACITY. 

ART.  180.  —Thermal  Capacity  per  Unit  Mass.  The  thermal 
capacity  per  unit  mass  of  a  substance,  commonly  called  the  thermal 
capacity,  is  the  number  of  units  of  heat  required  to  raise  unit  of 
mass  of  the  substance  one  degree  in  temperature.  It  is  expressed 
in  the  form 

c  H  =  M  of  substance  by  0  difference. 

The  value  of  c  varies  from  temperature  to  temperature,  increasing 
as  the  temperature  gets  higher. 

When  H  is  denned  as 

1  H  =  M  of  water  by  ©  difference, 

the  thermal  capacity  of  water  is  evidently  1,  unless  the  tempera- 
ture of  the  water  differs  much  from  the  temperature  at  which  the 
unit  is  denned. 

When  the  mass  is  constant,  say  m  M,  then 

me  H  =  ©  difference. 
This  equivalence  expresses  the  thermal  capacity  of  a  body. 

When,  on  the  other  hand,  the  interval  of  temperature  is  con- 
stant, tfj  0  to  t2  0,  we  have  a  rate  of  the  form 

k  H  =  M  of  substance. 

When  tt  —  ti  is  large,  k  is  not  equal  to  ft  — *i)c,  unless  c  is  the 
average  value  of  the  thermal  capacity  for  the  interval. 


THERMAL  CAPACITY. 


AKT.  1>1. — Thermal  Capacity  per  Unit  Volume.     ( liven  the 
ity  per  unit  i;  iiice  as 

H  =  M  of  -  i>y  0  difference, 

as 

,,M  =  V: 
!iminatiii_  M 

pc  H  =  V  of  substance  l»y  0  difference. 
:  esses  what    is   culled   the    thermal  per   unit 

voln: 

When  the  unit  of  heat  is  defined  in  terms  of  A'.  !  the 

of  mass  l>y  fc]  y  per 

unit  volume  for  water  is  1,  mil.  .itiue  of  tin- 

fers  grc  its  standard  temperature. 

ART.  182.-  Relative  Heat  and  Specific  Heat.  mal 

s  of  two  substances  .7  and  JJ  be 
H  per  M  «-t' ./     0 

kH  i  •  :  M  of  7;  =  8d' 
H          M  •  •          H  •       M 
units  ot' 

substance  --/    art-  Mt   in   respect  of  the 

ire  to  C,  i;  it  mass 

H 

Itocomes  t 
all;.  mal  rap.  i  the 

i  t<»  unit  of  mass, 
'he 

M  o  ,v,  r/i  .  0 

M 
rl  ch  is  a  ratio  so  far  as  •  units  are  CM 

tie  is 

heat  u: 

H  IM-I-V  .-!'./     H 
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and  that  the  specific  heat  referred  to  volume  will  be 
&£  M  of  water  by  ©  difference  per  V  of  A  =  M  of  water  by  © 

difference  per  V  of  water, 
where  s  denotes  the  value  of  the  specific  mass  of  A. 

ART.  183.— Resistance  to  Change  of  Temperature;  Water 
Equivalent.  Suppose  that  the  thermal  capacity  of  a  substance 
A  is 

Cj  H  =  M  of  A  by  ©  difference, 
and  of  a  substance  B 

c2  H  =  M  of  B  by  0  difference. 
By  taking  the  reciprocals  we  get 

1/Cj  M  of  A  =  H  per  ©  difference, 
and  1/Ca  M  of  B=  H  per  ©  difference  ; 

therefore  c^  M  of  A  =  M  of  B. 

This  expresses  equivalent  masses,  the  equivalence  being  in  respect 
of  resistance  to  change  of  temperature. 

When  B  denotes  water  and  H  is  defined  in  terms  of  water 
(Art.  177)  c2  is  1,  and 

Cj  M  of  water  =  M  of  A. 
This  is  the  water  equivalent  of  unit  of  mass  of  the  substance. 

When  a  body  contains  m^  M  of  substance  A,  m.2  M  of  B,  and 
77?3  M  of  C,  then  its  water  equivalent  is 

WjCj  +  m.2c.2  -h  m3cs  M  of  water. 
In  a  similar  manner  we  derive 

Afc/fto  V  of  A  =  V  of  B, 

which   expresses  equivalent   volumes  with  respect  to  the  same 
property. 

When  A  is  water  about  its  standard  temperature 

sc  V  of  water  =  V  of  substance  ; 
this  expresses  water  equivalent  referred  to  volume. 
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:>  TO  MASS  OF  SOLIDS  AND  LIQUIDS. 

H  per  M  of  substance  =  H  JR-I-  M  of  water, 
<,r  *  M  of  water       M  of  substance. 


'  tht 

Pure  substances  in  (lie 

solUi 

« 

solid  state—  cont. 

I 

Aluminium, 

Sulphur, 

•18 

Antimony, 

-         -         -         - 

-066 

Bismuth,    .... 

•030 

.         .         . 

Cadmium. 

Copi*  •: 

.         .         .         . 

Artificial  substances  in 

the  solid  - 

:ite,   • 

Brasa,    .... 

•09 

. 

Glaas,    .... 

•19 

Iron,  - 

•  1  1  :: 

.--.. 

•M 

Lead, 

11%  {Dad 

0ptf«fc 

Nickel, 

•109         Alcohol, 

•f,.) 

Flaaiuni.. 

•«.:;:; 

Chloroform, 

- 

• 

- 

<>.-„; 

Par  . 

"" 

M 

TurjHMitine,    - 

•50 

IRT  L84,     The  Two  Specific  Heats  of  a  Gas.    Let  the  s]>< 
jie  t,  rrl.MT.-.l  t.,  muss,  at  roi^tant  pressure  be 
1  per  M  <  t'^as  at  const  ant  pressure  -H  j»-i  M 

ed  to  mass,  at  constant  IK?, 

>,  I  I  1       M  M         M  of  water  about 

i  we  oY<; 
,     H  per  M  of  ga«  at  constant  pressure-  H  ]>< T  M  at  constant 


'  be  valu*-  of  gf  for  a  substance  can  be  <l<-t<-nnin<-.l  \ 


t';t<ilitv,   Kut    the    dft. T!. 
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difficulty.  The  value  of  sp/sv  can  be  determined  from  independent 
considerations,  and  is  found  to  be  about  1  '405  for  a  perfect  gas. 
Air,  oxygen,  nitrogen,  and  hydrogen,  in  their  ordinary  state 
approximate  to  the  ideal  perfect  gas.  In  the  following  table  the 
best  experimental  values  of  these  three  ratios  are  given. 

The  values  of  sp  and  s,  are  also  the  values  of  the  thermal  cap- 
acities, when  H  is  a  water-unit. 

SPECIFIC  HEAT  OF  A  GAS  AT  CONSTANT  PRESSURE,  AND  AT  CONSTANT 
VOLUME  ;  AND  THE  RATIO  OF  THE  FIRST  TO  THE  SECOND  ACCORDING  TO 
INDEPENDENT  EXPERIMENTAL  DETERMINATIONS. 

sp  H  per  M  of  gas  at  constant  pressure=H  per  M  of  water  about  4°  C. 
sv  H  per  M  of  gas  at  constant  volume  =  H  per  M  of  water  about  4°  C. 
8P/8V  H  per  M  of  gas  at  constant  pressure =H  per  M  of  gas  at  constant  vol. 


Gas. 

*P. 

89, 

*/* 

Air,       - 

•238 

•168 

1-40 

Oxygen, 

•218 

•155 

Nitrogen, 

•244 

•173 

Hydrogen,     - 

3-41 

2-41 

1-39 

Chlorine, 

"12 

•0928 

1-32 

Muriatic  acid, 

•19 

•130 

1-39 

Carbonic  acid, 

•20 

•172 

1-30 

Steam, 

•480 

•370 



Marsh  gas,    - 

•593 

•468 

Olefiant  gas  - 

•388 

•359 

l'-22 

Chloroform,  - 

•146 

•140 

Ammonia, 

•52 

•391 

i-30 

Ether,   - 

•46 

•453 

EXAMPLES. 

Ex.  1. — Find  the  amount  of  heat  which  must  be  given  to  an 
iron  armour  plate  8  feet  long,  7  feet  wide,  and  1  foot  thick,  in 
order  to  heat  it  from  12°  C.  to  900°  C.,  assuming  that  its  mean 
specific  heat  may  be  taken  at  -2. 

•2  Ib.  of  water  =  Ib.  of  iron, 
480  Ibs.  of  iron  =  cubic  feet, 
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1 80x8  x  7  11..  «.f  water, 
900- IL'  '      .:.  difference; 

.-.      -3  <  480  x  8  x  7  x  888  11..  of  water  l.y  do-.  Cent, 
•1-7  -.  LO 

/.   .  2.     'I'M  grammes  of  :    (J1D   having  been 

rammes  of  oil  of  turpentine  at  13°,  the  tempera- 
ture of  the  mixture  was  16°.      Fiii'l  from  tlie.se  data  the  specific 
heat  of  sodic  chloride,  supposing  no  loss  or  gain  of  heat  to  have 
•  in  without,  and  fa  Ix-at  of  oil  of 

at  0-428. 

:S  gm.  water  =  gm.  oil  of  tin-pent: 

r_'~>  -in.  oil  of  turpentine; 

!•; 

3x1  -  calories. 

*  gm.  water  =  gm.  sodic  chlor; 
10  gm.  s< 

10  *  gm.  wat 

•  I  -  16deg.  Cent  full; 

75  x  10  s  calories. 

4  there  is  no  loss  or  gain  of  heat  ft  it, 

3  x  125  x -428  =  75  x  1 
,-     -JM. 
H«  ice  -1  I  gm.  water  =  gin.  sodic 

^bserve — When  grammes  are  mentioned,  th  ido  scale 

nderstoocL 

0  a  calorimeter  at  the  tempera1  16*  C.  are 

>wn  8*5  gms.  of  water  at  a  temperature  of  84"  C., 
M  perature  of  >  becomes  18-5*  C.     V> 

ivalent  of  the  calorimeter  t 
8-5  x  (84- 18-5)  gm.  « 
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The  change  of  temperature  of  the  calorimeter  is 
18*5  -  16  deg.  Cent.;  therefore  the  equivalent  of  its  mass  is 

8-5  x  (84 -18-5) 
-18-5-16     ;gm'Qfwater> 

i.e.,         222 '7  gm.  of  water. 

Ex.  4.  A  leaden  bullet,  weighing  2  ounces,  strikes  a  target  with 
a  velocity  of  1,400  feet  per  second,  and  is  stopped.  Find  the 
whole  heat  generated  in  the  impact.  Find  also  the  rise  of  tem- 
perature of  the  bullet,  supposing  that  two-thirds  of  the  heat  gene- 
rated goes  to  warm  the  bullet. 

J  foot-poundal  =  Ib.  by  (ft.  per  sec.)2, 
J  Ib.  by  (1400  ft.  per  sec.)2 ; 


-  '-  foot-poundal, 
2x8 

1  foot-pound  =  32 -2  foot-poundal, 
1  Ib.  of  water  by  deg.  Fahr.  =  772  foot-pound ; 

•'•     sriSirfw lb- of  water  by  deg- Fahr" 

i.e.,         4-925  lb.  of  water  by  deg.  Fahr. 
This  is  the  whole  heat  generated  in  the  impact. 
The  heat  communicated  to  the  bullet  is 

f  x  4-925  lb.  of  water  by  deg.  Fahr., 
10,000  lb.  of  lead  =  314  lb.  of  water  • 

...         2*4-925x10,000  lb.  of  lead  by  deg.  Fahr. 
o  x  o  14 

But  the  bullet  contains  J-  lb.  of  lead  ; 
therefore  its  rise  of  temperature  is 

2  x  4-925  x  10,000  x  8  ,       F  , 
3  x  314 

i.e.,         836  deg.  Fahr. 
This  is  more  than  sufficient  to  raise  it  to  its  melting  point. 
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ra. 

1.  <  me  iK>ui!»l  of  boiling  water  at  100  C.  i*  placed  in  contact  with  one  pound  of 
mercury  at  0'  C.,  anil  heat  is  transmitted  from  the  wau-r  to  the  mercury  until 

lie  same  temperature.      Calculate  this  temperature. 

10  lb«.  of  mercury  at  the  temperature  of  freezing  water  were  poured  into 
»  TC*>'  „'  'i  Ib*.  of  wat-  ,  how   much   would    the  water    he 

ball  of  platinum  whose  mass  U  200  grammes  is  removed  from  a  furnace 

:, -s  of  water  at  0'.    If  we  suppose  togain 

all  tli-  I..-.IT  which  th«  -platinum  loses,  and  if  the  temperature  of  this  water  rises  to 

temperature  of  the  furnace. 

4.  Two  Ibs.  of  mercury  at  100'  C.  are  dropped  into  on  water 

at  10  •  red  about  with  the  w.  the  final  temperature  of  the 

water  ami  mercury. 

GO  ounces  mass,  and  at  the  temperature  of  100'  C.,  is  im- 
mened  in  130  ounces  of  water  at  S  -  '  mperature. 

heat  yielded  by  one  kilogramme  of  water  in  cooling  down 
100*  C.  to  0*  C.  were  employed  in  heating  ten  kilogrammes  of  mercury  initially  at 
-20  C.,  to  what  temperature  would  the  mercury  be  raised? 

7.  \:  :•  'ii  saucepan  weighing  two  kilogrammes  contains  1*5  litres  of  water. 
Giv.  a  that,  when  the  vessel  and  its  contents  are  heated  from  0*  to  80',  the 
wat  r  absorbs  6'58  times  as  much  beat  as  the  saucepan,  determine  the  specific 

ht-j.     -f  th-  l.itt,  r. 

!    8.  The  specific  heat  or  -w  many  pounds  of  iron  at  250*  O.  must 

be  i  troduced  into  an  ice  calorimeter  in  order  to  produce  2  pounds  of  water? 

9   The  niass  of  a  copper  e*k>rimeter  uid  st^ 

of  v  iteratiy-SC.  are  put  in;  when  85  grammes  of  a  metal  at  a  temperature  of 
98*    i  dropped  in,  the  resulting  temperature  i  M  specific  heat  of 

• 

Two  hundred  grammes  of  sine  are  heated  to  the  temperature  of  90*  0.  and 

'  200  grammes  of  water  contained  in  an  in  :i  calorimeter  baring  the 

ten.  eratun-  14  (.'.     Assuming  that  all  the  heat  lost  by  the  line  U  transferred  to 

th.    rater  and  calorimeter,  and  that  the  water  equivalent  of  the  calorimeter  is  14 

grai  mes  ;  find  the  temperature  to  which  the  water  rises. 

The  mass  of  a  copper  calorimeter  is  110  grammes ;  400  grammes  of  water 

temperature  of  18*  C.  are  pat  into  the  calorimeter ;  and  then  GO  grammes 

of  .  lubstance  which  has  been  heated  to  98*  C.  are  placed  in  the  water  whose 

ten.  erature  is  now  found  to  be  L'l  the  spedfio  heat  of  the  substance. 

H    280  grammes  of  zinc  are  raised  to  the  temperature  of  9T,  and  immersed 
grammes  of  wat  1  in  a  copper  calorimeter  weighing  96 
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grammes.  What  will  be  the  temperature  of  the  mixture,  supposing  that  there 
is  no  exchange  of  heat  except  among  the  substances  mentioned?  What  is  the 
water-equivalent  of  the  calorimeter  employed  ? 

13.  The  mechanical  equivalent  of  heat  is  1,390  foot-pounds  =  pound  of  water 
by  deg.  Cent.;  if  the  standard  substance  were  iron   instead   of   water,   what 
would  be  the  value  of  the  equivalent  ? 

14.  How  much  will  a  mass  of  copper  be  raised  in  temperature  by  striking  a 
hard  non-conducting  surface  after  a  fall  of  368  feet  ? 

15.  A  bullet  moving  at  1,605  feet  per  second  strikes  an  iron  target ;  how 
much  is  its  temperature  raised  ? 

16.  With  what  velocity  must  a  mass   of   iron   strike  a  hard  non-conducting 
substance  to  have  its  temperature  raised  by  one  degree  Centigrade  ? 


SECTION  XLTL—  LATENT  HEAT. 

ART.  185.—  Latent  Heat.  The  latent  heat  of  a  substance  is 
the  quantity  of  heat  which  must  be  communicated  to  unit  mass  of 
the  substance  in  a  given  state  in  order  to  convert  it  into  another 
state  without  any  change  of  temperature.  It  is  expressed  in  the 


fonn  -M  changed. 


When  the  unit  of  heat  is  defined  as  in  Art.  177,  the  above  rate 
becomes 

I  M  of  water  by  0  -  M  of  substance. 

As  the  unit  of  mass  appears  in  the  same  mode  on  either  side  of 
the  equivalence,  the  value  of  I  is  independent  of  the  unit  of  mass, 
depending  only  on  the  unit  of  temperature. 

ART.  186.  —  Changes  of  State.  There  are  two  changes  of  state 
of  the  kind  referred  to,  and  each  has  a  different  name  according 
to  the  direction  of  the  change.  A  substance  may  change  from 
the  solid  to  the  liquid  state,  or  oppositely,  from  the  liquid  to  the 
solid  ;  and  it  may  change  from  the  liquid  to  the  gaseous  state,  or 
oppositely,  from  the  gaseous  to  the  liquid.  These  changes  are 
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respectively,   li«[iu:  r   fusion,    solidification, 

ization,  •  'ion. 

A~  '    on  the  change  from  li-piM 

:il,  the  hi*  ;  or  solidification  is  constant. 

a  liquid  togas, 

ll    on  the 

•  which  the  ch  ici».      If  heat  is  ahs..rl>ed  in 

en  out  in  the  op;  taqge  and  aooording 


7.—  Total  Heat.      I5y  total  heat  is  meant  the  number  of 

iass  of  a  substance 

.d  in.  -lu.  ling  a 

o  of  state.     '1  'in  water 

C.  to  steam  at  100°  C.,  an  i 

II..  of  water  l.y  «1-  ater  changed. 


•ATI  NT  HKA 

I  M  r 


\T  THE   I>RESSURE  OF 

ONE  ATMOSPHERE. 


of  water  by  deg.  Cent,  per  M  of  substance  changed. 


F      -!    I 

.-. 

VAfOKIZA 

i:    N. 

-  teem  •••. 

*,«,,. 

i. 

Bi   •until. 

M7 

Alcohol. 

78 

l-j 

0 

Ir-  i.  grey  east, 

23 

bon, 

46 

'."i 

L«   d,- 

5-61 

H 

46 

4-6 

4s 

M 

'.''.''• 

•Jl  1 

IT,      • 

m 

1 

i 

n  i 

236  PHYSICAL  ARITHMETIC. 

EXAMPLES. 

Ex.  1.  The  latent  heat  of  fusion  of  ice  is  79*25  in  terms  of  the 
degree  Centigrade.  Express  this  constant  in  terms  of  the  degree 
Fahrenheit. 

79'25  M  of  water  by  deg.  Cent.  =  M  melted, 

-f  deg.  Fahr.  =deg.  Cent.; 

.-.     79-25  x  |  M  of  water  by  deg.  Fahr.  -  M  melted, 
i.e.t     142-65  M  of  water  by  deg.  Fahr.  =  M  melted. 

Ex.  2.  One  pound  of  boiling  water  is  poured  over  two  pounds 
of  powdered  ice ;  what  will  be  the  temperature,  and  what  the 
physical  condition  of  the  result  ? 
Since  the  latent  heat  of  water  is 

79  Ib.  of  water  by  deg.  Cent.  =lb.  of  ice  melted, 
it  will  require  158  of  these  units  of  heat  to  melt  the  2  pounds  o 
powdered  ice.  But  the  reduction  of  the  one  pound  of  boiling 
water  to  the  temperature  of  0°C.  can  give  only  100  units  of  heat 
hence  a  portion  only  of  the  ice  will  be  melted.  Suppose  x  Ibs. 
then 

x  x  79  =  100, 
#=1-27. 

Hence  the  resulting  temperature  will  be  that  of  melting  ice.  am 
1-27  Ibs.  of  the  ice  will  be  melted. 

Ex.  3.  Assuming  the  latent  heat  of  melting  ice  to  be  142,  tha 
of  steam  at  212°  to  be  966,  and  the  specific  heat  of  ice  to  be  0-5 
find  the  temperature  of  a  solid  weighing  40  Ibs.,  and  having 
constant  specific  heat  0*1,  which  on  being  plunged  into  1  Ib.  o 
snow  at  temperature  zero  would  just  convert  it  into  steam  at  212° 
supposing  that  no  heat  is  received  from  or  imparted  to  any  othei 
bodies  by  the  ice  and  the  solid. 

The  total  heat  of  the  Ib.  of  snow  is 

32  x  -5  +  142  +  180  +  966  Ib.  of  water  by  deg.  Fahr. 
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! -atnre  of  the  solid  is  /*  F.,  then  the  heat  it 

• 

40  x  •!(/-  212)  11).  ..f  water  l.y  de-   Fahr. 
He:  4(/-212)  =  l. 

/  =  538. 
Ansicer— 538°  Fahr. 

it  of  fusion  of  ice  is  79-5,  and  its  specific 
'0°  C.  are  immersed 

and  water,  ami  tin-  volume  of  the  miv 

ire.     Find  the  sj.-  ietaL 

10  gm.  <>: 

and  100  deg.  Cent 
100  x  10*  gm. 


i   - 


1000 


water; 


o=scc,  water; 


inference ; 


•  x83 
79-5 


1,000x83 

'.  x  917  x  7 
"  1,000  x  83  x  1,000' 

•11. 
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EXERCISE  XLII. 

1.  1-6  Ib.  of  ice  at  0°  C.  mixed  with  9  Ib.  of  water  at  20°,  yielded  10 '6  Ib.  of 
water  at  5°;  find  the  latent  heat  of  water. 

2.  If  a  Ib.  of  ice  at  0°  C.  be  dropped  into  2  Ibs.  of  water  at  26° '5  C.,  how  much 
of  the  ice  will  be  melted  ? 

3.  How  much  ice  at  0°  C.  can  be  converted  into  water  at  0°  C.  by  an  ounce  of 
steam  at  100°  C.,  if  we  assume  heat  to  be  transmitted  from  the  steam  only  to 
the  ice  ? 

4.  How  much  steam  at  100°  C.  is  required  to  raise  the  temperature  of  54  ounces 
of  water  from  0°  C.  to  100°  C.  ? 

5.  How  many  pounds  of  steam  at  100°  C.  will  just  melt  20  pounds  of  ice 
At  0°  C.  ? 

6.  It  is  found  that  a  kilogramme  of  water  at  100°  C.,  mixed  with  a  kilogramme 
of  melting  snow  without  loss  of  heat,  gives  two  kilogrammes  of  water  at  the  tem- 
perature of  10° '36 ;  find  the  latent  heat  of  water. 

7.  One  Ib.  of  steam  at  100°  C.  is  passed  into  a  vessel  containing  5  Ibs.  of  water 
.at  the  temperature  of  20°  C.,  and  then  condensed.     What  will  be  the  tempera- 
ture of  the  mixed  steam  and  water? 

8.  Half  a  pound  of  powdered  ice  is  mixed  with  4  pounds  of  water  at  8°  C. ; 
what  is  the  result,  and  what  the  final  temperature  of  the  mixture  ? 

9.  It  is  found  as  the  result  of  experiment  that  25  grammes  of  copper  at  the 
temperature  of  100°  C.  are  just  sufficient  to  melt  2*875  grammes  of  ice  at  0°,  so 
that  water  and  copper  are  finally  at  0°.    Find  from  these  data  the  specific  heat  of 
copper  ? 

10.  If  a  pound  of  steam  at  100°  C.  be  injected  into  a  gallon  of  water  at  15°  C., 
calculate  the  temperature  to  which  the  water  will  be  raised. 

11.  Into  a  mass  of  water  at  0°  C.,  100  grammes  of  ice  at  - 12°  are  introduced  ; 
7*2  grammes  of  the  water  freeze  about  the  lump  immersed,  while  its  tempera- 
ture rises  to  zero.     "What  is  the  specific  heat  of  the  ice  ? 

12.  By  proper  arrangement  a  vessel,  whose  capacity  for  heat  is  to  be  neglected, 
containing  10  grammes  of  water,  is  reduced  in  temperature  15  degrees  Cent,  be- 
low the  freezing  point  of  water.     A  small  spicule  of  ice  is  then  dropped  in  ;  cal- 
culate the  quantity  of  ice  formed. 

13.  Two  kilogrammes  of  steam  at  100°  are   conducted  into  a  copper  vessel 
weighing  J  kilogramme,  and  containing  30  kilogrammes  of  water  at  the  tempera- 
ture of  10°  ;  find  the  temperature  of  the  resulting  mass  after  condensation, 
supposing  no  heat  to  be  lost  by  radiation. 

14.  The  heat  produced  by  the  complete  combustion  of  one  gramme  of  carbon  in 
a  calorimeter  can  convert  100  grammes  of  ice  at  0°  C.  into  water  at  0°  C.     How 
many  grammes  of  water  could  be  raised  by  the  same  amount  of  heat  from 
0°  C.  to  1°  C.? 
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•TloN    XLm— EXPANSION    <  >F  SOLIDS 
AND    LK'riDS. 

r.  188.— Rate  of  Linear  Expansion.  The  expansion  of  a 
ance  in  the  form  of  a  bar  is  proportional  to  the  original 
:i  of  the  bar,  and  to  the  change  of  temperature,  provided  that 

'.I      Hence  the  rate  «>f  expansion 
:  e>sed  in  the  form 

L  ;•    :   maul      L  by  ©  difference, 

a  L  L  al  =  0  d: 

or  a  L  increment  per  L  original  per  0  ditl'erence. 

It  U  I  this  rate  tliat  its  value  18 

endent  of  the  magnitude  of  the  unit  of  length,  and  de; 

call  -d   tli-  '  :•  per 

deg  T  as  the  case  m a     be,     I  n  the  case  of 

mo  t  substances  varies  s]  t  original  temperatures. 

'  liis  rate  is  -  natuie  t«»  i.»- 

leu  t)  ;c  the  place  of 


89.-    Coefficient  cf  Expansion  and  Mean  Rate  of  Ex- 
sion.     Wl  h  the 

I  is  raised  is  constai 

;  it  is  expressed  in  terms  of 

A- L  L          naL 

a  rate  of  expansion  for  an  interval  is 
nt  the  o«  xinsion  f<  by  the 

Kt  and  the  !»<•: 
same  as  each  ot  tii  lues. 
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MEAN  COEFFICIENT  PER  DEGREE  CENTIGRADE  OF  THE  LINEAR 
EXPANSION  OF  SOLIDS. 

Range  from  0°  C.  to  100°  C. 
a  L  increment  per  L  original  per  degree  Cent. 


METALLIC   SOLID. 

a  x  104. 

NON-METALLIC  SOLID. 

a,  m| 

Elements. 

Elements. 

Aluminium, 
Bismuth,  along  axis,  . 

•234 
•16 

Graphite,  .... 
Sulphur,    .... 

•079 
•64 

Bismuth,perpendiculartoaxis 
Cadmium, 

•12 
•31 

Compounds. 

Copper 

•179 

Brick,         .... 

•05 

Gold 

•145 

Glass,         .... 

•09 

Iron,  

•12 

Granite,     .... 

•09 

•295 

Sandstone, 

•12 

Magnesium,        .         . 

•27 

Slate,          .... 

•104 

Platinum,  .... 

•09 

Silver,        .... 

•194 

Woods. 

Tin,   

•227 

0 

Zinc,  

•29 

Range  from  0°  C.  to  24°  C. 

Boxwood,  across  the  fibre, 

•61 

Alloys  or  Compounds. 

Boxwood,  along  the  fibre. 
Oak,  across  the  fibre, 

•03 
•54 

Baily's  Metal,    . 
Brass,  71  Cu  +  29Zn, 

•177 

•187 

Oak,  along  the  fibre,  . 
Pine,  across  the  fibre, 

•05 
•34 

Bronze,  86  Cu  +  10  Sn  +  4  Zn, 

•180 

Pine,  along  the  fibre, 

•05 

German  Silver,  . 

•18 

Walnut,  across  the  fibre, 

•48 

Steel,          .... 

•111 

Walnut,  along  the  fibre, 

•07 

"                 o 

ART.  190.— Rate  of  Contraction.     Suppose  that  the  mean  rate 
of  expansion  for  a  particular  solid  between  0°  C.  and  100°  C.  is 

a  L  increment  per  L  original  =  deg.  Cent,  rise ; 
and  that  the  solid  experiences  a  change  of  t  degs.  Cent,  within  the 
interval  and  starting  from  0°  C.     Then  the  rate  of  growth  is 

,1+af  LaU°  =LatO°, 
and  the  reciprocal  of  the  rate  of  growth  is 

1 


+  at 


Now 


L  at  0°  =  L  at  t°. 

_JL_  =1 
l+at 
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but  as  at  in  the  case  of  any  solid  or  liquid  ~:uall  com]> 

with  1,  the  terms  after  the  second  may  be  neglected  ;  so  that 
1  -  at  is  practically  equal  to  1(1+  at).     Ti 

1-u/  Lat  0'  =  Latr. 
oe 

-a  L  increment  per  L  original  =  deg.  Cent,  fall, 
or  a  L  decrement  per  L  original  =  deg.  Cent,  fall  ; 

provided  the  original  temper  vithiu  the  range  from  0*  to 

or  not  far  beyond  either  extremity  of  the  interval.     The 

ie  same  in  principle  as  reckoning  di 
banker's  discount  (Art  30). 

1.— Cubical  Expansion  of  Solids.    The  term  dilatation 
is  sometimes  used  for  cubical  expansion.     A  solid  may  or  in.-. 

the  same  physical  properties  in  all  directions  ;  in  : 
CMC  it  is  said  to  be  isotropic,  in  the  latter  aeolotropic.     If  the  rate 
of  c  <  pans  ion  of  an  isotropic  substance  ion  is 

a  L  L  original  -  O  rise, 

ical  expansion  is  <.' 

L3  increment  per  Ls  original  -  0  rise. 

i  a  body  is  aeoloti  has  three  principal  directions  of 

,6Z]  nsion  or  contract  ion,  which  are  at  right  angles  to  one  an< 
If  t  e  values  of  the  rate  of  expansion  along  these  three  dire« 
are  i,  ft,  y,  the  rate  of  cubical  expansion  is  (Art.  97) 

a  +  ft  +  y  Ls  increment  per  L8  original  -  6  rise. 

J  ax.   r.'L'.— Expansion  of  Liquids.     The  rate  of  expansion  is 
eased  in  the  form 

o  V  increment  j»«-r  V  ••ritual  =-0  rise. 
As     ie  sp.-rul  v.ihi.--  "f  ,t  ar,.  small  I'ra'-f  i-.ns,  tin-  same  approxitn:i- 
nor  .  may  be  used  as  in  the  case  of  so! 

\}  rise  of  temperature  is  constant  we  have  a 

Lcoel  >'*H'd  in  • 

V  Y 
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from  which  we  derive 

1  +  Jc  V  final  =  V  original. 

The  dilatation  or  contraction  which  a  substance  experiences  in 
passing  from  the  solid  to  the  liquid  state  is  expressed  in  the  same 
manner  by  a  coefficient. 

ART.  193.— Coefficient  of  Expansion  of  Water.  Owing  to  the 
importance  in  Physics  of  water  and  of  mercury,  their  change 
of  volume  has  been  studied  with  great  care.  Appended  is  a  table 
of  the  best  results  in  the  case  of  water. 

COEFFICIENT  OF  THE  CHANGE  OF  VOLUME  OF  WATER. 

.  =  Vat4°C.;  or  1/p  cubic  cm.  =  gm.  at£°C. 


t 

l+jfcor  1/p 

t 

l+korl/p 

t 

1  +  &  or  1  jp 

0 

1-00013 

11 

1-00035 

50 

1-0119 

1 

1-00007 

12 

1-00045 

55 

1-0144 

2 

1-00003 

13 

1-00057 

60 

1-0169 

3 

1-00001 

14 

1  -00070 

65 

1-0197 

4 

1-00000 

15 

1-00084 

70 

1-0226 

5 

1-00001 

20 

1-00174 

75 

1  -0257 

6 

1-00003 

25 

1-00287 

80 

1-0289 

7 

1-00007 

30 

1-00425 

85 

1-0322 

8 

1-00012 

35 

1-00586 

90 

1-0357 

9 

1-00018 

40 

1-00770 

95 

1-0394 

10 

1-00026 

45 

1-00972 

100 

1  -0432 

ART.  194. — Apparent  Dilatation  of  a  Liquid.  By  the  apparent 
dilatation  of  a  liquid  is  meant  its  dilatation  as  evidenced  by  the 
envelope  in  which  it  is  contained.  Let  the  apparent  dilatation  of 
the  liquid  be 

m  V  increment  per  V  original, 
and  the  dilatation  of  the  envelope, 

n  V  increment  per  V  original ; 
then  1  +  m  V  apparent  =  V  original, 

and  I  +nV  true  =  V  apparent ; 

(1  -i-  m)(l  +  n)V  true  =  V  original. 


5  AXf>  LIQUIDS.  i>4:? 

/i  aii'l  «  are  both  small,  the  true  dilatation  of  the  liquid  is 
V  increment  per  V  original. 


COEFFICIENT  PER  DEGREE  CK 

LIQUIDS.     Between  0°  C.  and  100°  C. 
a  V  increment  per  V  original  per  degree  Centigrade. 

LK>  ax  10s  ID.  axl(): 


:0l, 

<>live  Oil, 

.     -OS 

16,    - 

-     •<•..•_> 

Petroleum, 

1 

Benzol,    - 

•     -138 

'.. 

"f  Carbon, 

.     -117 

Turpentine,     - 

-     >106 

-       l-r. 

Wat 

«            .:"..rni,      - 

-     -140 

r,  ordinary  M*, 

Mercury, 

-     -018 

\MPLES. 

A  a  fence  is  130  vanN  1 

mi.  He  of  ch  shorter  will  it  !•«•  in 

wii  el  --re  the  maximum  sum: 

The  rate 

oft  cpansion  ot  degree  Centigrade  is  -0000123. 

•0000123  yard  shorte;  '  =«deg.  C< 

;  '!«•_'.  <  Int      «!«•_'.   F.ihr: 

•0000068  yd  sh«' 

136  >  5deg.  1 

.     1  :i 6  x  93  x  -000006^  <-r, 

"*•*•  \-l.  dMNrf 
^^^^^^H  or  •"•  1  in<  h 

^otropic  solid  at  0*  C.  wh«-u  innn.  r-r.l  in 
.laces  50.". 

50°. 


cubic  inch  increment  per  cubic  inch  at  0°  =  deg. Cent.; 
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503  cubic  inch  at  30°  =  500  cubic  inch  at  0° ; 

— — — —  cubic  inch  increment  =  cubic  inch  at  0° ; 
500 

503-500 
"500  x  30 

— on  *nc^  increment  Per  inch  a^  0°  =  deg.  Cent., 
o    OuU  x  oU 

i,e.,  inch  increment  per  inch  at  0°  =  deg.  Cent. 

loOUO 

Ex.  3.  The  linear  contraction  of  a  casting  of  tin  is  J  inch  per 
foot ;  find  the  superficial  contraction. 

J  inch  =  ft.; 
.'.     ^3  ft.  =  ft. 
Hence  1  - +\  ft.  =ft.; 

.'.     (l-A)2sq.  ft.  =  sq.ft.; 
1  -  (1  -  4\)2  sq.  ft.  decrement  =  sq.  ft., 

1       i 

l'e">   ^-7  ~  jijo-  S0f  ft-  dect.  =  sq.  ft.  original, 
24:     4o- 

95 

i.e.,  —-—  sq.  ft.  dect.  =sq.  ft.  original. 
2604: 

—  is  a  good  approximation  for  the  value  arrived  at. 

Ex.  4.  The  true  coefficient  of  expansion  of  mercury  per  degree 
Centigrade  being  1/5550,  and  its  apparent  coefficient  of  expansion 
per  degree  Centigrade  in  glass  being  1/6480;  find  the  coefficient 
of  cubical  expansion  of  glass  per  degree  Centigrade. 

1  +  6480  V  aPParent  =  V  original» 
1  +  x  V  true  =  V  apparent ; 
=  V  original 


But  we  are  given  1  +  — — -  V  true  =  V  original  ; 


P  SOLIDS  A  XI)  LIQUIDS. 
hence      l-l^l 


1  1 

6480* 


M  niuinti:  til  ; 

1  1 

i)     6480* 

=  •0001802-0001 
=  -0000. 

1 

38700* 
•  S700  V  inclement  per  V  original  per  degree   I 


grade. 


in. 


1.  The  coeffidei  ar  contraction  of  a  casting  of  tin  is  J  inch  per  foot  ; 
what  i»  the  ooeffioient  of  the  volume  contract  i 

2.  A  .  4  made  of  copper  OMMOTM  60  feel  in  length  when  at  the  tem- 
pera u  it«  length  in  summer  when  heated  to  the  temperature 

3.  What  effect  will  a  ri»c  of  temperature  of  35  degrees  Centigrade  hare  on  a 
men  oring  chain,  supposing  that  it  is  correct  at  0*  (  '.?    What  will  be  the  effect  of 
a  fa    of  temperature  of  the  same  amoin 

4.  If  a  bar  of  iron  has  a  length  of  10  yards  at  0*  C.,  what  will  he  iu  length 

5.  Find  how  much  an  iron  girder  100  feet  long  will  expand  between  82"  F. 
anil 

6.  If  the  expansion  of  steel  U  two  thirds  that  of  bra*  under  the  same  change  of 
teni  stature,  what  will  be  the  best  arrangement  of  rods  of  theae  metal*  to 

flrid    on  i*Mi<lulum? 

7.  aaleuUtetheeootafeffectofacubeof  ice  2  feet  in  the  aide,  taken  at 
ami    etching  2TC.  when  its  cooling  power  has  been  exhausted. 

'     8.   A,  solid  weight  820  gramme-  -.'40  grammes  in  distilled  water  at 

,nd  242  gramme,  in  water  at  100-  C.,  of  which  the  density  is  01B9gms.  per 
ind  the  Tolume  of  the  -  ie  two  temperatures,  and  deduce  there- 

' 

>.  :i  isotropic  solid  when  immersed  in  u  ^places  Gem 

.  and  at  40'  it  displaces  004  cubic  inches  ;  find  iu  mean  rate  of  linear  expan* 

aion    «tween  10*  and  40*. 
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10.  A  solid  is  weighed  in  a  liquid  at  0°  C.  and  100°  C.     The  volume  of  the  solid 
at  0°  C.  is  unity,  and  at  100°  C.  1'OOG.     Also  the  loss  of  weight  by  weighing  in  the 
liquid  is,  at  0°  C.,  1,800  grains,  and  at  100°  C.  1,750  grains.     Find  the  coefficient 
of  dilatation  of  the  liquid. 

11.  In  a  vessel  of  glass  of  which  the  coefficient  of  expansion  for  the  rise  of  tem- 
perature used  is  1/7740,  the  apparent  coefficient  of  expansion  of  mercury  is  1/1296 ; 
find  the  true  coefficient  of  expansion  of  mercury. 

12.  Suppose  that  an  English  barometer  with  a  brass  scale  giving  true  inches  at 
the  temperature  62°  F.,  reads  29 '5  inches  at  45°  F.;  what  is  the  pressure  in  true 
inches  of  mercury  reduced  to  the  density  it  has  at  32°  F.  ? 

13.  Find  the  reading  of  a  thermometer,  the  bulb  of  which  is  plunged  in  water 
at  the  temperature  of  100°  C.,  while  the  stem  is  exposed  to  air  at  the  temperature 
of  10°  C. 


SECTION  XLIV.— EXPANSION  OF  GASES. 

ART.  195. — Rate  of  Expansion.  When  a  gas  receives  an  in- 
crease of  temperature,  it  may  either  increase  in  volume  or  it  may 
increase  in  pressure.  Hence  the  rate  of  expansion  due  to  increase 
of  temperature  is  specified  under  the  condition  that  the  pressure  re- 
mains constant ;  and  the  rate  of  increase  of  pressure  due  to  increase 
of  temperature  under  the  condition  that  the  volume  remains  con- 
stant. The  former  rate  is  expressed  in  the  form 

ap  V  increment  per  V  at  standard  temperature  =  0  rise. 
The  standard  temperature  chosen  is  the  freezing  point  of  water. 
The  value  ap  remains  constant  whatever  the  change  of  tempera- 
ture from  the  standard  temperature,  provided  that  the  gas  is  not 
brought  near  its  point  of  condensation. 

For  air  we  have, 

1/273  V  increment  per  V  at  0°  C.  =  deg.  Cent.  rise. 

It  will  be  observed  that  the  values  for  other  gases  not  easily 
condensed  are  very  approximately  the  same. 

ART.  196. — Rate  of  Increase  of  Pressure.  The  rate  of  increase 
of  pressure  under  constant  volume  is  expressed  in  the  form 

av  P  increment  per  P  original  =  ©  rise ; 
where  P  denotes  any  unit  of  pressure  per  square  inch. 


EXPA 


•217 


The  value  of  the  rate  of  increase  of  pressure  under  constant 
volume  is  theoretically  the  same  ;  thus 

1  .73  P  increment  per  P  at  UJ  C.  =  deg.  Cent.  rise. 

(  r  I-ER  DEGREE  CENT.  OF  THE  I  I  OF  A  GAS;  AJO>  THE 

*       i.  OF  THE  C  PRESSURE  OF  A  i 

Op    V  increment  per  V  original  per  degree  Cent ; 
op    P  increment  per  P  original  per  degree  « 


QM, 

Of  x  10* 

o,  x  101 

.     - 

•366 

- 

rogen, 

irogen,   -        -        -               '366 

4M 

:  -onic  acid, 

168 

;  hurous  acid,  • 

-188 

•415 

OIT.  197.— Derived  Bates.    The  rate  of  expansion  for  a  gas  is 

:   in  its  nature  to  rate  of  terest,  consequent  i 

dt  ived  rates  are  similar, 
for  a  gas 

1 


V  increment  per  V  at  0°  C.  -deg.  Cent  rise; 


th  refore  for  a  change  to 

V  iiKTuiiu-nt.VatO*, 


ly, 


ijit  VaU°-VatO*, 


r  VatO'-Vatr. 
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Hence         1  -  --  —  V  decrement  per  V  at  f  =  deg.  Cent,  fall, 
+  273 

i.e.,        ~/l  +  A  V  dect.  per  V  at  t°  =  deg.  Cent,  fall, 

Al  O  &(  O 

i.e.,        -L  -  (~^\  +  V  dect.  per  V  at  t°  =  deg.  Cent.  fall. 

Hence  the  value  t/273  is  correct  only  when  2/273  is  a  small  frac- 
tion. The  constant  changes  its  value  according  to  the  initial  tem- 
perature selected. 

The  above  rate  applies  to  any  change  from  0°  to  a  lower  tem- 
perature, provided  the  substance  is  not  brought  near  its  point  of 
condensation.  It  is  modified  to 

_L  V  decrement  per  V  at  0°  =  deg.  Cent.  fall. 

ART.  198.—  Change  from  a  Temperature  other  than  the  Stan- 
dard Temperature.  To  find  the  volume  of  a  mass  of  gas  originally 
at  t-,0  C.  when  changed  to  £2°,  the  pressure  being  constant. 

It  is  done  in  two  steps,  by  supposing  that  the  gas  is  reduced 
from  tj°  to  0°  and  then  raised  from  0°  to  C. 

1 

,  ,  J,_  VatO°  =  VatC, 
273 


_ 

273 
U, 


ART.  199.—  Absolute  Zero  of  Temperature.     If  temperature 
be  reckoned,  not  from  the  freezing  point  of  water,  but  from  a  point 


EXPANSION  OF  <;. 

lower,  then  the  volume  -rant  mass 

proportional  t  .peruturo,  provided 

that  tl  re  is  maintai;;  .nt  throughout.      H-'iice  the 

connection  will  be  expressed  by 

my  volume  =  0  temperature. 

•••mperuture    273    decrees    »  ie    below    the    fro- 

point  of  water  is   called   th  TO  of  temperature.      It 

means  the  temperature  at  which  the  ;  nine  of  a 

mass  of  gas  would  vanish,  on  the  supposition  that  the  same 
•ail-ion  held  throughout  which  holds  for  the  gaseous  state. 

1.  .".mi  cubic  res  of  oxygen  gas  are  measu 

i  raised  to 

.  the  pressure  meanwhile  remaining  constant.     What  is  the 
olu  ne  of  the  oxygen  at  r  temperature  t    The  coefficient 

sion  of  oxygen  per  degree  Centigrade  is 
500  cc.  at  20', 

:: 
•-SOOT 

A(\          1  1 

•  t  f\9  _   A      .  .  « 


1  ,40x11 

..,,,3000  +  4 
>W3WWT220CC-  " 
U,  534  cc.  a 


id  th*-  mass  of  1,000  cubic  centimetres  of 
80°  <  .  and  the  pressure  1,000  ci; 
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metres  of  dry  air  at  0°  C.  and  76  cm.  pressure  have  a  mass  of 
1*293  grammes. 
By  Art.  134, 

1'293  gm.  per  1000  cc.  at  0°  =  76  cm.  pressure, 
25  cm.  pressure; 

ff  1-293  gm.  -  1000  cc.  at  0°, 
1  cc.  at  0°  =  1  +  ^£j.  cc.  at  80°, 
1000  cc.  at  80° 


i.e.j  '329  gms. 


EXERCISE   XLIV. 

1.  A  given  mass  of  air  occupies  a  volume  of  600  cubic  inches  at  the  tem- 
perature of  20°  C.;  find  the  volume  which  the  air  will  occupy  at  100°  C.,  supposing 
the  pressure  to  remain  constant. 

2.  A  mass  of  gas  occupying  a  volume  of  273  cubic  inches  at  0°  C.  is  raised 
in  temperature  to  150°  C.     If  it  be  allowed  to  expand  under  constant  pressure 
during  the  process,  what  will  be  its  new  volume  ? 

3.  One  hundred  cubic  centimetres  of  air  at  0°  C.  are  heated  to  300°  C.  under 
constant  pressure.     What  will  be   the  volume  of  the  air  at  the  higher  tem- 
perature ? 

4.  A  thousand  cubic  inches  of  air  at  the  temperature  of  30°  C.  are  cooled  down  to 
zero,  and  at  the  same  time  the  external   pressure  upon  the  air  is   doubled. 
What  is  its  volume  reduced  to? 

5.  Find  the  temperature  to  which  500  cubic  centimetres  of  air,  measured  at 
15°  C.  must  be  raised  in  order  that  the  volume   of   the  air  may  become  700 
cubic  centimetres,  no  change  of  pressure  taking  place  meanwhile. 

6.  Twenty  litres  of  air  are  taken  at  16°  C.  and  74  cm.  pressure;  find  the  volume 
of  the  air  at  0°  C.  and  76  cm.  pressure. 

7.  One  thousand  cubic  inches  of  gas  are  taken  when  the  barometer  stands  at 
30 '5  inches,   and  the  temperature  is  16°  C.     Find  the  volume  of  this  gas  when 
the  pressure  is  29 '5  inches  and  the  temperature  12°. 

8.  Find  the  absolute  zero  on  the  Fahrenheit  and  on  the  Re'aumur  scale. 

9.  A  substance,  of  the  approximate  specific  gravity  3'2,  weighs  180  grammes 
in  dry  air  of  730  reduced  mm.  pressure  and  temperature  of  16°  C.     Also  the  ap- 
proximate specific  gravity  of  the  weights  against  which  it  is  weighed  is  8 '5. 
Find  the  real  weight  of  the  substance,  assuming  that  the  weight  of  one  litre  of 
dry  air  at  0°  C.  and  760  reduced  millimetres  pressure  is  1 '293187  grammes. 
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>N   XLV.— THKKMAL  CONDUCTIVITY. 

.  200. — Conductivity.     By  the  thermal  conductivity  of  a 
.nee  is  meant  the  rate  connecting  the  current  of  heat  with 
.  adient  of  temperature,  when  there  is  a  >  oi  lu-at 

through  the  substance.     It  is  expressed  in  the  form 

k  H  per  T  per  S  cross-section  =  0  per  L  normal. 
L  normal  "  is  meant  unit  of  length  along  the  line  of  tlov 
"0  per  L  normal"  express*-  ii  ealled  the  -jmdl.nt  </  fero- 

:he  analogy  of  gradient  of  L 

The  ivciproral  i<lea  is  thermal  resistance  ;  i  •  ssed  by 

1  k  0  per  L  normal  =  H  per  T  per  S  cross-sec 

lie  unit  of  heat  is  a  dynamical  unit,  we  have  coi 
;  essed  in  terms  of 

W  perTper  S  =  0  p<  :   L. 

erg  per  sec.  per  sq.  cm.  =  deg.  Cent  per 

ty 
erg  per  sec.  per  sq.  cm.  per  (deg.  Cent  per  cm.). 

"W  ien  the  unit  of  heat  is  a  thermal  unit,  we  have 
M  of  wat. T  by  ©  per  T  per  S-0  per  L  : 

gm.  <     water  '<  •;.  A  r  sq.  cm. 

A  ratted  in  t.  nn-  «.f  this  kind  of  u: 

•  •ft:  O          0  .  ntere  to  the  same  pov 

two    icmlxjrs  «•  are  allow 

ran       one  another  as  much  as  pos  BI  M  TL, 

whi«     expresses  the  dimensions  of  the  unit. 

Ai  r.  201.— Thennometric  Conductivity.     Supjiosc 
Bond  a  substance  is 

M  of  water  by  6  ;      T  :    :  S     G  i      L. 
and  t  iat  t 


252 


PHYSICAL  ARITHMETIC. 


then,  by  substitution, 

k 

-  V  of  water  by  0  per  T  per  S  =  0  per  L 

p 

Suppose  further  that  the  specific  heat  of  the  substance,  referrec 
to  volume,  is 

5  V  of  water  =  V  of  substance ; 
then,  by  a  second  substitution, 

—  V  of  substance  by  0  per  T  per  S  =  0  per  L. 

The  idea  here  expressed  is  called  by  Clerk-Maxwell  the  ther 
mometric  conductivity  of  a  substance.* 
Its  dimensions,  if  a  systematic  unit,  are 

L2/T. 


THERMAL  CONDUCTIVITY. 
k  (gm.  of  water  by  deg.  Cent.)  per  sec.  per  cm.2  per  (deg.  Cent,  per  cm.). 
Range  from  0°  C.  to  100°  C. 

METALLIC  SUBSTANCE. 

NON-METALLIC   SUBSTANCE. 

Elementary. 
Aluminium, 

k 
•35 
•015 
•21 
•80 
•17 
•18 
•078 
•38 
•017 
1-09 
•15 
•29 

•25 
•081 
•14 

Solid.                                    k 

xlO3 
•05 
•5 
•52 
•53 
•47 

•14 
xlO3 
•054 
•34 
•052 
•053 
•038 
•06 
•06 



Cadmium,      .... 

Marble,          .... 
Sandstone,     .... 
Slate,     

Iron,  wrought, 
T,pad 

Liquid. 
Water,  

Magnesium,  .... 

Gaseom.                                k 
Air,       

Hydrogen,     .... 
Nitrogen,       .... 
Oxygen,         .... 
Carbonic  acid, 
Ammonia,      .... 
Marsh  gas,     .... 

Tin,       .         .         . 

Zinc,      

Compound. 
Brass,    ..... 
German  silver, 
Steel,     .        .        .        . 

*  Heat,  p.  235. 
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.  202.— Relative  Conductivity  and  Resistance.     Let  the 
conductivity  of  two  su  A  and  B  be 

l\  H  per  T  per  S  =  0  por  L, 
k.,  H  per  T  per  S  =  ©  per  L 

Then  1  /;,  S  per  L  of  A  =  H  per  T  per  0, 

and  S      r  Lof  B=H  per  T  per  0; 

fore  fcj^  S  per  L  of  JJ  =  S         L 

Th;  resistance  in  terms 

of  the  cross  section  and  l-'ii-th  of  the  coiuhu." 
The  reciprocal  is 

kjk  L  per  S  of  B  =  L  per  S  of  A  ; 
and  it  expresses  the  relative  conduct 


\MPLES. 

EJ  .  1.  How  much  heat  is  tru:  per  day  per  square 

su  face,  across  a  slab  of  rock  10  centimetre 
ft-    in  temperature  by  half  a  degree  Centigrade,  supposing  the 
nd  icti .  •  be  004  t    The  centimetre  is  th- 

le  gth,  and  the  unit  of  heat  is  the  quantity  of  heat  required  to 
is.  the  temperature  of  one  gramme  of  water  one  degree. 
04  jm.  of  water  by  deg.  Cent,  per  sec.  per  sq.  .  • 

—  deg.  Cent,  per  < 
1 


9 fft  **"*'  ^ 

-'•     -on-  S111*  °^  water  ^  ^68-  Cent. -sec.  by  sq. 

60x60x24  sec. -day, 

1002  sq.  cm.  -sq.  metre ; 
004  x  60*  x  84  x  100*  ^  of  water  by  deg 


-day  by  sq.  u 
-728  x  105  gm.of  water  by  deg. '  I>er  sq.  m 
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Ex.  2.  Calculate  the  conductivity  in  the  following  instance.  A 
square  metre  of  a  substance,  one  centimetre  thick,  has  one  side 
kept  at  100°  C.,  and  the  other  by  means  of  ice  at  0°  C.;  and  in 
the  course  of  30  minutes  one  kilogramme  of  ice  is  melted  by  this 
operation. 

We  shall  express  conductivity  in  terms  of 

Calories  per  min.  per  sq.  cm.  =  deg.  Cent,  per  cm. 
79  calories  =  kgm.  of  ice  melted, 
1  kgm.  of  ice  melted  =  30  minutes  ; 
.'.     -JJ  calories  per  minute. 
Hence 
|f  calories  per  min.  per  1002  sq.  cm.  =  100  deg.  Cent,  per  cm., 

79 
.'*     e—      3  calories  Per  min'  Per  S(l'  cm<  =(ieg-  Cent-  Per  cm- 


ie.,  2-6  x  10~6  calories  per  min.  per  sq.  cm.  =deg.  Cent,  per  cm. 


EXERCISE  XLV. 

1.  ITow  many  gramme-degrees  of  heat  will  be  conducted  in  an  hour  throng] 
an  iron  bar  two  square  centimetres  in  section  and  four  centimetres  long,  its  tw< 
extremities  being  kept  at  the  respective  temperatures  of  100°  C.,  and  178"  C. 
the  mean  conductivity  of  iron  being  '12.    The  units  are  a  gramme,  a  centimetre 
a  second,  and  a  degree  centigrade  ? 

2.  Calculate  the  quantity  of  heat  lost  per  hour  from  each  square  metre  of  th 
surface  of  an  iron  steam-boiler  0'8  centimetres  in  thickness,  when  the  temperatur 
of  the  inner  surface  of  the  boiler  is  120°,  and  that  of  the  outer  surface  119i°,  th 
coefficient  of  conductivity  of  iron  being  11*5,  referred  to  the  centimetre  as  th 
unit  of  length,  the  minute  as  the  unit  of  time,  and  the  quantity  of  heat  requirec 
to  raise  the  temperature  of  a  gramme  of  water  from  0°  C.  to  1°  C.  as  the  unit  o 
heat. 

3.  Find  how  much  heat  is  conducted  in  an  hour  across  a  plate  of  copper,  on 
square  metre  in  area,  16  centimetres  thick,  one  side  of  the  plate  being  kept  2 
degs.  Cent,  hotter  than  the  other.     The  conductivity  of  copper  for  heat  is  1*10 
in  centimetre-gramme-second  units. 

4.  The  thermal  conductivity  of  iron  is  about  0*0133,  the  units  being  the  foot 
minute,  and  degree  Centigrade.     Find  how  much  heat  per  hour  is  lost  by 
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boiler  of  £  inch  plate,  whose  surface  is  10  square  yards,  and  which  contains  water 
at  110°  C.,  the  external  surface  of  the  boiler  being  kept  at  100°  C. 

ind  how  much  heat  is  conducted  in  half  an  hour  through  an  iron  plate  2 
•  tres  thick  and  1000  square  centimetres  in  area,  the  temi>erature  of  the 
two  sides  being  kept  at  0°  C.  and  20°  C. 

he  inside  of  the  wall  of  a  house  is  kept  at  16°  C.,  while  the  outside  is  at 
the  wall  is  of  solid  stone,  and  two  feet  thick.     How  much  heat  is  lost 
across  it  per  square  foot  per  hour?    Take  the  conductivity  at  0*001  Ib.  of  water 
by  deg.  Cent,  per  sec.  per  sq.  ft.  -  deg.  per  ft.  thick. 
7.  The  conductivity  of  silver  in  terms  of  the  millimetre,  second,  deg.  « 

••r  is  109 ;  express  it  in  terms  of  the  C.G.S.  thermal 
!  rom  the  table  deduce  the  thermal  resistance  relatively  to  silver,  of  lead, 

Cl'I'lKT,    :  :«'!X".irV,    <  ItTIIKlM 


CHAPTER  SIXTH. 

ELECTRICAL. 

SECTION  XL VL— MAGNETIC. 

ART.  203. — Unit  Magnetic  Pole.  A  quantity  of  magnetism 
concentrated  at  a  point  is  called  a  magnetic  pole.  The  repulsive 
or  attractive  force  exerted  by  one  magnetic  pole  on  another  is 
proportional  to  the  amount  of  magnetism  of  the  one  pole  and  to 
the  amount  of  magnetism  of  the  other  pole,  and  is  inversely  pro- 
portional to  the  square  of  the  distance  between  the  poles.  The 
law  is  the  same  as  that  of  gravitation  (Art.  1 68),  with  the  excep- 
tion that  there  may  be  repulsion  as  well  as  attraction.  Let  P 
denote  any  unit  of  magnetism,  concentrated  at  a  point ;  then  the 
law  is  expressed  by 

/„•  F  =  P  repelled  by  P  repelling  per  (L  distance)2 ; 
or,  using  the  symbols  for  "by"  and  "per"  (Art.  79), 
k  F  =  P  repelled  x  P  repelling  /  ( L  distance)2. 
By  means  of  this  law  we  are  enabled  to  define  P  in  terms  of  L, 
M,  T ;  for  F  is  already  so  defined  (Art.  79).      Take  the  case 
when  the  poles  are  of  equal  strength,  then 

k  F=P2/(L  distance)2; 
.-.    l/k  P2=Fx(L  distance)2, 
or  I/  V  k  P  =  J  F  x  L  distance. 

Thus  P  can  be  defined  in  magnitude  by  assigning  a  special  value 
to  k,  and  the  most  convenient  value  is  1.     Hence 
1  P2  =  FxL2, 

=  MxL/T/T  x  L2. 


857 

It  is  evident  fron  >r  the  unit  that  the  dimen- 

P          ;  for  M,  :]  for  L,  and  -  1  for  T. 
It  is  assumed  that  the  medium  is  air. 


•I.—  Special  Units.     In  the  C.G.S.  system  F 
the  dyne,  and  L  the  centimetre.     IL 

P':;i.  =  dyne  l>y  centimetre1. 

Before  the  establishment  of  th-  us  customan 

in  Ilritain  to  use  for  a  unit  pole  that  obtained  l.y  taking  F  as  the 
\  it.  per  sec.  per  sec.,  and  L  as  the  foot     In  that  case 

P?.f.,=  1/7000  poundal  l.y 
It  was  proposed  1  is  at  the  Paris  Congress  of  El 

eber  to  the  un  ole  of 

the  practical  system  of  units.     The  denomination  va.s  n- 
on  account  of  its  having  been  used  t 
It  *  ould  be  defined  )>y 

1  weber=  108  Vdyne  by 


'  J  KI  Intensity  of  Magnetic  Field.     \\\-  :,  tin- 

lav 

1  F     P  r.-p.-ll.-.l  •  P  repeffinj      L  distance)* 
I   the  strength  ot  pole  is  r/i  P,  then 

m  F-P  repelled  /  (L  distance)2;  (1) 

and   this  expresses  the  intensity  I 
fiel«    round  the  attracting  p" 

I     :  10  distance  is  constant,  say     L  '-nitty 

m  t,  if  distance  is 

m 


F     P 
u~ 

uj  tose  ti  to  one  p-  is  is 

Iwi  78  the  case,  to  a  di  n  of  magnetism.     In  the  n* 

DU  hood  of  any  distribution  of  magnetism,  or  of  a  ilow- 

ondiictor,  there  is  a  field  of  m;i 
R 
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the  neighbourhood  of  the  earth  there  is  a  field  of  gravitational 
force.  At  each  point  of  the  magnetic  field  there  is  a  certain 
value  of 

F  per  P  repelled,  (3) 

which  is  the  resultant  of  the  intensity  at  that  point  of  all  the 
elements  of  which  the  distribution  is  made  up. 

The  C.G.S.  unit  is  dyne  per  Pc.g.s. 

Sir  W.  Thomson  has  suggested  the  denomination  of  gauss  for 
the  practical  unit  of  intensity  of  field. 

ART.  206. — Magnetic  Potential.  To  move  a  magnetic  pole 
from  one  position  to  another  in  a  magnetic  field  involves  an 
amount  of  work  which  is  independent  of  the  path  taken,  and 
which  is  proportional  to  the  amount  of  magnetism  in  the  pole 
moved,  provided  that  the  amount  of  magnetism  of  the  pole  is  not 
large  enough  to  change  sensibly  the  intensity  of  the  field.  It  must 
be  a  particle  of  magnetism  compared  with  the  magnetism  produc- 
ing the  field.  This  gives  us  the  idea  of  magnetic  potential,  which 
is  expressed  in  terms  of 

W  per  P  repelled. 
In  the  C.G.S.  system  it  is  expressed  by 

erg  per  Pc-g.s<  repelled. 

As  the  idea  involves  two  points,  or  rather  two  surfaces,  we  con- 
sider either  difference  of  magnetic  potential ;  or,  if  we  consider 
magnetic  potential  simply,  we  imply  that  the  zero  surface  is  at  an 
infinite  distance ;  that  is,  a  surface  at  every  point  of  which  the 
intensity  of  the  field  is  inappreciable. 

ART.  207. — Magnetic  Moment.  When  a  magnet  has  the  form 
of  a  long  thin  bar,  there  are  two  equal  and  opposite  poles  situated 
near  the  extremities.  Such  a  magnet,  when  placed  in  a  field  of 
magnetic  force,  with  its  axis  transverse  to  the  direction  of  the 
force  at  the  place,  experiences  a  couple.  Let  the  strength  of  a 
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pole  of  the  magnet  be  m  P,  its  length  /  L,  and  the  intensity  of 
the  field  at  the  place  i  F  per  P  ;  then  the  couple  experienced  is 

iml  F  by  L  arm. 

The  dependence  of  this  couple,  so  far  as  it  depends  on  the  m 
itself,  is  expressed  by  the  factor 

ml  P  by  L  distance  between  poles. 
•  •  idea  of  magnetic  moment 

ART.  208. — Intensity   of  Magnetization.      Consider    a   bar 

'•t  /  L  long  and  of  uniform  cross-section  a  L-,  which  has 
magnetiz*  -t  its  poles  aiv  n<  .mi 

Suppose-  divided  longitudinally  and  cross-wise  into 

a.     The  magnetic  moment  of  such  small  bar  ; 

and  to  its  cross-section.     Hence  we  hav. 
idea  <>t'  intni.<'it>i  »f  in"-j:  -sed  in  the  form 

i  P  by  L=  L  long  by  L2  cross-section. 
In  :he  case  of  the  bar  magn*  red,  t  is  constant  throu  •. 

both  in  direction  (t  he  moment)  ;md  in 

am  >unt ;  hence  the  moment  of  the  bar  is 

P  by  L 

•i  a  magnet  is  not  uniformly  magnetize*  1.  o  and 

m:  rnitude  of  <>f  magn*  \ary  from 

po  it ;  and  in  consequence  one  value  of  i  can  be  considered 
-t,   .• 

^T.    209.— Declination,   Dip,   Horizontal    Intensity.      The 
eai  h  acts  as  a  magnetic  b< 
for  e  in  its  m 

ti<    I  i  its  magnitude  and 

of   be  lines  of  force.     It  is,  however,  more  coin  >  measure 

Tli    <i  -.-e  is  specified  by  t: 

tha    is,  the  angle  betwc ••  ion  of  a  : 

net  c  needle  free  t<>  a  horizontal  plane 
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the  dip  or  inclination,  that  is,  the  angle  between  the  former  direc- 
tion and  the  direction  assumed  by  a  magnetic  needle  free  to  move 
in  that  vertical  plane  (Fig.  26). 


Zenith 


Zenith 


Nadir 
Fig.  26 

Let  the  horizontal  component  be  h  F  horizontal  per  P,  and  the 
dip  8  degrees ;  then  the  total  intensity  is 

h  sec  8  F  along  per  P. 

MAGNETIC  ELEMENTS  or  TOWNS  IN  GREAT  BRITAIN,  FOR  JAN.,  1884.* 


Declination. 

Dip. 

Total  Intensity  in 
dynes  per  Pc.g.s. 

Greenwich,  . 

18°  10'  W 

67°  30' 

•47? 

Bristol, 

19°  30'  W             67°  45'                   '474 

Manchester, 

20°   0'  W             68°  50' 

•478 

Dublin, 

22°  15'  W             69°  30' 

•481 

Newcastle,  .         .         .           19°  55'  W 

69°  45' 

•480 

Edinburgh,  .         .        .           21°  10   IF 

70°  30'                    '484 

1 

Lupton's  Numerical  Tables,  p.  54. 


/'/('.  -201 

AKT.  iMO. — Determination  of  the  Horizontal  Intensity.  AY  hen 
a  magnet  performs  small  oscillations  freely  in  a  horizontal  plane, 
under  the  influence  of  the  magnetic  tit-Id  of  the  earth  only,  the 
lollo\vinir  relation  holds  true 

M      L         .  it.ration  J ,-     (F/P)x(RxL)j 

in  which  M  l>y  L-  is  the   unit   for  moment    of  inertia  aKoiit    the 
•  of  tiirure  (Art.  1G1),  F  per  P  the  unit  for  the  horizontal 
and  P  l>y  L  the  unit  for  tl.  *ic   moment  of  the 

magnet. 

/.    .   1.    TWO  magnetic  pokt,  7  .md  ;mits  respectively, 

1  the  force  in  grammes 
UMOL 

1  d\ne  =  P^  x  Pc<.     (mi.  .: 
P  .        "P,,A/(5ci- 

A  ina-netic  n.-edle,  tl:,-  ina-netir   in-  '.\hich  re- 

in;  .11-  r,  is  suspended  so  as  to  move  freely  in  a  horizontal 

pi;  ie.      V.  tiected  from   the  HUILM 

di)  erent  places  on  the  earth's  m  is  obeen'eil  to  osi 

'7'/    «v  -inies  respectively   iii   one   minute.     Compare 

ini  -nsitie.s  of  the  earth's  hori/.-ntal  IMUL: 

pi.  •«•-. 

it  the  moment   of  in 

F  I '  •.•)*. 

H«  tee  the  three  horizontal  s  are  as 

\Y       :        '        ; 
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Ex.  3.  The  absolute  horizontal  intensity  of  the  earth's  magnetic 
force  at  London  is  3-8  in  terms  of  the  foot-grain-second  unit. 
Find  its  value  in  terms  of  the  C.G.S.  unit. 

The  intensity  at  a  place  is  expressed  in  terms  of  F  per  P. 

lF  =  Mx|_/T/T, 
and  !P2  =  Mx|_/T/TxL2; 

therefore  the  change-factor  for  F  per  P  is 
Now  —  -  gramme  =  grain, 

and  Jlcm.=ft.; 


log  -394  =  1-59550  log  15-4  =  1-18752 

2-26670  log  12    =1-07918 

2)3-32880  2-26670 

2-66440 
log  3-8     =0-57978 


1-24418 
Ans. — -175  dyne  per  Pc.g.s.. 

EXERCISE  XL VI. 

1.  If  the  horizontal  intensity  of  the  earth's  magnetic  force  at  a  place  is  3 '8,  and 
the  vertical  8 "5,  what  is  the  total  intensity? 

2.  When  two  long  magnets  of  equal  strength  are  placed  in  a  straight  line  at 
a  distance  of  1  mm.,  the  repulsive  force  is  3,290  dynes.     Find  the  strength  of  a 
pole. 

3.  A  small  freely  suspended  magnet  performs  72  oscillations  per  minute  under 
the  action  of  another  magnet.     How  many  would  it  perform  if  the  distance  be- 
tween them  were  half  as  great  again  ? 

4.  At  various  places  on  the  earth's  surface  a  declination  needle  vibrates  70,  60, 
and  50  times  per  minute.      Compare  the  horizontal   intensity  at  the  three 
places. 
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•ml  the  number  of  foot-grain-second  units  of  intensity  of  magnetic  field 
equivalent  to  one  C.G.S.  unit. 

6.  The  horizontal  component  of  terrestrial  magnetic  force  at  Glasgow  is  about 

•at.     Find  to  two  places  its  amount  in  terms  of  the  foot-grain- 
unit. 

7.  The  dip  at  Paris  in  1880  was  66°,  and  the  total  intensity  '47  dynes  per 

What  was  the  horizontal  intensity  ? 

8.  If  the  value  of  the  magnetic  moment  of  a  magnet  be  10,  when  the  units  of 
length,  mass,  and  time  are  the  centimetre,  gramme,  and  second,  what  will  be 
the  value  of  the  magnetic  moment  when  the  units  are  the  metre,  kilogramme,  and 

te? 

9.  The  bearing  of  a  ship's  compass  fiom  a  station  on  shore  is  JV.  44°  20'  £".,  and 
the  bearing  of  the  station  by  the  ship's  compass,  taken  at  the  same  time,  is  & 

t  is  the  deviation  for  this  position  of  the  ship's  head  ? 

10.  Fin.  1  by  means  of  Art.  1G1  the  moment  of  inertia  about  its  centre  of  figure 
of  a  bar  magnet,  which  is  5  cm.  long,  and  has  a  section  of  2  mm.  square. 

11.  The  horizontal  intensity  of  the  earth's  magnetic  field  at  Gottingen  was 
foui.l  by  Gauss  to  be  1782  millimetre-milligramme-second  units.    Express  it  in 
tern:*  of  the  C.G.S.  unit. 


SECTION  XLV1L— ELECTROSTATia 

VRT.  21 1.— General  Unit  of  Electricity.     Any  unit  of  qiuu 
of  )1<  :i»ay  be  d«  Q. 

rhere  are  two  laws,  by  means  of  - 

el«  :tii  ity  may  be  defined;  n  a  electrostatic  law, 

an  i  t  c  law.     '1  iw  states 

tl:    i>  \e  force  between  two  quantities  ot 

mairnitmle  of  each,  and  on   tl. 
be  w<  <  tromagnetic  law  states  ho\. 

of  he  magnetic  ficl  U  on  tlu 

\\i  e.     A  unit  of  <j  .iw,  as  well  as 

an  •  •!•  I  called  an  electrostatic  unit;  u!  nit  of 

cjii  .n:  ed  by  the  latter  law,  as  well  as  a 

tromagnetic  unit. 


Electrostatic  Unit  of  Quantity.    The  law  of  re- 
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pulsion  or  attraction  for  two  quantities  of  electricity  condensed  on 
two  small  spheres  is  precisely  similar  to  that  for  two  magnetic  poles. 
The  repulsive  force  exerted  by  the  one  quantity  on  the  other  is 
proportional  to  the  magnitude  of  the  one  and  to  the  magnitude 
of  the  other,  and  is  inversely  proportional  to  the  square  of  the 
distance  between  the  centres  of  the  spheres.  Let  Q  denote  any 
unit  of  electric  quantity  (Art.  211),  then  the  law  is  stated  by 

k  F  =  Q  repelled  x  Q  repelling/(L  distance)2. 
When  the  two  quantities  of  electricity  are  equal,  we  have 

Jc  F  =  Q2/(L  distance)2; 
.-.     l/&Q2=Fx(L  distance)2, 
or  I/  Jk  Q  =  JF  x  L  distance. 

The  systematic  unit  is  denned  by  the  condition 

1  Q2=Fx(L  distance)2. 

In  the  case  of  the  C.G.S.  system  F  is  the  dyne,  and  L  is  the 
centimetre ;  so  that 

1  electrostatic  Q2c.g.8.  =  dyne  by  (cm.  distance)2. 
It  is  implied  that  the  attraction  is  across  air. 

ART.  213.— Intensity;  Potential.  The  ideas  of  intensity  of 
electric  force  at  unit  distance,  and  of  intensity  at  a  given  point, 
are  precisely  similar  to  those  for  magnetic  force,  and  are  derived 
in  a  similar  manner. 

We  have  also  the  corresponding  idea  of  electric  potential,  the 
general  unit  for  which  is 

W  per  Q  repelled. 

It  is  supposed  that  the  quantity  of  electricity  repelled  is  so 
small  as  not  to  alter  sensibly  the  field  of  electric  force  when  it 
changes  its  position. 

For  zero  surface  of  potential  the  surface  of  the  earth  is  generally 
chosen. 

ART.  214. — Electric  Density.  A  charge  of  electricity,  when  at 
rest  on  a  conducting  body,  resides  entirely  on  the  surface.  The 
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such  a  distribution  is  a  surfa.v  d.-n-ity.  and 
ingly  expressed  in  the  form 

"•  Q  per  S. 

Ai:r.  iM-").— Electric  Capacity.    When  a  quantity  of  electricity 

is  at  rest  on  a  conductor,  the  value  of  the  potential,  that  i-,  of  W 
Q  ivpelled,  at  any  point  of  the  surface  of  the  conductor  is  the 
The  quantity  of  ek<  :i  the  conductor  is  propor- 

t<>  that   potential,    provided    that    all    -  n    in    the 

:*>urhood  are  in  connection  witli  the  earth.     1  •  idea 

,,f  the  ,-'tj,'i--ifi/  of  a  conductor,  which  is  expressed  in  the  form 
Q  charge  per  i  W  per  Q 

Q  charge  =  W  per  Q  repelled. 

This  idea  is  analogous  to  that  of  th.  of  a  body  for  heat 

180),  ele<  place  of  heat,  and  potential  the 

ire. 

A  n  The  Capacity  of  Different  Forms  of  Conductors. 

The  [Kinds  on  the  form  and  size  of  the  ,  hut 

not    n  the  nature  of  its  material,  provided  it  is  conducting. 

F  r  a  sphere  of  conducting  material,  having  a  radius  r  L 
at  a  pra< -tirully  in:  unco  from  all  other  conductors,  the 

Q  W         Q 

xample,  a  sphere  of  5  cm.  ra<lm.s  has  a  ca 

SQ^-erg.  i    -  Q 

icrical  I.  r  formed  of  two  nearly  equal  c<< 

trie   ondu. -tinn  surfaces  of  radius  r  L,  and  separated  by  a  thickness 
of  a  •  d  L,  the  capacity  is 

Q  'harge  =  W  per  Q 

Q    harge-W  per  Q  repelled, 

Nrht   •     L       t  he  area  of  one  of  the  surfaces.     This  formula  multi- 
plie«    by  /:  'Art.  -17)  ii'-LN  I'..r  the  CM 
F<  r  a  condenser  formed  of  two  equal  parallel  plates  separated 
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by  a  thickness  d  L  of  air,  the  capacity  per  unit  of  area  of  a  plate  is 
—=  Q  charge  per  L2  =  W  per  Q  repelled. 

ART.  217. — Specific  Inductive  Capacity.  Let  the  capacity  of  a 
condenser,  such  as  that  mentioned  in  Art.  216,  when  air  is  the 
insulating  substance,  be 

GI  Q  charge,  for  Air  =  W  per  Q  ; 
and  when  paraffin  is  the  insulating  substance 

c2  Q  charge,  for  Paraffin  =  W  per  Q. 
It  was  first  shown  by  Faraday  that  c^  and  c2  are  not  necessarily 
equal.     From  these  two  capacities  we  derive 

CZ/GI  Q  charge,  for  Paraffin  =  Q  charge,  for  Air. 

This  rate  expresses  the  relative  inductive  capacity.  As  air  is  the 
reference  substance,  it  also  expresses  the  specific  inductive  capacity 
cjc1  being  commonly  denoted  by  k. 

The  capacity  of  a  condenser  formed  of  an  insulating  substance 
other  than  air,  is  k  times  that  of  an  equal  condenser  having  ail 
for  the  insulating  substance. 

In  the  following  table  the  gases  are  compared  with  vacuum,  anc 
the  values  given  are  those  which  have  been  determined  bi 

Boltzmann  : — 

SPECIFIC  INDUCTIVE  CAPACITY. 
ka  Q  charge,  for  substance  =  Q  charge,  for  air. 
k0  Q  charge,  for  substance  =  Q  charge,  for  vacuum. 


INSULATING   SUBSTANCE.               k 

INSULATING  SUBSTANCE.                k 

Solid.                                   ka 

Liquid.                          ka 

Beeswax, 

1-9 

Benzene,        .        .         .1*5 

Caoutchouc,  pure, 

2-3 

Oil  of  turpentine,  .         .     1  '5 

Caoutchouc,  vulcan 

ized, 

2-9 

Petroleum,     .         .         .1*4 

Ebonite,  . 

2-7 

Glass,  flint,      . 

6'8 

Gas.                            k0 

Glass,  plate,    . 
Guttapercha,  . 

6-1 

4-2 

Air,       .         .        .      '  .     1-00059 
Carbonic  acid,        .         .     1  '00095 

Mica, 

5 

Carbonic  oxide,      .         .     1  "00069 

Paraffin, 
Resin, 

2-1 
2-6 

Hydrogen,     .         .         .     1-00026 
Marsh  gas,     .         .         .     1  '00095 

Shellac, 

3-3 

Nitrous  oxide,        .         .     1  '00099 

Sulphur, 

3-4 

Olefiantgas,  .         .         .     1-00131 
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p.  218.—  Energy  of  a  Charge.  Suppose  that  a  conductor, 
haviii-c  u  capacity  of  c  Q  charge  =  W  per  Q  moved,  has  Wn 
charged  with  q  Q.  What  is  the  e  nor  LTV  of  this  charge? 

Suppose  that  the  q  Q  has  been  moved  up  to  the  conductor  in  n 
equal  portions  from  such  a  distance  that  the  repulsive  force  of  the 
iced  on  the  conductor  was,  at  that  distance,  inappreci- 
able. There  is  no  charge  on  the  conductor  to  repel  the  fir 
portion  on  its  being  moved  up.  The  rate  of  the  work  which  must 
be  done  when  the  second  portion  is  brought  up,  is 

Wper  Q  mov. 

hence  the  work  done  is  W. 

nc    n 

The  potential  in  the  third  case  is 

1    Wp-rQin..v,-d.  and  the  work  -'  x  ?  W. 
nc 

'The  potential  in  the  n*  or  last  case  is 

f  i1  "tyyVpeiQ  moved;  and  t  •'  x  2  W. 

M  nc 

Hen<  i  the  tota  d  increases  unifon 


n( 


-l)g]  ( 


nc 


u, 


a  very  large  number,  n  -  1  is  equivalent  to  n,  and 
)ove  expression  becomes 

npare  Art.  117. 


MPLI 


0  equal  small  spheres,  charged  \\ith  quantities  of 
ity  represented  1>\  the  numbers  2  and  4,  attract  each 
Dented  by  10,  when  the  distance  between 
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is  5.     If  the  spheres  are  allowed  to  touch,  and  then  separated  by  a 
distance  8,  what  force  will  they  exert  on  one  another  ? 

Let  the  unit  symbols  F,  Q,  and  L  denote  the  arbitrary  units 
mentioned. 

10F  =  2Qby  4Qper  (5L)-; 


Since  the  spheres  have  equal  radii,  they  have  equal  capacities,  and 
therefore  equal  charges  after  separation.     Hence 

3  Q  by  3  Q  per  (8  L)2  ; 
10  x  25x9  p 
2  x  4  x  64      ' 
i.e.,     4-4  F. 

Ex.  2.  Two  small  spheres  of  radii  3  mm.  and  4  mm.  respec- 
tively are  in  electrical  connection,  at  the  potential  of  500  C.G.S. 
units,  and  at  the  distance  of  6  cm.    apart  ;    find  the   force  in 
grammes  tending  to  separate  them. 
The  capacity  of  the  former  sphere  is 

'3  Qc.g.s.  =  erg  per  Qc  g  9  , 
500  erg  per  Qc.g.8.; 

.'.     150QC.,8. 
Similarly  the  charge  on  the  latter  sphere  is  200  Q.^.g. 

Now  1  dyne  =  Qc.g.8  by  Qcgs  per  (cm.  dist.)2, 
150x200 


2^200  dyne. 

i£^gramme.weight) 


i.e. 


*85  gm.-wt. 


Ex.  3.  Of  two  Leyden  jars  of  the  same  kind  of  glass,  the  coat- 
ings of  one  measure  each  1  sq.  ft.,  and  the  glass  is  T^ff  inch  thick  ; 
the  coatings  of  the  other  measure  each  3  sq.  ft.,  and  the  glass  is 
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i  thick. 


The  knobs  of  both  are  placed  at  the  same  tinir  in 
,'h  the  prime  conductor  of  an  eh-ctrical  machine,  so  that 
•rkinic  the  machine  they  are  both  charged.     Show  what  are 
the  relative  charges  of  the  jars,  and  the  relative  amounts  of  heat 
produ<-'-d  by  discharging  them. 
Tlu1  capacity  of  a  Leydeii  j 

b 


Q  charge  •  W  per  Q  repell.-.i. 


two  jars  of  the  same  B  are  at  the  same  potential, 

—  Q  charge  in  former        Q 

;  186  m.-mi 

10  Q  in  former  =  3  x  5  Q  in  la- 

•    - 
Again,  the  amount  of  energy  in  a  jar  it  ]j    W 

nis  of  energy  and  therefor  devrloprd  in  di>char_,r 


•J  W  in  t'.nn.-i         W 


B 

1  in  t.-ni.i  <>f  the  C.O 

attrx  t  an  equal  quantity  at  the 

•vo  insulated  sphere*,  wh< 

ial  ({uantitiee  of  poefthre 

3.  'wo  sphere*  of  5  cm.  and  1 
of  « ' 

*•].:,      t.-l.      Wli;it   will  now  Ix-  tl 

4.  f  a  globe  one  metre  in  dial 

-  ;  what  is  tin 
ue  pole  of  A  powerful  »m 
•rojecU  from  the  other  • 
diameter  reepeetirelj,  an 


win.- 
6. 


\  II. 

!l      Will 

ii-t  mtt  "f  •»  iin-trr  with  H  fi.n-.-  ..f  liMi.lyn.-*. 

w  diameter*  are  5  and  8  centimetre*,  are  charged 

are  then  connected  by  A  long  thin  wir< 

leter  be  UuraUted  and  charged  toapoten 
jtii'outit  <'f  tli»*  *')i  Lr-f'' '' 

tery  b  connected  tu  cart  .Mg  insulated 

••I.  Two  insulated  metal  balls,  of  1  inch  nn.l 
pat  one  after  the  other  in  contact  with  the  end 
ire  the  oomparati 


insulated  projecting  wire, 
if  the  electricitie.  on  the  two  balls  ? 

.  spherical  conductor  of  5  em.  diameter  has  »  charge  of  6  electrostatic  units ; 
what  *  the  density  of  the  distribution  ? 
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7.  Equal  quantities  of  electricity  are  placed  on  spheres  of  1  centimetre  and 
decimetre  diameter ;  compare  the  densities  of  the  distributions. 

8.  The  charge  on  a  sphere  of  4  inches  diameter  is  allowed  by  means  of  a  lonj 
thin  wire  to  distribute  itself  over  another  sphere  of  6  inches  diameter.     Compare 
the  energy  of  the  final  with  that  of  the  original  distribution. 

9.  The  areas  of  the  armatures  of  three  condensers,  exactly  alike  in  all  other 
respects,  are  as  the  numbers  3,  4,  5.    Find  their  relative  charges  when  at  the 
same  potential. 

10.  Five  units  of  electricity  are  conducted  into  the  interior  of  a  Leyden  jar  of 
200  sq.  cm.  surface,  and  6  units  of  electricity  are  conducted  into  the  interior  of  a 
similar  jar  of  300  sq.  cm.  surface.     Compare  the  heat  developed  by  discharging 
each. 

11.  A  Leyden  jar  is  charged  from  an  electric  machine,  an  unit  jar  being  inter- 
posed, and  ten  discharges  of  the  unit  jar  occur.     Compare  the  energy  expend* 
by  the  person  working  the  machine  in  each  successive  time  of  charging  the 
unit  jar. 

12.  A  condenser  is  formed  of  two  concentric  spheres,  one  of  which  is  100  mm. 
and  the  other  101  mm.  in  radius.     The  specific  inductive  capacity  of  the  dielectric 
is  2.     The  condenser  is  charged  with  1,000,000  electrostatic  units.     Calculate  ii 
calories  the  amount  of  heat  developed  by  the  discharge. 


SECTION  XLVIIL— ELECTROMAGNETIC. 

ART.  219. — Electromagnetic  Unit  of  Quantity.    As  befoi 
let  Q  denote  any  unit  of  quantity  of  electricity ;  then  the  stren< 
of  a  uniform  current  of  electricity  flowing  round  a  wire  will 
expressed  in  terms  of  Q  per  T.     When  a  uniform  current 
round  a  circular  arc,  the  intensity  of  the  magnetic  field  produc 
at  the  centre  of  the  arc  is  directly  proportional  to  the  strength  oi 
the  current,  and  to  the  length  of  the  circular  arc,  and  inversely 
proportional  to  the  square  of  the  radius  of  the  arc.     Thus  we  hav< 
the  law 

k  F/P  =  (Q/T)  x  L  arc/(L  radius)2 ; 
a  reciprocal  form  of  which  is 

1/&Q/T  =  (F/P)  x  (L  radius)2/L  arc. 
It  has  been  already  shown  that  the  units  F  and  P  can  be  defin< 
systematically  in  terms  of  L,  M,  T.     Hence  Q  is  defined  syst 
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matically  by  making    k=l.     It   is   implied   that   the    medium 
s  air. 

: .  220.— Ratio  of  the  two  Units  of  Quantity.     Since  both 
are  units  for  the  same  thing,  there  is  an  equivalence 
n  electrostatic  Q  =  electromagnetic  Q, 
n  which  n  denotes  a  numerical  quantity. 

It  is  evident  that  there  may  be  a  particular  set  of  fundamental 

.  for  which  n  is  1  ;  let  them  be  L,  M,  T.     The  multiplier  for 

the  electrostati    Q  if    --m-/"1,  and  that  for  changing  t lie 

Q  units; 

L*  M,  T  to  the  unite  L',  M*,  T  •  -to 

!ectrostati<  Q  Q. 

i.e.,     It'1  electrostatic  Q'  =  electron  Q. 

Now  lt~l  is  the  value  of  a  velocity  ;  and  aeeor* 

daxwell,*  it  is  the  value  «,f  th»-  velocity  of  IL'ht.     I 
been  found  as  the  result  of  a  large  nun.'  that 

the  -  alue  ranges  about  that  of  the  vel  :i  air,  whi« -h  is 

[3  x  1 010  cm.  j>er  sec. 

A  rr.  221. — Coulomb;  Ampere.    The  C.G.S.  systemu: 

I  )  *y  a  special  case  of  the  above,  namely 
1  Q       pa     • .     dyne  per  Peft<  by  (cm.  radius)'  per  cm.  arc. 
.\  >>nal  Congress  of  I  !i  mot  at 

in  1881,  one-tenth  of  ;  romagnetic  unit  <>: 

adopted  as  a  .ited  a 

h  is  dii  *  ctly  measured,  it  is  important  to  have  a  single 

nb  per  se<    M  1      A:  the  Congress  r< : 
\ 
1  ampere- ^  Q          i  sec. 

I  ie  practical  units  form  a  syst-  L  is  107  metres,  M 

II  ""  gramme,  and  T  is  the  sound. 

•  £t<ctricity  and  Magntti*m,  vol. 
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ART.  222.— Unit  of  Electromotive  Force ;  Volt.  The  electro- 
motive force  of  a  circuit  is  the  amount  of  work  done  on  a  unit  of 
positive  electricity  in  passing  once  round  the  circuit.  It  is  ex- 
pressed in  terms  of  W  per  Q  moved  round;  hence  in  the  C.G.8. 
system,  by  erg  per  Qc>g.8..  The  Congress  adopted  as  a  practical 
unit  the  unit  which  had  been  defined  and  adopted  by  the  British 
Association,  namely,  108  erg  per  Qc.g.8.,  denominated  the  volt. 
Hence  1  volt  =  108  erg  per  Qc.g.8., 

=  109  erg  per  coulomb. 

The  volt,  as  will  be  seen  from  the  following  short  table,  is 
nearly  equal  to  the  electromotive  force  of  a  Daniell's  cell. 

A  customary  abbreviation  for  the  term  electromotive  force 
is  e.m.f. 

ELECTROMOTIVE  FORCE  OF  VOLTAIC  CELLS. 

Name  of  Cell.        Daniell.        Grove.        Bunsen.        Latimer-Clark.        Leclanche". 
volts  1'12          T95  1-85  1-46  1-42 

ART.  223.— Unit  of  Capacity;  Farad.  We  have  seen  that  the 
idea  of  capacity  is  expressed  in  terms  of  Q  per  (W  per  Q).  The 
ordinary  C.G.S.  unit  is  Qc.g.8.  per  (erg  per  Qc.g.8.). 

The  Congress  adopted  the  practical  unit  of  the  British  Associa- 
tion, namely,  the  farad.     It  is  defined  by 
1  farad  =  coulomb  per  volt, 
or  =  10-9  Qc.g.,  per  (erg  per  Qc.g.,). 

The  microfarad,  which  is  the  one  millionth  part  of  the  farad,  is 
the  most  convenient  unit  for  actual  work. 

A  cable  is  an  infinitely  long  cylindrical  condenser.  For  a  cable 
having  a  metallic  core  of  a  L  radius,  an  insulating  sheath  of  b  L 
radius,  and  a  specific  inductive  capacity  k,  the  capacity  per  unit 
of  length  is 

per  L  long  =  W  per  Q. 


2  a  log  - 


a 


ART.  224. — Unit  of  Resistance;  Ohm.    When  a  steady  current 


[H 


EL  '1C. 

:ty  flows  round  a  circuit,  the  amount  of  the  current  is 

Toss-section  of  the  circuit.     When  the  el- 
motive  force  i>  lie  circui:  pt  the  same  and  at  the 
lire,  the  amount  of  the  current  is  found  t<-  be  \>r<- 
•nal   to  the  electromotive  t'.n-ee.      Hence  we  have  the   law, 
]>y  Ohm, 

k  W  per  Q  =  Q  i-er  T. 
This  gives  us  the  idea  of  electric  resists 

The  C.G.S.  unit  is  erg  per  QCP,  ;        Q    .  per  « 

1  unit,  01  a  Association  and 

adopt 

volt  per  ampere. 
;  m  is  ohm  ;  so 
1  ohm  =  volt  per  amp' 

=  10»  C.G.S.  unit  of  resist 


A:i  The  Standard  Ohm.     T  -h  Associu 

defii  ing  the  ohm  appointed  a  commit t.-e  t<>  « ..n>truct  a  stan 
whi(  h  should  :  r  measure- 

men  s  w;i  •  <>h in  is  represented  l>y  • 

coin   .  .  one  square  millinirtiv  in  s. 

and  1  s  long.     In  accoi  •  i 

dar«   coils  were  constructed  of  a: 

inurn,  and  issued  to  e.\  -ere. 

s  -,   made 

• 

fhe  Paris  Congre>  -.-d  a  com- 

mit t  e  of  >  MS  to  make  a  fresh  deU  i  l<.iitlnii 

rep<  t  the  standard  ohm  has  been 

resi-  ance  of  a  column  «•:  .  section  oi 

•  re  and  a  ;  res. 

unit  of  resistance  was  denned  as  the  resistance  of 
u   C.,  havii. :  one  sq.  mm.  in  section,  and 
1  m< 
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ART.  226. — Watt ;  Joule.     We  have 

1  W  per  T  =  (W  per  Q  moved  round)  x  Q  passing  round  per  T. 
A  special  unit  of  activity,  called  the  watt,  is  obtained  from  this 
equivalence  by  making  W  per  Q  the  volt,  and  Q  per  T  the 
ampere.  Thus 

1  watt  =  volt  by  ampere, 

=  107  ergs  per  second. 

The  joule  is  the  corresponding  unit  of  energy, 
1  joule  =  volt  by  coulomb. 

These  two  denominations  were  proposed  by  Sir  W.  Siemens  in 
his  address  to  the  British  Association,  1882  ;  they  appear  likely 
to  be  adopted,  but  they  have  not  as  yet  the  authoritative  stamp 
of  the  other  denominations  denned  in  this  section. 

Also  since 
1  W  per  T  =  {(W  per  Q)  /  (Q  per  T)}  x  (Q  per  T)  x  (Q  per  T), 

=  Rx(QperT)2; 
1  watt  =  ohm  x  (ampere)2. 
The  relation  of  the  watt  to  the  horse-power  is 
746  watts  =  horse-power. 


EXAMPLES. 

Ex.  1.  Find  the  multiplier  for  changing  the  electrostatic  unit  of 
potential  from  the  centimetre,  gramme,  and  second,  to  the  metre, 
kilogramme,  and  second. 

The  old  unit  of  potential  is  expressed  by 

erg  per  Qc  g  8. 

Now  1  erg  =  gm.  by  cm.  per  sec.  per  sec.  by  cm.; 

and  1  Q2c.g.s.  =  dyne  by  cm.2, 

=  gm.  by  cm.  per  sec.  per  sec.  by  cm.2 
But  '01  metre  =  cm., 

and  "001  kgm.  =gm.; 

hence,  when  we  substitute  instead  of  cm.  and  gm.,  we  obtain 
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1  ers=  001  x  -01  x  -01  k^m.  by  metre  per  sec.  per  sec.  by  metre, 
=  -0000001 

1  Q  *•-  =  '°01  x  *01  x  (  •Oiy'kgm.  by  metre  per  sec.  per  sec.  l>yi!. 
=  •000000001  ..  „ 


1  Q  *A  =  10000  JlQ  ^kgm"  by  metre  PGT  86C*  per  8e(X  b}  liu>tlv- 
Hence 

VTo 

dognminetn  p.-r  Qmk,..  =erg  per  Q,,^ 

--28 
Tlie  kilogiammrtre  here  meant  is  the  absolute  not  the  gra 

unit. 

-.   Fiii'  I  •  ."'0  ohms,  -  .  l»y  a 

dynamo  n  mal  resistance  of  5  oh 

the  electromotive  force  of  the  dynamo  is  450  volts. 
1  ohm  =  volt  per  ampere, 
mpere  =  volt  per  oi 
450  volts  per  (50  +  5)ohms  ; 

/an-pe^ 
8-2  amperes. 


KXKIU'ISK    XI/>  :  1 1. 

the  electrostatic  system  for  changing  the  m 

ity,  Capacity,  and  Current  from  centimetre,  gramme,  and  second,  to  metre, 
unme.  and  second. 

corresponding  multiplier,  when  the  units  mentioned  above  belong 
electromagnetic  .y.tem. 

•Sing  the  electromagnetic  units  of  Electro- 
and  Resistance,  from  the  C.U.8.  units  to 

table  of  electro-  *  i.  expressed  in  terms  of  the  n.illi 

p,  and  seco:  changing  to  the  ( 
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5.  Compare    the    millimetre-milligramme-second  unit  of  current  with  the 
ampere. 

6.  Find  the  multiplier  for  changing  cheval-vapeur  to  watt. 

7.  Compare  the  kilogrammetre  with  the  joule. 

8.  If  an  electromotive  force  of  90  volts  is  maintained  between  the  terminals  of 
an  incandescent  lamp,  and  a  current  of  1'5  amperes  flows  through  the  lamp; 
what  is  the  rate  at  which  energy  is  supplied  to  the  lamp  ? 

9.  A  dozen  incandescent  lamps,  each  having  a  resistance  of  2*75  ohms,  are 
joined  in  a  single  circuit,  and  the  resistance  of  the  wires  connecting  the  terminals 
with  the  terminals  of  the  dynamo  machine  is  1'2  ohms.     If  the  maximum  electro- 
motive force  of  the  dynamo  is  250  volts,  what  is  the  maximum  current  which  can 
be  sent  through  the  lamps  ? 

10.  A  single  Grove's  cell  is  employed  to  send  a  current  through  an  external 
resistance  of  100  ohms.     What  is  the  strength  of  the  current  taking  the  internal 
resistance  of  the  cell  at  '25  ohm  ? 

11.  Calculate,  in  terms  of  the  watt,  the  activity  of  the  above  circuit. 

12.  When  the  poles  of  a  battery  were  connected  with  the  terminals  of  a 
tangent-galvanometer,  a  cxirrent  of  24  amperes  was  produced  ;  and  when  the 
resistance  of  the  circuit  was  increased  by  1  ohm,  all  else  remaining  as  before,  the 
strength  of  the  current  was  11  amperes.      Find  the  electromotive  force  of  the 
battery. 

13.  A  circuit  is  formed  containing  galvanometer,  battery,  and  connecting  wires, 
the  total  resistance  of  the  circuit  being  4 '85  ohms  ;  the  galvanometer  shows  a  de- 
flection of  485°.     When  a  piece  of  platinum  wire  is  introduced  into  the  circuit, 
the  deflection  falls  to  29°.     Calculate  the  resistance  of  the  platinum  wire,  given 
tan  48£°  =  1121,  and  tan  29°  =  0'554. 

14.  The  ratio  of  the  electrostatic  to  the  electromagnetic  unit  of  quantity  is 
3  *  1010  in  the  C.G.S.  system  ;  what  is  it  in  the  F.P.S.  system  ? 

15.  A  battery  of  50  Grove  cells,  having  a  total  internal  resistance  of  13 '5  ohms, 
is  joined  by  a  short-circuit ;  find  the  current  which  will  be  given. 

16.  The  Board  of  Trade,  acting  under  the  Electric  Lighting  Act,  have  adopted 
a  unit  of  energy  which  is  defined  as  "the  energy  contained  in  a  current  of  1,000 
amperes  flowing  under  an  electromotive  force  of  one  volt  during  one  hour/' 
Compare  this  unit  with  the  joule. 


SECTION  XLIX.— EESISTANCE. 

ART.  227. — Resistance  of  a  Substance.  When  a  steady  cur- 
rent of  electricity  flows  along  a  wire  of  uniform  material,  having 
a  uniform  cross-section,  the  strength  of  the  current  is  directly 


.V-  -2~7 

:;al  to  the  difference  of  the  electro-motive  forces   at  the 
and  to  the  «  taon,  and  in\vrs.-]y  proportional  to  the 

i  nf  the  circuit,  depending  utherwi.se  only  on  the  nature  and 

1  of  the  wire,      Ilm.v  \vc  1. 

/:  Q  per  T  per  S  cross-section  =  (W  per  Q)  dill'.  L 

1  the  electric  condtictirity  of  t  .     Tlie  idea  is 

.rotis  to  that  of  thermal  conductivity  :  <  W  p<T  QJ  iliHVrenre 

_rh  takes  the  plao-  «>t'  0  dill'«  ;•  L  normal:  it 

be  ealled  •  |    | 

.1  is 

W  pei  Q  L  Q        T  j"T  S  ONMl 

•  I  the  electric  rcsishi i'  >   of  tin-  ra)  It  IIKIV  ; 

'it  f« •mi 

1      W;    r  Q)diff.  per  (Q  per  T)  carl      L  3 

Distance  of  a  -  is 

:  Q  l»ersec.  per  cm.1). 

Th« 

or  volt  per  amj  !  P61"  **!•  CIU 

•he  above*  lite. 

.-J.S.— Relative   Resistance;   Specific  Resistance. 
tht  electric  resistance  of  a  substance  A  be 

r,(W  ;       Q    ;       L    :  ./     .Q  j- i  T    i    :  S-.f  J; 
thi    c;i  form 

S         L  Q          I  W         Q). 

••  £, 

r,  Q         T         '  W         Q). 

'H«-  ce  r^r,    BpttL    •  •  B      S  ;       L 

wh    h  den>  :\«-l\  to  that  of  A. 

I    ^  k  the  standard  substance  (at  a  stai.  with 

distances  are  compared,  th.-n  th<-  n-lativ«-  i.-.j 
bee  mes  the  specific  resistance.     In  the  taM*    l,.-!.,\v  the  star 
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substance  is  mercury  at  0° ;  it  is  the  most  suitable  substance  for 
the  purpose  as  the  ohm  is  now  denned  in  terms  of  a  column  of 
mercury  (Art.  225). 

Observe — The  word  "  specific  "  is  used  throughout  in  the  sense 
which  it  has  in  the  term  "specific  gravity." 

SPECIFIC  ELECTRIC  CONDUCTIVITY. 

k  L  length  per  S  section  of  substance  at  0°  —  L  length  per  S  section  of 
mercury  at  0°  C. 

The  resistance  of  mercury  at  0°  C.  is  '943  ohm  =  metre  per  sq.  mm.  cross 
section. 


SUBSTANCE. 


SUBSTANCE. 


Metal 

Aluminium,  .         .         .         .31 
Bismuth,        ....         '8 
Cadmium,      .         .         .         .14 
Cobalt,  .         .         .         .97 

Copper,          .         .         .         .54 
Gold,     .         .         .         .         .44 

Iron, 8'5 

Lead, 4'9 

Lithium,        ....     10'7 
Magnesium,  .         .         .         .23 
Nickel,          .        .        .        .7-4 
Palladium,     .         .         .         .       6'9 
Platinum,      .         .         .         .8*2 

Silver, 62 

Tin, 8-9 

Zinc,      ....  16-5 


Compound  Metal. 
Brass,  30  Zn  +  70Cu,     .         .13 
German  Silver,      .         .         .       3'8 

Steel, 67 

Non-metal. 

Gas  coke,       ....     '015 

Glass  at  200°         .         .    91  x  10  ~14 

Phosphorus  at  20°          .    69x10-8 

Liquids.  &xlO~4 

Nitric  acid,  3  V  acid  per  7  V  water,  '73 

Sulphuric  acid,  concentrated,  .     *12 

Sulphate  of  copper,  saturated 

solution,       .         .         .  -Q4 

Sulphate  of  zinc,  saturated  solu- 
tion,   -05 

Water,  11  V  water  per  V  sul- 
phuric acid,  .  .  ,*37 

Water,  distilled,       .         .  '00000071 


ART.  229. — Resistance  in  terms  of  Linear  Density.     Let  the 
resistance  of  a  substance  be 

r  S  per  L  =  (Q  per  T)  per  (W  per  Q). 
Let  its  density  be 


P  M  per  L  =  S. 

-:itutiiur  f«»r  S, 
rp(Mi'      L  L     (Q  per  T)  per  (W  per  Q). 

l.-iu  tliat  M  per   L  denotes  the  unit  of  linear  density. 

A  (M  per  L)  per  L  of  £  =  (M  per  L)  per  L  of  A. 

0.— Multiple  Circuit.     L<  t  /'  and  Q  of  a 

ted  l»y  three  win*  ^,  £,  and  C,  the 

•  s  of  wh;  in.     Then 


"••" 

th«  c<  •  -  /  is  1  /r,  mho,  of  B  1  /r,  mho,  and  of  C 1  /rs  mho. 

Th  3  i '  M  the  sum  of  the  condu« 

.•  is 


T  9  word-symbol  mho  is  u.-  mson  to  denot 

n  iprocal  unit  to  the  ol 

The  resulting  resistance  is  the  reciprocal  ol 


+  l  +  l)ohm, 
r»      r»/ 

s..   '-£& ohm. 


resistances  are  equal,  the  col 

a     i:  'ihirf  is  the  case 
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when  three  similar  cells  are  joined  in  multiple  arc  ;  and,  generally, 
when  n  similar  cells  are  so  joined,  the  resulting  resistance  of  the 
battery  part  of  the  .circuit  is  one  nth  of  the  resistance  of  a  single 
cell. 

Compare  the  ideas  of  Arts.  104  and  105. 

ART.  231. — Wheatstone's  Bridge.     This  name  is  applied  to 
special  arrangement  of  a  battery  circuit  by  means  of  which  the 
resistance  of  a  wire  may  be  determined  (Fig.  28).     The  terminals 

C 


Fig. 28 

A,  B  of  the  battery  are  connected  by  a  two-fold  circuit,  each 
branch  of  which  contains  two  resistances ;  and  the  points  of 
junction,  C,  D,  are  connected  by  the  galvanometer  wire.  The 
resistance  of  each  of  the  wires  AC  and  CB  is  known,  the  resist- 
ance of  AD  can  be  varied  by  altering  its  length,  and  DB  is  the 
wire  of  unknown  resistance.  The  length  of  AD  is  varied  until 
no  current  passes  through  the  galvanometer. 

For  any  length  of  the  circuit  the  value  k  of  the  rate 

k  volts  fall  =  ohm  of  length 
is  constant.     That  is  one  way  of  stating  Ohm's  Law.     Let  e  volts 
be  the  fall  of  potential  in  passing  from  A  to  E,  then  for  the  one 

branch  e         i.    *  n       i_ 

volts  fall  =  ohm ; 
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and  t'or  the  other  Branch 


volts  fall  =  ohm. 


r  +  x 

•  the  fall  from  A  t  >lts,  an»l  that  from  A  to 

s)  volts.     When  there  is  no  eiirrent  through  the  Lcalvan- 
•T.  these   lulls  of  potential  must  l»e  e<|iial ;  theref'. 
ion  re 

r+x' 

from  which  r. 

x- 

r, 

Mi  LTIPLIEBS  FOB  <  FROM   ONK   SYSTEM  OP    El 

HIEB. 

[ii  i valences — /  new  L  -  old  L ;  m  new  M  -  old  M  ;  t  new 
i  T. 

ilence — «  new  unit  -  oM  unit. 


ELKCnUMTATi 

Kl.t:  UXOMAQNRTIcKl.M). 

"** 

» 

« 

Ma  rnetic  pole,    . 

/  '  tn  (~* 

'  :, 

/~*m*<-' 

.      . 

/*TO 

. 

/!m*/-> 

Im  nsity  of  magnetization, 

r*  ;>,*<-» 

<,>:       lit    ' 

/fm*r» 

ll«l 

Ii,'    n 

/"*m*<-' 

/*»r 

K       t: 

t*m- 

/In, 

El    :tri 

/"*m*<-» 

/-Im* 

ic  capacity, 

/•    _• 

- 

1 

"  I  [m 

/Itii*^-1 

l^nr 

R»    .stance, 

/-»  t 

lt-i 

C>  ductivity  of  a  substance  re- 

l~*t 

Coi  luctivity  of  a  substance  re* 

f  rred  to  length  and  line-density, 

lm-'l 
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EXAMPLES. 

Ex.  1.  What  is  the  relative  resistance  of  two  copper  wires,  the 
one  10  feet  long  and  weighing  35  grammes,  the  other  6  feet  long 
and  weighing  10-5  grammes  1 

Let  the  resistance  of  the  copper  be 

c  ohm  =  (ft.  long)2  per  gramme. 
For  the  former  piece 

100/35  ft2,  per  gm.; 

100c./35  ohms. 
For  the  latter  piece 

36/10-5  ft2,  per  gm.; 
36c./10-5  ohms. 

Hence  -  ohms  in  former  =  ohm  in  latter, 

o5  x  ob 

i.e.,  5/6  ohms  in  former  =  ohm  in  latter. 

Ex.  2.  Two  points,  A  and  B,  are  joined  by  three  wires  in  mul- 
tiple arc,  the  resistances  of  which  are  3  ohms,  5  ohms,  7  ohms. 
What  is  the  resulting  resistance  between  A  and  B  ? 

1  ohm  =  volt  per  ampere. 
For  the  1st  wire  the  resistance  is  3  ohms, 

.-.  the  conductivity  is  £  ampere  per  volt. 
The  conductivity  for  the  2nd  is  \  ampere  per  volt, 
and  for  the  3rd,  \  ampere  per  volt ; 

hence  the  total  conductivity  is  ^  +  i  +  \  ampere  per  volt, 

5x7+7x3+3x5 
i.e., — - — ampere  per  volt, 

O  X  0   X    i 

™">  Tn*  amPere  Per 

1  U& 

Hence  the  resulting  resistance  is 

j—  volt  per  ampere, 
i.e.,  1'5  ohm. 

Ex.  3.  Find  the  arrangement  of  100  equal  cells  which  will  give 


&XS1STAM 

;:ivnt  in  a  conductor  whose  resistance  is  25  times 

Tuk«-  i"i-  unit  of  electromotive  force  that  of  one  cell  and  denote 
it  l>y  E,  and  for  unit  of  e  that  of  one  cell  and  denote  it 

t.      1.      C        ;'>te  a  unit  of  <  :ch  that 

1  C  =  E  per  R. 

::ir  urrai.  notive  foi 

100  E,  and  th-  e  is  100  +  _">  R  ;  theivfore  the  current   i- 

G. 

tor  the  ai  '/r.     The 

E,  and  the  resistance  -01  +  25  R;  hence  the  current  i- 
C. 

former  arrangement  to 

fix.  4.  DftrnniiH-  th«- 

wii«  4:57  millimetres  loiii:,  which  has  a  resistance  of  -lLV>7  olim-, 
and  which  \\. •!.;.-  Ill  i 
in  m 

Phe  resistance  of  a  material  is  measured  in  terms  of 

ohm  =  cm.  long  per  sq.  cm.  cross-sec; 
Fc  •  tl.  d  in  «|iK 

•lL'"»7  "hni      ;  I'.ng  perz  sq.  < 

x  ohm  =  cm.  per  sq.  cm. 


Ml 


gm.  per  cm.  long  =  sq.  cm.  section, 


•11 1  -4111  7  cm.  long, 


oh-  Per  ,„„,,,, 


3-028  microhms  per  (cm.  per  sq.  cm.). 
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Ex.  5.  The  resistance  of  the  wire  of  a  galvanometer  is  4,000 
ohms  ;  it  is  required  to  find  the  resistance  of  a  wire,  which,  acting 
as  a  shunt,  will  reduce  ten-fold  the  sensitiveness  of  the  galvan- 
ometer. 

Let  it  be  x  ohms.  The  conductivity  of  the  galvanometer  is 
1/4000  ampere  per  volt,  of  the  shunt  l/x  ampere  per  volt;  there- 
fore of  the  two  together  1/4000  +  l/x  ampere  per  volt.  Hence 
the  ratio  of  the  current  through  the  galvanometer  to  the  total 
current  will  be 

ampere  through  galvanometer  =  -— —  +  -  ampere  total, 


4000  4000     x 

i.e.,     x  ampere  through  galvanometer  =  4000  +  x  ampere  total. 
But  this  is  given  to  be  1  to  10 ;  hence 

10  z  =  4000  +  2, 

x  =  444. 
Ans. — 444  ohms. 


EXERCISE  XLIX. 

1.  Compare  the  currents  which  the  same  electromotive  force  is  capable  of  pro- 
ducing in  two  wires  of  the  same  material,  whose  lengths  are  as  5  to  1,  and  cross- 
sections  as  3  to  2. 

2.  The  resistance  of  a  piece  of  platinum  wire,  41  metres  long,  and  '5  millimetres 
in  diameter,  is  found  to  be  '19  ohms.     What  is  the  resistance  of  a  bar  of  the  same 
material  1  decimetre  long  and  1  square  centimetre  in  section  ? 

3.  Compare  the  resistances  of  two  copper  wires,  one  of  them  8  feet  long  and 
weighing  1/4  ounce,  the  other  14  feet  long  and  weighing  6/7  ounce. 

4.  A  piece  of  copper  wire  100  yards  long  weighs  1  lb.;  another  piece  of  copper 
wire  500  yards  long  weighs  1/4  lb.     Find  the  relative  resistance  of  the  latter  piece 
to  the  former. 

5.  Find  the  resistance  of  485  m.  of  copper  wire,  one  mm.  in  diameter,  at  0°  C. 

6.  Find  the  resistance  per  mile  of  iron  wire,  '24  inch  in  diameter.    ' 

7.  "What  length  of  German  silver  wire  one  mm.  in  diameter  will  give  a  resist- 
ance of  one  ohm  ? 

8.  What  is  the  resistance  of  2000  yards  of  German  silver  wire,  '0108  inch  in 
diameter  ? 
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9.  Find  the  length  of  a  copper  wire  1  mm.  in  diameter  which  has  the  resi- 
of  one  C.G.S.  electromagnetic  unit. 

1".  The  resistance  of  a  column  of  silver  100  cm.  long  and  1  gm.  in  weight  is 

.ins.     Find  the  resistance  of  silver  in  terms  of  the  C.G.S.  unit. 
11.  Two  brass  plates,  10  inches  square,  are  separated  from  one  another  by  a 
:u-percha  14  inch  in  thickness.     How  many  miles  of  cupper  wire. 
h  in  diameter,  will  have  a  resistance  equal  to  that  between  the  ; 
lative  resistance  of  guttapercha  to  copp  '.  O*? 

trical  current  may  pass  from  A  to  B  by  10  wires  ACS  and 

he  resistances  of  which  are  3  ohms  and  7  ohms  res]  .     What  is  the 

resistance  of  a  single  wire,  which  can  replace  ACB  and  ADB  in  such  a  way  as  not 

any  alteration  in  the  current  in  the  rest  of  the  circuit  ? 
A'lth  the  shunts  .   compare  t 

when  any  two  of  the  shunts,  and  when  all  three  ai 

14    In  a  submarine  cable  1000  knots  in  length,  the  electrical  resistance  of  the 
couilu.  •  •:,  and  the  whole  insulation  resistance  < 

perch*  sheath  is  115,000  ohms.    Determine  the  total  resistance  of  the  cable 

ive  of  batteries. 

1  -.  Three  incandescent  lamps  having  a  resistance  of  50  ohms  each,  are 
i:,  •  nil- 

Tvro  wires,  whose  conductivities,  lengths,  and  cross-sections  are  as  7 
5  t  >  3,  2  to  1  respectively,  are  in  the  same  circuit.    Compare  the  rate  at  which 
be*  t  is  developed  in  the  former  to  the  rate  at  which  heat  is  develop,.!  in  th. 

T.  A  galvanometer  of  500  ohms  is  shunted  by  a  shunt  of  50  ohms.  Compare 
tli  amounts  of  heat  generated  in  the  galvanometer  and  »! 

1  Show  how  to  arrange  13  similar  galvanic  cell*,  each  of  which  has  a  resistance 
of  1*3  unit*,  so  as  to  give  the  current  of  greatest  strength  through  a  wire  whoso 
n  *t.i:ic.-  i-  SH  mite, 

ells  is  connected  in  series ;  each  cell  has  an  electro. 

m   ive  fore.  t.  and  a  resistance  of  3  ohms ;  and  the  resistanc. 

•x  iroal  circuit  is  2 10  ohms.     What  is  the  strength  of  the  current  ? 

).  If  there  are  20  cells  in  a  battery,  each  having  a  resistance 
tli    external  resistance  is  1  ohm.  what  arrangement  of  cells  will  give  the  strongest 
•it? 

1.  Find  the  condition  which  nui  current  given  by  the  arrange- 

ill'  it  in  series  is  equal  to  the  current  given  by  the  arrangement  in  multiple  arc. 

I.  I  rent  when  a  batt  Us,  each  having  a  resistance  of  100 

is  and  an  electromotive  force  of  1  '."•  volts,  is  joined  to  an  external  cir 

)  ohms ;  tirtt.  when  the  cells  are  arranged  in  multiple  arc ;  seamrf,  in  series ; 
two  series  joined  i  arc. 
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23.  A  current  from  a  battery  of  3  Grove's  cells,  having  each  an  electromotive 
force  of  1'8  volts,  and  resistance  of  '8  ohms,  is  passed  through  a  piece  of  platinum 
wire  1*5  metres  long  and  0*12  mm.  in  diameter  for  one  minute.     Find  the  amount 
of  heat  developed  in  the  wire. 

24.  The  terminals  of  a  battery  formed  of  seven  Darnell's  cells  in  series  are 
joined  by  a  wire  35  feet  long.     One  binding  screw  of  a  galvanometer  is  joined  by 
a  wire  to  the  copper  of  the  third  cell,  reckoning  from  the  copper  end.     "With 
what  point  of  the  35-feet  wire  can  the  other  screw  of  the  galvanometer  be  con- 
nected so  that  the  needle  shall  not  be  deflected  ? 

25.  A  table  of  electric,  conductivities  is  expressed  in  terms  of  the  millimetre, 
milligramme,  and  second.     Find  the  multiplier  for  changing  to  the  C.G.S.  unit. 


CHAPTEB     SEVENTH. 

ACOUSTICAL. 

SK< 

AKT.   233.— Period  and  Frequency.      It  is  a  property  ..f  a 
vil.ratini:  Ix.dy  ti;;tt  it  vil.rates  always   in  the  same  amor.1 

the  amplitiule  of  its  i  is  large  or  small, 

•he  amplitude  does  not  -  uhirh 

dif  er  for  d  l.l  in 

a  >  ice,  and  the  uppi-r  end  1  e  displa* 
tb  -.  1-:  ibrate  on  either  • 

di   illar,    c  iimnir 

m  tion  (A  -\  has  a  less  :. 

tu  le  t  i.redecess. 

vi  ration  remains  the  sam  Constant  time  is  called  the 

p>  iod  of  the  body,  and  is  expressed  in  terms  of 
T  i 

.  one  or  o 
irom  one  side  to 

m  one  •  and  back  again.     Tin 

in  re  appropriate  d' 
a    omple:  >n. 

I'll.- 

is  per  T. 

\RT.  234.— Wave-length.     A 
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of  a  material  medium  is  propagated  outwards  in  all  directions  and 
with  a  constant  velocity,  provided  the  medium  is  uniform. 
Let  the  velocity  of  propagation  be 

v  L  per  T, 

and  the  frequency         n  vibrations  per  T  ; 

then,  by  eliminating  the  time-unit,  we  get 

v/n  L  per  vibration. 

This  gives  us  the  idea  of  wave-length.    The  wave-length  is  the  dis- 
tance-period, that  is  the  uniform  distance  from  one    point   of 
greatest  condensation  to  the  next  point  of  greatest  condensation. 
The  reciprocal  is 

n/v  vibrations  per  L. 

ART.  235. — Pitch.  The  pitch  of  a  sound  depends  on  the 
number  of  vibrations  received  by  the  ear  per  unit  of  time.  It  is 
the  same  as  the  frequency,  when  the  spectator  and  the  source  of 
sound  are  at  rest  relatively  to  one  another. 

If  the  spectator  and  the  vibrating  body  move  towards  one 
another  with  a  velocity  i\  L  per  T,  the  velocity  with  which  the 
vibrations  will  arrive  will  be  v  +  vl  L  per  T  ;  and  as  there  are  n/v 
vibrations  per  L,  he  will  receive  n(v  +  v^/v  vibrations  per  T. 

If  they  move  from  one  another  with  a  velocity  i\  L  per  T,  the 
velocity  with  which  the  vibrations  will  arrive  will  be  v  —  v1  L  per 
T,  and  the  spectator  will  receive  n(v  -  v^/v  vibrations  per  T. 

ART.  236. — Intensity.  By  the  objective  intensity  of  a  source 
of  sound  is  meant  the  amount  of  energy  transformed  per  unit  of 
time.  It  is  expressed  in  the  form 

/A  W  per  T. 

Its  amount  at  any  time  is  proportional  to  the  square  of  the  ampli- 
tude of  the  vibrations. 

By  the  intensity  of  the  sound  at  a  given  position  iri  the  medium 
is  meant  the  amount  of  energy  received  per  unit  of  time  per  unit 
of  cross-section ;  it  is  expressed  in  terms  of 

W  per  T  per  S  cross-section. 


r.lZ 


Suppose  concentric  spheres  drawn  round  the  source  of  sound 
If  there  be  no  absorption,  the  same  amount  will  pass  a 
namely, 

/*  W  per  T. 
Now,  by  Art. 

4-  S  spherical  surface  =  (L  rail: 
hence  the  intensity  is  -riven  by 

/*  W  per  T  :•  (L  radius)5, 

i.e.,       ¥-  W  per  T^S  cross-section  per  (L 
or  4  W  i>er  T  =  steradian. 

-irr 

The  last  form  shows  that  the  cunvnt  through  a  consta 

•a  is   proportional   to   the   solid   an  n-led    }>y    the 

crews-section. 

lli« 

unit  of  cross-section,  moditi.-d   by   difference  in   M-nsiuv.'iiess  to 
of  diii-  rent 


•.  1.   i  wave-length  in  air  of  a  note  ma 

second,  ta 

1100  feet -sec.; 
1100 


express  train  rushes  past  a  stati 
iles  an  hour,  and  blowing  a  .  hi<  \\ 

ia  *  0< 
pit<  i  «•!'  the  notes  heard  by  a  spectator  as  the  train  comes  u; 
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goes  away  ?     The  velocity  of  sound  in  air  is  then  1090  feet  per 
second. 

40  x  99 

Velocity  of  train  —  —  —  feet  per  second, 

15 

i.e.,          60  feet  per  second  approximately. 
Hence  on  coming  up         60  feet  additional  per  second, 
and  on  going  away  60  feet  less  per  second  ; 

but  vibrations  per  foot, 


-  y  *()  —  vibrations  difference  per  second. 
i.e.t  110  vibrations  difference  per  second. 


EXERCISE    L. 

1.  Find  the  wave-length  of  a  note  making  1,000  vibrations  per  second,  both  in 
air  and  in  water  ;  the  velocity  of  sound  in  air  being  1,100  ft.  per  sec.,  and  in 
water  4,900  ft.  per  sec. 

2.  A  tuning-fork  makes  256  vibrations  per  second,  and  the  velocity  of  sound  is 
340  metres  per  second;    what  is  the  value   of   the  wave-length  of   the  note 
produced  ? 

3.  It  is  observed  that  6£  seconds  elapse  between  the  flash  and  report  of  a  light- 
ning discharge.     At  what  distance  did  the  discharge  take  place  ? 

4.  A  stone  is  dropped  down  a  well,  and  is  heard  to  strike  the  bottom  after  an 
interval  of  3  seconds  ;  determine  the  depth,  the  velocity  of  sound  being  1,140  ft. 
per  sec. 

5.  Three  observers  are  stationed,  the  first  at  a  mile,  the  second  at  two  miles, 
and  the  third  at  three  miles  from  a  gun.    At  12  o'clock  precisely  the  gun  is  fired; 
state  the  times  at  which  the  explosion  will  be  heard  at  the  several  stations. 

6.  Taking  1,120  ft.  per  sec.  as  the  velocity  of  sound  in  air,  find  the  number  of 
vibrations  which  a  middle  C  tuning-fork  (which  vibrates  264  times  per  second) 
must  make  before  its  sound  is  audible  at  a  distance  of  154  feet. 

7.  A  shot  is  fired  at  500  yards,  and  a  man  standing  at  a  distance  of  100  yards 
from  the  target  hears  the  reports  of  the  firing  and  of  the  impact  at  the  same 
time.     The  time  of  flight  of  the  shot  is  1  sec.;  find  the  distance  of  the  man  from 
the  place  of  firing. 

8.  A  locomotive  moving  at  100  ft.  per  sec.  carries  a  steam- whistle  which  pro- 
duces 1,000  vibrations  per  second.     What  will  be  the  pitch  of  the  note  heard 
by  a  person  standing  close  to  the  rails  before   and  after   the  locomotive   has 
passed?    Velocity  of  sound  as  in  question  1. 
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TloX   LI.— VELOCITY  OF  SOUND. 

137. — Extensibility  of  a  Solid.  Suppose  that  a  bar  of 
a  substance  of  uniform  cross-so .-tioii  i<  subjected  to  an  e.jual  pull  at 
either  end.  T  win  be  an  alteration  of  the  length  of  tin* 

•rhing  force  is  not  sufficient! 

.-train  the  bar  beyond  the  limit  of  elasticity,  the  extension  is  pn»- 
ce.     The  bar,  in  its  strait  its  a 

etjual  and  it€   to   the   stretching  force.     The  iv.. 

the  effect  and  the  cause  is  expressed  in  the  form 

«  L  increment  }>cr  L  "  F       !'  S- 

is  called  the  extensibility  of  the  solid.     The  reciprocal  idea  is 
1  <  F  per  S  ^  L  i  L  ;al; 

modulus,  ,,r  the  modulus  .  :  r  t he- 

resilience  due  to  loni:itudin;;  -n.* 


idinal  compression,  \\  i 
to  in  equal  compressing  force  at  expressed  in  ; 

L  •  !•      •         ;    r  L  original     F  '  •  r  S. 

It-  \ 

OIT.  2.SS.— Compressibility  of  a  Solid  or  Liquid.     \Yh. 
sol  1  or  liquid  is  sul>jected  to  an  e«tual  increment  of  pressin 
surface,    •  produced  per  in 

ori  inal  viilunie  i-  i  nal  pressure.     The 

rel  ti-  10  effect  and  the  cause  is  express  form 

cV  ;it  per  V  original     iF.  ;it. 

Tli  3  is  en!  Htpretsibi'  Mibstancc.    Therecipio.  al  is 

;  :it  =  Vde«  ••!•  V  ori-inal ; 

it     «  called  the  modulus  of  compre- 

he  expan  a  ><>lid  or  Ij.juid  is  expressed  in  terms  of 

Vi  /  S. 

Its   -alue  is  the  same  as  t  :o  compre^ihility. 
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ART.  239.— Compressibility  of  a  Gas.  In  the  case  of  a  gas 
one  value  of  the  compressibility  is  true  only  for  a  small  range  of 
increase  of  pressure.  Let  the  original  pressure  of  a  portion  of  gas 
be  p  F  per  S  and  its  volume  v  V,  and  let  the  pressure  be  changed 
by  a  small  amount  Sp  F  per  S-  The  volume  will  in  consequence, 
there  being  no  change  of  temperature,  suffer  a  decrement  Sv  V. 
Now  by  Boyle's  Law 

pv  F  per  S  })yV  =  (p  +  Sp)(v-8v)  F  per  S  by  V, 

pv  =pv  +  Sp  x  v  -p  x  Sv  —  Sp  x  8v. 

As  Sv  and  8p  are  each  small  fractions,  their  product  Sp  x  Sv  will  bo 
still  smaller,  and  may  be  left  out  of  account.     Hence 

Sv    =1 
v  x  Sp     p' 

Now  — ^-  is  the  value  of  V  decrement  per  V  original  =  F  per  S  ; 

V  X  0^ 

.*.  -  is  the  value  of  the  compressibility,  and  p  the  value  of  the 

modulus  of  elasticity. 

Observe  that  Sv  and  Sp  each  denote  one  numerical  value ;  the 
S  is  used  to  denote  that  the  value  is  small. 

ART.    240. — Velocity   in   a    Solid    or   Liquid.      In  a  solid 
medium  the  square  of  the  velocity  of  sound  is  directly  proportional 
to  the  modulus  of  elasticity  and  inversely  proportional  to  the 
density.     Thus 
/;  (L  per  T)'2=  F  per  S  per  (L  inct.  per  L  origl.)  per  (M  per  V). 

If  F,  S,  and  V  are  each  systematic  units,  then 
1  ( L  per  T)2  =  (M  by  L  per  T  per  T)  per  L2  per(L  inct.  per  L  origl.) 

per  (M  per  L3). 

The  dimensions  of  the  right-hand  expression  are  the  same  as 
those  of  the  left-hand  expression. 

For  a  liquid  we  have  the  same  law,  only  compressibility  is  sub- 
stituted for  extensibility ;  thus 

k  (L  per  T)2  =  F  per  S  per  (V  inct.  per  V  origl.)  per  (M  per  V) ; 
and  k  is  equal  to  1,  when  all  the  units  are  systematic. 
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AKT.  -41. — Velocity  in  a  Gas.     The  sumo  law  modified  holds 
iras.     The  modulus  of  elasticity  "f  a  iras  has  the  same  value 

.:  t.  L'39)  ;  Imt  the  law 

1  » L  per  T)-'=  (F  per  S)  total  per  (M  per  V) 
does  not  hold,  though  the  units  are  systematic,  on  account  of  the 
:it  of  heat  during  the  compression,  by  means  of  whirii 
;•:.!  i<  propa-_  ..e  true  law  N 

/(LperT          F  -al  per  (M  per  V), 

ie  value  of  the  ratio  of  the  specific  heat  of  the 
to  the   spL-ritir  !.  <>lume 

vilely  1-408.     The   unmodified  law  is   rulk-d   Nc\\ 
Rule 

/,'  0  •    •  F]       S>  total  per  (  M  per  V), 

l.v  nn'aiis  of  the  al'ov--  law  v, 

;    LperT      B8to( 
•  I  T     e 

Th  !  velocity  of  sound  in  dry  air  at  0*  C.  is  res  per  second. 

LRT.  242,     Frequency  of  a  Stretched  String  and  of  an  Organ 

Pi  e.  The  square   of   tin-   v.-l.-city   with  which  a  distiii 
tru  'el  tional   to   tlu- 

8tl   tt  0,   and    i: 

l(Lp.-rT)-      Fp-     M  per  L), 

is,  L  per  T  A  iM-rL). 

Tli    disturbance  has  t«>  ie   string 

makes  a  <  nee 

-  L  p'"  ' 

'  his  i-  tin-  fumlamental  wa  .     The  string  can  also  make 

:.itiuii  in  one  half,  one  third,  one  fourth,  etc.,  of  the  I'niida- 
ine  talwa 

uionict  of  tin-  fuii'laiiH-utal  1: 


en  tlis  are 
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In  the  case  of  an  open  organ  pipe, 

2  L  per  vibration  =  L  length  of  pipe, 
and  when  the  pipe  is  stopped, 

4  L  per  vibration  =  L  length  of  pipe. 


EXAMPLES. 

Ex.  1.  Water  is  diminished  1/21000  of  its  bulk  by  an  additional 
atmosphere  of  pressure.  Find  the  modulus  of  compressibility. 

1/21000  V  decrement  per  V  =  atmosphere  additional, 

21000  atmospheres  =  V  per  V, 
76  x  13-6  gm.  weight  per  sq.  cm.  =  atmosphere  ; 
21000  x  76  x  13*6  gm.  weight  per  sq.  cm.  =  V  per  V, 
i.e.,       2 -16  x  10"  gm.  weight  per  sq.  cm.  =  V  per  V. 
or  21-6  gm.  weight  per  sq.  cm.  =  10~6  V  decrement  per  V. 

Ex.  2.  The  velocity  of  sound  being  33300  cm.  per  sec.  at 
0°  C.  and  760  mm.  pressure  ;  what  is  it  when  the  temperature 
is  25°  C.  and  the  pressure  745  mm.  ? 

It  is  independent  of  the  change  of  pressure. 

333002  (cm.  per  sec.)2  ==  273  deg.  Cent., 
273  +  25  deg.  Cent, 

O7Q    i    9^ 

0  333002  (cm.  per  sec.)"; 


273 

33300  J|?| cm.  per  sec.; 
i.e.,  34800  cm.  per  sec. 


Ex.  3.  The  mass  of  a  cubic  foot  of  wrought  iron  is  480  Ibs. 
The  velocity  of  sound  in  an  iron  bar  is  17,000  feet  per  sec. 
Find  the  force  required  to  elongate  an  iron  bar  of  one  square 
inch  sectional  area  by  1/10000  of  its  original  length. 

Let  the  modulus  be 
/A  Ib.  by  ft.  per  sec.  per  sec.  per  sq.  ft.  per  (ft.  inct.  per  ft.  origl.) ; 
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205 


480  Ib.  per  cubic  foot;    therefore  (Art.  240)  the 
sound  alom;  the  bar  is 

t  per  sec. 

•  i:is  is  17."0u  ; 

fi=170002x480. 
170002  x  480  poundals  =  sq  per  ft.), 


]ty 


per- 


-  .....  >•'•• 


' 

02  x  480 


144x10000x3^ 

fond-weight 


Calculate  :.  umber  of  vibrations  per  s« 

loforte  wire  6  feet  long,  J  oz.  to  the  foot,  sUvu-i. 


4x1.; 
e  stretching  force  is 

10  x  :I:M»  Ib.  b\  ft  per  sec.  per  sec.; 

J-2x4x  l-  sec., 

8  ^/322  ft.  per  sec. 

i  _ 

-  \ibrations  per  sec,; 

2  x  137'94  vibrations  per  sec., 

1J  \ibrati«iiis  i>er  sec. 
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EXERCISE  LI. 

1.  The  velocity  of  sound  in  air  at  0°  C.  is  333  metres  per  second  ;  what  is  it  at 
27°  C.? 

2.  One  o'clock  is  signalled  by  a  time-gun,  at  what  time  will  the  signal  be  heard 
by  a  person  at  the  distance  of  one  mile,  the  temperature  being  70°  F.? 

3.  Assuming  the  velocity  of  sound  in  air  to  be  1,120  ft.  per  sec.,  determine  tlic 
length  of  the  wave  produced  in  air  by  a  tuning-fork  which  vibrates  384  times  per 
second.     Determine  also  the  length  of  an  open  organ  pipe  which  would  yield  th? 
same  note  as  the  tuning-fork. 

4.  The  length  of  the  column  of  air  which  resounds  most  freely  to  a  given 
tuning-fork  is  32 '2  cm.;  if  the  velocity  of  sound  in  air  be  33,000  cm.  per  second, 
determine  the  frequency  of  the  fork. 

5.  Find  the  number  of  vibrations  made  in  a  second  by  an  organ  pipe  16  ft.  long 
open  at  both  ends,  sounding  its  fundamental  note,  the  velocity  of  sound  in  air 
being  1,100  ft.  per  sec. 

6.  When  the  velocity  of  sound  in  air  is  1,100  ft.  per  sec.,  how  many  vibrations 
per  second  are  made  by  a  closed  organ  pipe  4  feet  long,  sounding  its  funda- 
mental note  ? 

7.  Calculate  the  frequency  of  an  open  organ  pipe  3  ft.  long  sounding  its 
fundamental  note,  when  the  temperature  is  such  that  the  velocity  of  sound  is 
1,092  ft.  per  sec.     By  how  many  would  the  frequency  be  increased  by  a  rise  of 
temperature  of  the  air  to  the  extent  of  2 '74  deg.  Cent. 

8.  A  pianoforte  wire,   5  ft.  long,  which  weighs  14  Ibs.  per  nautical  mile,  is 
stretched  with  a  pull  of  100  Ibs.      Find  the  number  of  vibrations  made  per 
second  when  it  is  sounding  its  lowest  note. 

1).  Supposing,  at  any  particular  time  and  place,  the  pressure  of  the  atmosphere 
to  be  14|  Ibs.  to  the  square  inch,  and  a  cubfc  foot  of  it  to  weigh  536  grains,  and 
the  intensity  of  gravity  to  be  32 '2  ft.  per  sec.  per  sec.,  what  would  be  the  velocity 
of  sound  in  air,  there  and  then,  according  to  Newton's  rule. 


<  !  FATTER    EIGHT! 

OPTICAL. 

U    UL-   PHYSICAL. 


A  I  '  may  be  used  in  two  sei 

•  to  radiant  <  :.«!,  t..  il»-n«.t.-  that 

energy  which  affects  our  org; 

Both  of  these  quant  it  ios  ;u  .  measured  in  terms  of  W, 

th«   u  r,  in  terms.of  W  j><  r  T.  tin-  unit   t'i»r 

cu  reir  rgJT.      In   nir.i-uring  the  BU 

<lii  ici;  \\-eight  to  the  preference  exercised  by  th«- 

or  ans  of  vision  for  purtii-uhir  kinds  of  radiation. 

VKT.  -li      Intensity  of  a  Source.    Suppose  that  we  have  a 
it  j.lac.-«l  in  a  homogeneous  medium,  and  that 
•n<  ling  forth  a  constant 

/xW         T 

will  l>e  propagated  in  straight  lines  and  equally  in  all 
di  .ft  :ppose  a  spherical  surface  drawn  round  the  e<> 

hu  ing  the  source  t  !   this  surface 

wi  1  be  cross-sectional  to  the  din-  runt  at  the  place, 

an    the  whole  anu>  87) 

t-Scross-se<  L  .  e)2. 

T}'  •  t  •  tossing  this  surface  is  the  same  as  th 

by  the  source,  provided  none  ct  !   1>\    tho 
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medium.     Hence  the  current  per  unit  of  cross-section  at  unit 
distance,  or  the  intensity  of  the  source  at  unit  distance  is  given  by 
/A/47T  W  per  T  =  S  cross-section  per  (L  distance)2, 
-  steradian  (Art.  88). 

ART.  245. — Illuminating  Power.  By  the  illuminating  power 
of  a  source  of  light  is  meant  the  relative  intensity  as  judged  \>y 
the  human  organs  of  vision.  If  two  sources  emit  the  same  kind 
of  light,  that  is,  light  of  the  same  colour,  their  illuminating 
powers  are  strictly  comparable.  The  comparison  is  commonly 
effected  by  finding  the  distances  at  which  they  produce  equal 
illuminating  effects  as  judged  by  the  eye. 

When  two  sources  emit  white  light,  their  illuminating  powers 
are  also  comparable,  and  the  more  so  the  greater  the  agreement 
in  composition  of  the  two  lights. 

ART.  246. — Standards  of  Light.  Hitherto  it  has  been  the 
custom  to  measure  illuminating  power  by  means  of  a  standard 
source.  The  English  standard  source  is  a  sperm  candle  burning 
120  grains  per  hour,  six  of  the  candles  weighing  one  pound.  The 
French  standard  source  is  a  Carcel  burner;  it  is  equal  to  9*3 
standard  candles. 

The  Paris  Congress  of  Electricians  appointed  a  committee  to 
report  on  a  standard  of  light,  and  recently  the  following  standard 
was  adopted.  The  unit  of  each  kind  of  simple  light  is  the  quan- 
tity of  light  of  the  same  kind  emitted  in  a  normal  direction  by  a 
square  centimetre  of  surface  of  molten  platinum  at  the  temperature 
of  solidification.  The  practical  unit  of  white  light  is  the  quantity 
of  light  emitted  normally  by  the  same  source. 

ART.  247. — Luminosity;  Brightness.  The  luminosity  of  an 
incandescent  surface  may  be  defined  as  the  amount  of  current  of 
light  emitted  per  unit  of  surface. 

The  brightness  of  an  object  is  estimated  by  the  light  received 


on  ti  .-'lien  diiv  he  olvjeet  per 

.     .  88),  suUemlril  l»y  the  ol-jert  at  the 

Tin-    term    lai^ht:  to    denote    tlie    subjective 

rrent  of  liirht  iv,ci\cl  fn-m  a  small  luminous 

planet. 
Ai  Wave-length.      The  kiiuls  of  radiant  energy  an 

iss  of 

;iaii    thr    clas>     of    heat 
.:alltT  \va\  I  than 

the    ', 

'.00  milli  nlinji 

tlu-  \ «•!«., -ity  tb  can  be  tl  u    in    the   case  of 
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The  rate  at  which  vibrations  are  received  by  the  eye  is  the 
same  as  the  rate  at  which  they  are  emitted  by  the  luminous 
body,  provided  that  the  distance  between  the  spectator  and  the 
luminous  body  remains  constant.  A  velocity  of  separation  or 
approach  modifies  the  rate  of  reception,  and  consequently  the 
sensation  of  colour,  in  the  same  manner  as  it  modifies  the  pitch  of 
a  musical  sound  (Art.  235). 

REFRACTIVE  INDEX  OF  SOLIDS  AND  LIQUIDS  FOR  SODIUM  LIGHT  (D  LINE). 

/j,  L  parallel  per  L  along  in  air  =  L  parallel  per  L  along  in  substance, 

about  18°  C. 


SoM. 


Liquid. 


Canada  balsam, 

L-53 

Alcohol,     .... 

L-36 

.Diamond,            .         .     ' 

2-47 

•50 

Glass,  crown,     . 

•52 

Bisulphide  of  carbon, 

•63 

Glass,  flint, 

•6 

Chloroform, 

•45 

Ice, 

•31 

Ether,        .... 

•36 

Iceland  spar,      . 

•66,  1-49 

Oil  of  cassia, 

•60 

Phosphorus, 

•14 

Oil  of  turpentine, 

•47 

Quartz,      . 

•54,  1-55 

Olive  oil,  .... 

•48 

Rocksalt,  . 

•54 

Petroleum, 

•46 

Sulphur,     .         .    1-95,5 

2-04,  2-24 

Water,                                 .     ] 

[-33 

ABSOLUTE  REFRACTIVE  INDEX  OF  GASES  FOR  SODIUM  LIGHT. 

n  L  parallel  per  L  along  in  vacuum  =  L  parallel  per  L  along  in  gas  at  0°  C. 

and  7CO  mm. 


Gas. 


Go*. 


Air     . 

.     1  -000294 

Oxygen, 

1-000272 

Hydrogen,  .         . 

.     1-000138 

Carbonic  acid,    . 

1-000449 

Nitrogen,    . 

.     1-000300 

Nitrous  oxide,    . 

1-000503 

ART.  249. — Refractive  Index.      When  a  ray  of  light  passes 
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r.ot 


from  one  m. -<lium  ./  into  another  medium  f>.  it  is  l>ent  out  of  its 
tunuer  straight  BT  that  tin-  ratio  of  the  sine 

of  the  angle  of  incidence  to  the  sine  of  the  angle  of  refraction  is 

int.      This  physical  ratio  is  expivssi-d  ]>y 
H  L  parallel  p«-r  L  along  in  ./      L  parallel  per  L  along  in  //. 

!>arallel"  I    parallel   to  tin-  surface  of  separation   of 

the  medium. 

Tin  I  which  fj.  denotes  t.  .is  called  the  ivfiv. 

ind.-.\  -'diuin  /;  rrlativel  .lediuni  J.     The  value- 

.mm«.!il\-   Lriveii    in   terms   of  air,   as   a  ;    incident 

.m.      \\'\.-  nl    inedium    is    vacuum,  or,  to  sj>eak 

ailed    the  absolute 
for  the  medium  /;. 


W.VT1!:    AND    t!LA>S. 


•  •^ree«  tli«persion= degree  of  refr 
MJT  -  * 


Drawn  ..;>-Mi:.'.pi). 

Flint  GluM,  extra 
deuae. 

A 

I  :>]•_' 

i  •«;:>'.> 

B 

1-514 

C 

i  •:,!:, 

1  ••;-»:, 

D 

l-r.17 

1  -cr.s 

1 

)  '.V_N 

11 

A*«  -  Mr 

<on 

•010 

.  250. — Dispersion  ;  Dispersive  Power. 

re  ractive    in«i  •  -r    tin-   ditlerent   kinds  of  '. 

bi.  ng  gre.  in.ill.-i   tin-  \\. 
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the  extreme   red   and    the    extreme  violet    rays    is   called   the 
dispersion. 

By  the  dispersive  power  of  a  substance  is  meant  the  ratio  of 
the  dispersion  produced  to  the  angle  by  which  the  mean  visible 
ray  has  been  refracted  ;  hence  it  is  expressed  in  the  form 

k  degs.  dispersion  of  extreme  rays  =  deg.  refraction  of  mean  ray. 
The  rays  corresponding  to  the  Fraunhofer  lines  C  and  G  may 
be  taken  for  definite  extreme  rays,  and  that  corresponding  to 
E  for  the  mean  ray.  Let  nc,  ^  ^E,  denote  the  respective  in- 
dices of  refraction  of  the  substance  for  the  rays  mentioned. 
Then  the  dispersive  power  of  the  substance  is 

P.<*—P<L degrees  dispersion  of  G  from  C  =  degree  refraction  of  E. 
/*£—  1 

ART.  251.— Rotary  Power  ;  Apparent  Rotary  Power.     When 
a  beam  of  polarized  light  is  passed  through  a  plate  of  quartz, 
the  plane  of  polarization  after  emergence  is  found  to  be  turned 
in  the  one  or  the  other  direction   round.      The  amount  of  the 
change  is  proportional  to  the  thickness  of  the  plate.     Hence  we 
have  a  constant  called  the  rotary  power  of  a  substance, 
a  degrees  rotation  =  L  thickness  of  substance. 
When  the  active  substance  is   a  liquid,  or  is   dissolved  in  an 
inactive  liquid,  it  is  more  convenient  to  consider  the  apparent 
rotary  power,  which  is  expressed  by 

[a]  degrees  rotation  =  L  length  of  liquid  x  M  of  active  substance 

per  L3  of  liquid. 

ROTARY  POWER  or  A  CRYSTAL  FOR  SODIUM  LIGHT. 
a  degrees  rotation  =  mm.  thickness  of  crystal. 


Crystal. 

tt 

Crystal. 

a 

Quartz, 
Sodium  chlorate,     . 

.     ±21-7 

Hyposulphate  of  lead, 
Potassium  hyposulphate,  . 

5-5 

8-4 

303 


An-AKKNT    llOTAKY    PuWER    FOR   SODUM    Llt.HT. 

[o]  degrees  rotation  =  dm.  length  of  liquid  x  gin.  of  active  substan 


. 

[a] 

. 

[a] 

Cane-sugar, 

. 

. 

.         -r    ! 

Milk-sugar,       . 

.           : 

:  trie  acid, 

.        -r      IT) 

Lactose,   . 

r  80 

• 

.      +     14 

• 

.     -:-  :,:; 

»» 

. 

nor, 

-:-  .">.">          (Quinine  su! 

Kii 

\M1-LES. 

•  I  at  10  feet  ami  ."•  l'ct/t  dis- 
tance resi>  *rom  a  screen,  illuminate  it  to  an  equal  extent. 
(Viipare  the  ilium inating  power  of  the  lamji  \\ith  tiiat  of  the 
card 

1'iic  currents  of  light  from  the  caiullo  and  :  lamp  are 

eq  lal  at  the  screen.    Take  that  current  as  unit,  and  denote  it  by 
\A/   per  T  per  square  foot      The  intensity  of  the  candle  at  unit 

1  W  per  T-square  fo«  u-e)2, 

tV  '.'  W  i  «r  T-square  foot  by  (foot  distam 

/.,  W  i •••!•  T-steradian. 

fcii  iilarly,  ' 

100  W  IKM  T  per  steradian. 

11  nee  the  intensity  of  the  lamp  is  100/t)  of  the  candle; 

tii  t  is,  11  neui 

'•If.  -.    1  per  second  made  by 

so  ium  light  (D  line),  and  the  period  of  \n>ri;i<>n  of  a  sodium 


ngth  is  590  millionths  of  mm.  =  vibr:r 
59  x  10"s  metres 
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The  velocity  of  light  is  300  x  10°  metres  =  second, 
i.e.,  3  x  10s  metres  =  second. 

Therefore  the  frequency  is 

3  x  108  vibrations  =  59  x  10~8  seconds, 
i.e.,         v*9-  x  1016  vibrations  =  second, 
i.e.,     5'085  x  1014  vibrations  =  second. 
Hence  the  reciprocal 

1  -97  x  10" 15  second  =  vibration 
is  the  period  of  vibration  of  a  sodium  atom. 

Ex.  3.  The  refractive  indices  of  water  and  glass  relatively  to 
air  are  1-33  and  1-52;  what  is  the  refractive  index  of  glass 
relatively  to  water. 

1'33  L  parallel  in  air=  L  parallel  in  water, 
1*52  L  parallel  in  air=  L  parallel  in  glass  ; 
multiply  cross-wise,  leaving  out  the  unit  common  to  both  sides, 

1-52  L  parallel  in  water  =  1-33  L  parallel  in  glass, 
i.e.,         1*14  L  parallel  in  water  =  L  parallel  in  glass. 

Ex.  4.  Find  the  rotation  produced  by  a  column  of  solution  of 
cane-sugar,  20  cm.  in  length,  having  a  strength  of  15  gin.  per  100 
cubic  cm. 

67  degrees  =  10  cm.  length  by  (gm.  per  c.c.), 
20  cm.  length  by  15  gm.  per  100  c.c., 
67  x  2_ 
10x100 


°V^*^  degrees, 


20 •!  degrees. 


EXERCISE  LII. 

1.  A  gas  jet  16  feet  and  a  candle  4  feet  from  a  photometer  are  found  to  illumi- 
nate it  equally.     Compare  the  quantities  of  light  emitted  from  the  two  sources. 

2.  Two  gas  jets  with  6-ft.  and  8-ft.  burners,  when  placed  at  distances  of  8 
feet  and  6  feet  from  a  screen,  produce  equal  illumination  ;  compare  their  illu- 
minating powers. 

3.  A  standard  candle   is   placed   one   yard  behind  a  paper  screen  having  a 
grease  spot ;  at  what  distance  in  front  must  a  Carcel  burner  be  placed  to  neu- 
tralize the  illuminating  effect  of  the  candle  ? 
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v  pencil  is  held  before  a  paper  screen  which  is  simultaneously  illuminated 

by  a  -  :nlle  and  a  gas-burner.     The  standard  candle  is  at  a  distance 

inches,  and   it  is  found   that  the  burner  is  at  a  distance  of  40  inches, 

when  s  cast  on  the  screen  by  the  pencil  are  equally  dark.      Find 

the  illuini:  :  of  the  burner. 

••<$  the  velocity  of  light  in  terms  of  the  earth-,  juadrant  and  second. 
6.    Assuming  the  velocity  of  light  to  be  200,000  miles  per  second,  and   the 
wave-length  for  a  green  colour  to  be  the  40,000th  part  of  an  inch,  how  many 

as  will  it  make  per  second  ? 

The  wheel  constructed  by  Fizeau  to  determine  the  velocity  of  light  had 
I  the  width  of  a  notch  was  equal  to  of  a  tooth.      An 

angular  ept-  ions  per  sec.  stopped  compl.  :i  a  raj- 

had  passed  through  the  notch  and  bet  HM  lim 

by  a  :  .<•  distance  of  8,663  metres.     Calculate:  of  light. 

of  a  ray  of  light  in  passing  from  air  to  \\a 

I  in  passing  from  air  to  glass  3/2;   t:  issiug   front 

.   to  glass. 
9.    The  angle  of  incidence  being  60%  and  the  index  of  refractioi. 

• 

A  ray  of  light  falls  at  an  angle  of  45*  upon  the  separating  plane  b> 
sir  xnd  glass.     Determine  it*  path,  .rirtt,  wh-  lent  ray  is  in  t! 

and  secondly,   w!  the  glass. 

1.1  i*rsive  power  of  water,  flint-glass,  and  crown-glass 

ray    A,  H,  a: 

IICOH  of  refraction  of  the  e\  mean  rays  being  assumed  a* 

-JO  for  crown-glass,  and  as  J 
coi    >are  the  refracting  powers  and  the  dispersive  powers  of  the  substances. 


IM.N  LIIL— GEOMETRICAL 

1:1  Plane  Mirror.     \Y.  from  a 

po  it  ted  by  a  plane  w  same 

pet  KM  luminous  point,  an  . 

tli-    mirror  equal  to  the  distant 
He  iC«-  image  of  l.y 

L  (1  i  image  =  L  corresponding  distant-.  •  in  .,!,' 

j  RT.  253. — Spherical  Mirror.     Let  the  ra  i  .imu- 

be    ienotcd  by  r  L     When  a  lumin  i>  at  tli. 

«  L  a  of  its  image 
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from  the  mirror  along  the  axis  is  v  L,  v  being  such  that 

M-2. 

u    v     r 

The  unit  which  is  implied  in  this  equation  is  evidently  the 
unit  of  curvature  (Art.  74).  The  full  meaning  of  the  equation 
is  that  the  arithmetical  mean  of  the  curvatures  at  the  mirror 
due  to  the  distances  of  the  point  and  its  image  is  equal  to  the 
curvature  of  the  mirror. 

When  the  source  of  light  is  at  an  infinite  distance  from  the 
mirror  along  the  axis,  1/^  =  0,  and  therefore  v  =  r/2.  This  dis- 
tance of  the  image  is  called  the  focal  length. 

Let  d  L  be  the  distance  of  an  object  from  the  centre  of  the 
mirror,  and  d'  L  the  distance  of  its  image,  then 

d'/d  L  length  in  image  =  L  corresponding  length  in  object, 


ART.  254.—  Refraction  at  a  Plane  Surface.  When  a  luminous 
point  inside  a  refracting  medium  is  looked  at  perpendicularly 
to  the  surface,  the  image  is  in  the  same  perpendicular  with  the 
luminous  point,  and  its  distance  is  given  by  the  ratio 

I//*  L  behind  =  L  behind  of  point. 

Hence  the  image  of  an  object  of  moderate  size  is  altered  in  the 
perpendicular  direction  according  to  the  above  ratio,  and  is 
unaltered  in  the  two  transverse  directions. 

ART.  255.  —  Lens.  Let  a  double-convex  spherical  lens  have 
radii  of  curvature  r  L  and  r'  L,  and  let  the  refractive  index  of 
the  glass  relatively  to  the  air  be  /*.  When  a  luminous  point 
is  at  a  distance  u  L  along  the  axis  from  the  central  point  of 
the  lens,  its  image  is  in  the  same  axis  at  a  distance  v  L,  such 
that  11  ,  /l  .  1\. 

?/' 


TRICAL,  ;H)7 

•  ' 

-G-i)  J 

The  focal  length  is  the  reciprocal  of  the  constant  value  on  the 
•  hand:  it  is  denoted  l»y  the  single  letter/. 

•  us  of  the  image  are  given  l»y  t 
vju  L  distance  in  image  =  L  corresponding  distance  in  ol 

,, 
orj  ,,  ,, 

AMPLER. 

.    1.    An  object,   »J  inches   ].  metrically   on 

axis  of  a  convex  spherical  mirror,  and  at  a  distance  of  1  L' 
inches  from  it;  the  image  formed  is  found  to  be  -  im-lu •>  \«\\^. 
focal  length  of  the  mirror  t 

:jy-^  /   _2 

j..  _/~^' 

/=3.  An*. — :5  inches. 

?«.  2.  The  focal  length  of  a  lens  in  air  is  5  IWt.     T!. 
th  ;  index  of  glass  and  wat.-r  being  3/2  and  4/3  re>;  \\  itli 

re-  >ei  the  focal  1«  i  MS  when  placed  in 

waer. 

/ 


r, 

N'   rthe  refra  lex  of  glass  !•  is  (Ex.3, 

ab>  .'e)  }  x  | ;  li 

')», 

-A. 

•  :'0fcct 
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EXERCISE  LIII. 

1.  A  candle-flame  is  placed  at  a  distance  of  3  feet  from  a  concave  mirror  formed 
of  a  portion  of  a  sphere,  the  diameter  of  which  is  3  feet.     Determine  the  position 
of  the  image  of  the  candle-flame  produced  by  the  mirror,  and  state  whether  it  is 
erect  or  inverted. 

2.  The  radius  of  a  convex  mirror  is  6  inches.     If  the  linear  dimensions  of  an 
object  be  twice  those  of  its  image,  where  must  each  be  situated  ? 

3.  A  straight  stick  is  partially  immersed  in  water.     The  image,  when  looked  at 
normally,  is  inclined  at  45°  to  the  surface,  and  the  index  of  refraction  is  4/3. 
Find  the  inclination  of  the  stick. 

4.  A  bright  point,  6  inches  above  the  surface  of  still  water,  is  reflected  from 
the  bottom  of  the  vessel,  which  is  2  feet  deep,  as  well  as  from  the  surface  of  the 
water.     Find  the  positions  of  the  images  formed  by  the  reflections. 

5.  The  eyes  of  an  angler  in  air  and  of  a  salmon  in  water  being  supposed  each 
12  feet  from  the  separating  plane  of  their  media  ;  if  those  of  the  salmon  appear 
to  the  angler  but  9  feet  below  it,  how  far  above  it  will  those  of  the  angler  appear 
to  the  salmon  ? 

6.  A  convex  lens,  held  12  inches  from  the  wall,  forms  on  the  wall  a  distinct 
image  of  a  candle ;  when  the  lens  is  held  6  inches  from  the  wall,  it  is  found  that 
the  distance  of  the  candle  from  the  lens  must  be  doubled  to  produce  a  distinct 
image  on  the  wall.     Find  the  focal  length  of  the  lens. 

7.  On  a  double  convex  lens,  of  10  inches  focal  length,  light  is  incident  from  a 
point  6  inches  from  the  lens.     Find  the  position  of  the  focus. 

8.  A  small  object  0*1  inch  long  is  placed  at  a  distance  of  3  feet  from  a  convex 
glass  lens  of  12  inches  focal  length.     "NVhat  is  the  length  of  its  image,  and  its 
distance  from  the  lens  ? 

9.  The  focal  length  of  a  convex  lens  is  1  foot.     Determine  the  position  and 
the  character  of  the  image  of  a  small  object  in  the  axis  of  the  lens  at  distances 
respectively  of  20  feet,  2  feet,  10  inches,  and  1  inch.    Determine  also  in  each 
case  the  size  of  the  image  compared  with  that  of  the  object, 

10.  The  chief  focal  length  of  a  lens  is  12  inches  ;    how  far  must  I  place  a 
luminous  object  from  the  lens  in  order  to  obtain  an  image  twice  as  large  every 
way  as  the  object  ? 

11.  Find  the  geometrical  focus  of  a  small  pencil  of  rays  refracted  through  a 
double  convex  lens,  the  radii  of  which  are  9  and  18  inches,  and  the  refractive 
index  3/2,  the  origin  of  light  being  at  a  distance  of  12  inches. 


CHAPTEK    NINTH. 
CHEMICAL. 

n<)\  LIV.—  ooMPOfirn 

AKT.  L'.'jO.  —  Composition   of  a   Substance.     Suppose   that  a 
•ance  is  formed  by   the  coml»i;  thnr    rlemtMitury 

sul  stances,  At  B,  and  C,  an  .  h  M  of  B,  aiul  c  M 

of  C  have  been  use«l  up  in  forming  the  substance.    A  substan 
pe  fectly  homogeneous  throughout  ;  hence,  as  in  the  case  of  a 
he  nogeneous  mixture  (  ith  much  greater  < 

rtMofyf  +  6Mof#  +  cMofC'«a  +  &  +  eMof  substa 
Partial  «  'juivalences  and  equival.  n,  t-s  «,t'  tlio  tangent  kind  are 
dt  ived  as  in  the  case  <>;  Thus  the  composition  is  fully 

gi  en  l»y  taking  together  the  equivalences 

6/aMof^-M  of.-/;  ande/aM  ofC=M 
Fi  >m  these  two  ra: 


fo  ows  by  necessary  consequence. 

'hese  ratios  differ  from  the  corresponding  ratios  of  a  mix 
in   he  respect  that  they  are  each  limit.  .1  to  a  few  values. 

LRT.   :>.r>7.—  Combining  Weight  Mof./ 

£  M  <  >rm  a  substan 
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and  the  combining  weight  (by  which  is  meant  the  combining 
mass)  of  B  relatively  to  A  for  the  substance  X  is 


But  V  M  of  B  may  combine  with  a  M  of  A  to  form  another  sub- 
stance Y,  so  that 


and  the  combining  weight  of  B  relatively  to  A  is  in  this  case 

ft'/aMof^M  of  A. 

It  is  found  that  the  value  b'/a  is  either  a  multiple  of  b/a,  or  is 
related  to  b/a  by  a  simple  fraction. 

For  example,  the  ratio  of  oxygen  to  hydrogen  in  water  is 

8  M  of  oxygen  =  M  of  hydrogen  ; 
while  in  the  case  of  peroxide  of  hydrogen  it  is 

1  6  M  of  oxygen  =  M  of  hydrogen. 

By  comparing  the  several  elements  directly  or  indirectly  with  one 
element,  a  set  of  combining  weights  can  be  formed.  The  standard 
element  is  hydrogen,  and  the  set  of  combining  weights  which  has 
been  chosen  is  exhibited  in  the  following  table.  The  values  have 
been  deduced  from  a  comparison  of  those  published  by  Meyer  and 
Seubert  with  those  published  by  Clarke. 

COMBINING  WEIGHTS  OF  THE  ELEMENTS. 
r  M  of  element  =  M  of  Hydrogen. 


Nota- 
tion. 

Name. 

r 

Nota- 
tion. 

Name. 

r 

Ag 

Silver  (Argentum),    . 

107-66 

C 

Carbon,     . 

11-97 

Al 

Aluminium, 

27 

Ca 

Calcium,  . 

40 

As 

Arsenic,    . 

74-9 

Cd 

Cadmium, 

112 

An 

Gold  (Aurum), 

196-2 

Ce 

Cerium,    . 

141 

B 

Boron, 

10-9 

Cl 

Chlorine, 

35-37 

Ba 

Barium.   . 

136-8 

Co 

Cobalt,     . 

58-6 

Be 

Beryllium, 

9-1 

Cr 

Chromium, 

52 

Bi 

Bismuth, 

208 

Cs 

Caesium, 

133 

Br 

Bromine, 

7975 

Cu 

Copper  (Cuprum],    . 

63-2 

MPOSITION. 

WEIGHTS  OF  THE  KLKMKNTS. — Continued. 
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Name. 

r 

tiuu. 

Name. 

r 

:.iium, 

14.', 

Pd 

Palladium, 

106 

Erbium,    . 

166 

rt 

riatiiuun, 

UU-4 

1 

Flu" 

u 

Rb 

lUiladium, 

Iron  (Ferrum),. 

Rh 

'.ium, 

1114 

nn. 

69 

.      . 

1  <):;•,-> 

// 

Hydrogen, 

1 

S 

Sulphur, 

itg 

199-8 

Sb 

'i  in), 

!•_'  > 

1 

lodin  ,      . 

196-58 

Sc 

Scandium, 

M 

In 

Imlium,   . 

113-4 

8e 

'HIM, 

Indium,   . 

Si 

.     . 

K 

Potassium  (AV 

:<<.iu-5 

Sn 

. 

118 

tanum,     . 

139 

Sr 

Strontium, 

Lithium, 

Ta 

. 

My 

Magnesium,     .         . 

Te 

i  im, 

An 

Man-ane^e,      . 

M 

Thorium, 

A» 

•deuum,  . 

'.».vs 

lorn, 

50 

mm 

. 

*a 

Sodiam  (.Va/rium),  . 

88-00 

U 

Uranium, 

S  >• 

lum, 

N 

V 

. 

\  • 

Nickel,     . 

58 

W 

Tungsten, 

184 

\  1 

Oxyg. 

I.V'.K; 

Y 

urn, 

1  1 

Osmiui::,  . 

197 

7b 

. 

1  1 

. 

W06 

U 

. 

/  , 

. 

906-4 

Zr 

Zirconium, 

90 

l! 


tr 


j."is.— Empirical  Formula.    The  symbols  Agt  Aly  etc., 
y  be  used  in  a  ive  sense  merely,  or  they  may  1 

; cation  attached.     In  the  latter  case  the  <|iiun- 
hed  to  the  qualitative  meaning  of  the  symbol  is  the 
ue  of  the  combining  weight 

combining  weights  of  A,  B,  C,  cuts  form 

npound  are  a,  /?,  y  ]  t«»  liy«lioj.-n,  and  the-  multiples 

ii  these  combining  weights  occur  in   the  par- 
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ticular  substance  p,  q,  r  ;  then  the  composition  of  the  substance  is 
pa  M  of  A  +  qP  M  of  B  +  ry  M  of  C=pa  +  q{3  -j-  ry  M  of  compd.; 
and  an  empirical  formula  for  the  compound  is  derived  by  a  short 
notation  for  this  equivalence,  namely,  Ap  Bg  Cr  reduced  to  its 
simplest  form. 

The  notation  Ap  Bq  Cr  in  its  simplest  form  expresses  the  com- 
bining weight  of  the  compound,  and  it  also  serves  for  a  name, 
excepting  in  the  case  of  the  class  of  substances  which  have  the 
same  chemical  composition,  but  different  physical  properties. 

ART.  259.  —  Percentage  Composition.  The  composition  of  a 
substance  Ap  Bq  Cr  is 

pa  M  of  A  +  q/3  M  of  B  +  ry  M  of  0  =pa  +  q/3  +  ry  M  of  subst. 
This  equivalence  will  remain  true,  after  each  term  is  multiplied 
by  100  and  divided  by  pa  +  q/3  +  ry.     Hence 


of  A  +  _ 


100  ry 


_  _  _  __          _ 

pa  +  qp  +  ry  pa  +  qp  +  ry  pa  +  qp  +  ry 

=  100  M  of  substance. 

Let  the  values  of  the  three  percentages  be  respectively  n^  n2)  n3. 
Then  we  deduce  the  equations 

2^  =  ^      rl  =  ffh, 
pa     n-^     pa     n^ 

There  are  only  two  independent  equations.  Hence  from  the 
percentage  data  given  by  analysis  we  can  determine  only  the 
ratios  to  one  of  the  elements  of  each  of  the  remaining  elements, 
that  is,  the  empirical  formula.  To  determine  the  molecular  for- 
mula an  additional  datum  is  required  (Art.  266). 

ART.  260.  —  Composition  by  Volume.  Suppose  that  the  three 
elements  A,  B,  C  are  gases,  having  at  a  common  temperature  and 
pressure  the  bulks  x,y,zV  per  M.  Let  the  composition  by  mass 
of  a  substance  X  formed  by  them  be 

paN\ofA  +  q/3NlofB  +  ryM  of  0=pa  +  qfi  +  ry  M  of  X. 
The  composition  by  volume  is  obtained  by  finding  the  volumes  of 
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.     The  volume  of  --/  is  pax,  etc.;  therefore 

-  gfty  V  of  JJ  -f  r7.:  V  of  C=pa  +  q/3  +  77  M  of  A'. 
The  mass  of  a  compound  is  necessarily  equal  to  the  sum  of  tin- 
Components;  but  a  similar  statement  is  not  true  for 
rue. 

re  the  composition  by  volume  is  deduced  from  the  compoi 
tion  by  mass,  in  the  same  manner  as  in  the  case  of  mixture  of  a 
commodity  the  composition  by  valu-  from  the  eom- 

>y  mass  (Art.  26). 

1.— Strength  of  a  Solution;  Solubility.     The  cam- 
ion of  a  solution  is  expressed  in  the  form 

7  M  of  solid  +  (1  -  q)  M  of  solvent  =  M  of  liquid, 
strength  of  the  solution  is  expn 

i  -  q)  M  of  solid  dissolved  =  M  of 

The  ratio  q/(l  -  q)  is  not  restricted  to  a  few  values  like  a  rat 
con  bination,  but  may  have  any  fractional  value  up  t<>  a  en-tain 
lim  t,  :>erature  of  the  solv 

]  :y  the  solubility  of  a  solid  in  a  liquid  at  a  tun 

IB  i  to  maximum  value  of  the  strength.    The  reciprocal  id« -a 

is  t  le  minimum  value  of 

'/)/</  M  of  solvent  =  M  of  solid  dissolved ; 
cs  the  idea  of  resistance  to  solut 

1:1.   -02. — Absorptive-power.    The  solution  of  a  gas  in  :i 
liq  id  is  called  absorption.    The  compos  i 
exi  rened 

</M  of  ga«  absorbed +  (1  -q)  M  of  solvent -M  of  liquid, 
an<   the  strength  of  the  solution  by 

1       i  M  of  gaa  absorbed  =  M  of  sul\.  nt. 
If  t  i*  the  gas  before  absorption  is     V         M. 

gr/(l  -  q)  V  of  gas  absorbed  =  M  of  solv. 
an<  if  the  density  of  the  ah*  ml  is  /*  M  JUT  V, 

qvp  V  of  gas  absorbed  •-=  V  of  soh 
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The  absorptive  power  of  the  substance  is  the  maximum  value  of 
any  one  of  these  three  equivalent  rates. 

EXAMPLES. 

Ex.  1.  —  Calculate  the  percentage  composition  of  nitric  acid. 
The  formula  is  HNO%  ;  hence  the  composition  is 
1  M  otH+U  M  of  N+3xl6  M  of  0  =  1  +  14  +  48  M  of  HNOV 

Hence  ^  +  |°°+  ^  M  of  H=  100  M  of  HN03, 

i.e.,  I  -6  M  of  E  =  100  M  of  HNO* 

Similarly  22-2  M  of  N=  100  M  of  HNOn 

and  76-2  M  of  0  =  100  M  of  HN03. 

Ex.  2.  —  Dumas  found  that  water  contains  88-864  per  cent. 
of  oxygen.     Deduce  the  empirical  formula  for  water. 
88-864  M  of  0+11-136  M  of  #=100  M  of  water, 


but  7ixl5-96  Mof  0=Mof#, 

88-864 


n  = 


11-136x15-96 


Hence  EO^  or 

Ex.  3.  —  Find  the  empirical  formula  of  a  substance  the  analysis 
of  which  yields  the  following  results  —  Carbon  20*00,  Hydrogen 
6-67,  Nitrogen  46-67,  Oxygen  26-66. 

Let  it  be  CpNqOrH;  then 


q  14  Mof  JV^ 
r  16  Mof  0  = 


hence  P™ 

667 

500 
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Simi  found  to  be  i,  and  r  to  be  J.     Hence  the  empirical 

.Vl0JlZ'or  r.Y/>//4. 

£>.   4.  —  From  the  following   .Una   calculate  the   composition 
atcr  by  weight,  the  density  of  oxygen  being  15-96. 
Volume  of  oxygen  taK  95*45 

Volume  < 

Volume  after  explosion  -71-06. 

V  deii-.te  the  unit  of  volu. 
V  of  0  combined, 
1  -06  V  of  H  1. 
66-41  V  of  0  combined  plus  //left; 

V  of  0  combined  plus  #  combined  plus  // 
190-85  V  of  H  combined. 
ice  the  composition  of  water  is 
95-45  V  of  0+  190-85  V  of  //, 

U,  1    Vof^-r  L'   Vnf  //. 

!   But        15-96  M  I-.T  V  of  o     M  per  V  - 

M  rfOn  i-  M  • 
or  7-98Mof0+Mof  H. 

1 


LTV. 
composition  of  ferrocyanido  of  poUwum,  and  of  hyposulphite 


da. 

How  much  oarbonb  there  in  100  grammei  of  manhgai? 
«  iivo  the  percentage  composition  of  iron  pyrites  and  of  epeom  salt. 
4    What  u  the  percentage  oompoaitioii  of  calomel,  corrosive  sublimate,  oxalic 
aci.  ? 
6    Calculate  the  percentage  composition  of  menmrous  nitrate. 

6  AM  the  result  of  nineteen  experimenta  Dumas  found  that  840161  grammes 
of     lygen  were  consumed  in  the  production  of  946*489  grammes  of  water. 

olate  from  that  datum  the  percentage  composition  of  water  by  weight. 

7  The  percentage  composition  of  a  bwly  U 

Carbon      54-66 

_  •  Oxygen     36«86 

100-00 
ioe  a  formula  for  the  body. 
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8.  A  salt  has  the  following  percentage  composition :— Sodium  22 '55;    Phos- 
phorus 30'39;  Oxygen  47 '08.     Calculate  the  simplest  formula. 

9.  A  salt  on  analysis  gives  the  following  percentage    numbers — JV=9'09; 
O  -  20-77  ;  Ag  =  70'13.  Calculate  the  simplest  formula. 

10.  24'94  grains  of  an  iron  ore  yielded  on  analysis — 

Copper    8 '63  grains. 
Iron         7-61      „ 
Sulphur  870      „ 
To  what  empirical  formula  does  the  analysis  conduct  ? 

11.  50  cc.  of  oxygen  are  mixed  with  500  cc.  of  hydrogen,  both  measured  at 
the  normal  temperature  and  pressure.     An  electric  spark  is  passed  through  the 
mixture,  what  volume  of  gas  will  be  left  ? 

12.  Water  consists  of  one  volume  of  oxygen  and  two  volumes  of  hydrogen. 
Taking  the  specific  gravity  of  oxygen  as  1108,  and  that  of  hydrogen  as  '0693, 
what  is  the  percentage  composition  of  water  ? 

13.  Acetic  acid  is  found  on  combustion  to  yield  40  per  cent,  of  carbon,  6 '6  per 
cent,  of  hydrogen,  and  by  difference  53 '4  per  cent,  of  oxygen.     "What  conclusion 
can  be  drawn  from  these  data  ? 

14.  The  coefficients  of  absorption  of  oxygen  and  nitrogen  being  0'0411  and 
0'0203  respectively;    find  the  percentage  volume  composition  of  air  dissolved 
in  water,  on  the  supposition  that  air  is  a  mixture,  and  that  these  gases  obey 
Dalton's  law. 


SECTION  LV.— ATOM  AND  MOLECULE. 

ART.  263. — Atomic  Weight.  Let  us  suppose  that  an  elemen- 
tary substance  is  made  up  of  atoms  which  are  precisely  alike 
in  all  respects.  Let  M#  denote  not  any  unit  of  mass,  but  the 
mass  of  an  atom  of  hydrogen.  Then  from  the  combining  weight 
of  any  element  we  derive  the  mass  of  its  atom,  so  that  the  table 
of  combining  weights  becomes  a  table  of  atomic  weights. 
Chemists  have  chosen  that  particular  set  of  combining  weights 
which  is  believed  to  be  identical  with  the  set  of  atomic  weights. 
The  mass  of  the  atom  of  silver  is  107*66  M^,  of  oxygen  15 '9 6 
M^  and  so  on. 

The  combining  weight  of  a  compound  becomes  the  mass  of  its 
compound  atom. 
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.    L1'^.— Atomic   Heat.     By    Art.    183   the   specific   heat 
of  a  solid  1  by 

s  M  of  water  =  M  of  suhstnnce. 

as  a  particular  unit  of  mass  M/7,  the  mass  of  an  atom 
of  hydrogen ;    then  the  specific  heat  of  an  element  when  solid 
ressed  by 

x  M/7  <~.f  \v.it. T=  Mtf  of  element. 
r  Mtf  of  element  =  atom  of 
fore  sr  M*  of  water  =  atom  of  •  • ' 

Thi>  'ic  heat  of  the  element;   its 

'10  product  of  the  value  of  the  specific  heat  and  atomic 
.t  of  the  element      Its  value  is  n«  same  for  the 

dinvivnt  elements,  namely  about 

This  relation  affords  one  means  of  determining  which  of 

I   weights  of  an   element  is  its  principal    combining 

.Uii  Molecular  Weight     By  a  molecule  of  a 

M  :««•;.  roup  of  atoms  which  exist  together,  \\li.n  the  sul> 

sti  ice  is  in  a  free  state.  If  the  substance  is  elementary  the  ; 
in  i  molecule  are  necessarily  of  the  same  kind  ;  it'  the  substa: 
co  1 1  >'cule  may  consist  of  one  group  of  the  con 

en   atoms,  as  in  the  case  of  hydrochloric  acid,  or  of  several 
gi  nps,  as  in  the  case  of  acetylene. 

jet  M*  denote  as  before  the  mass  of  an  atom  of  h\ 
tli  a  the  mass  of  a  molecule  expressed  in  terms  of  M//  is  called  the 
iw   ecukir  weight  of  the  substa  - 

UIT.   266. — Number  of  Atoms   in  a  Molecule ;    Molecular 
Fc  mula.     If  we  assume  that  the  molecule  of  hydrogei 
2    toms,  t!  uiml)er  of  atoms  in  the  molecule  of  any  <>th<T 

:  i  lined  by  comparing  its  d> 
.••  same  conditions  of  temperature  ;u, 

•  gas  be 
r  M/,  =  atom  (or  compound  atom;, 
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the  number  of  atoms  in  a  molecule 

n  atoms  =  molecule, 
and  the  number  of  molecules  in  unit  of  volume 

q  molecules  =  V  ; 
then  we  deduce 

rnq  N\a  of  gas  =  V. 
In  the  case  of  hydrogen  r  is  1  and  n  is  2,  and  q  is  the  same  for 
all  gases,  therefore 

2q  Ma  of  hydrogen  =  V. 
Hence 

rn  M/r  of  gas  per  V  =  2  M#  of  hydrogen  per  V. 
Now  this  expresses  the  relative  density;  hence  if  its  value  is 
known,  say  d,  we  have  the  equation 


The  molecular  formula  expresses  not  only  the  atom  or  compound 
atom,  but  also  the  number  of  atoms  or  compound  atoms  in  the 
molecule. 

The  density  of  hydrogen  at  0°  and  760  mm.  is 
•0895  gm.  per  litre. 

MOLECULAR  WEIGHTS  OF  THE  GASES. 
77?  M//  per  molecule  of  the  gas. 


.-,                     Molecular 
Gas-                   Formula. 

m 

o                      Molecular 
Formula. 

m 

Acetylene,       -         -     C2ffz 

26 

Marsh  gas,      -        -     (7//4 

16 

Aethylene,      -         -     C2H4 

28 

Nitric  oxide,   -         -     NO 

30 

Ammonia,       •         •     NJJ3 

17 

Nitrogen,        -        -     JV2 

28 

Bromine,         -         -     Brz 

159-5 

Nitrous  oxide,         -    -A*20 

44 

Carbonic  acid,         -     (702 

44 

Oxygen,           -         -     02 

32 

Chlorine,         -        -     CY2 

70-75 

Phosphuretted  hyd.     PH.A 

34 

Cyanogen,       -        -     C.2NZ 

52 

Sulphuretted  hyd.       JI^S 

34 

Hydrochloric  acid,       HCl 

36375 

Sulphurous  acid,     -     SOZ 

64 

Hydrogen,       -        -     Hz 

2 

Water  vapour,         -     H^O 

18 

.1  TOM  A XD  MOLECULE.  :]  \  <j 

EXAMPLES. 

Ex.  1.  The  analysis  of  an  acid  gave  in  a  hundred  parts  48-648 
parts  of  C,  8-108  of  H,  and  43-243  of  0.  The  molecular  weight 
oft!:  calculate  its  chemical  formula, 

•mposition  be 

p  M  of  C  +  q  M  of  0  +  1  M  of  //  ; 
but  its  composition  is  given  as 

48-648  M  of  C+  43-243  M  of  0  +  8-108  M  of//; 
fore  p  =  ViW  =  6  =  ^  of  12, 

and  ?=YiW- 

40- 


L 


•J)8108(3 
8109 


i  ow,  if  C9  HI  0,  were  the  molecular  formula  of  t!u-  imd, 
m<  ocular  weight  would  be 

3xl2-f-6xl+2xl6M/r, 
*•*•»  <"4  M//, 

wl  ch  i>  lue. 

jk.  2.  'I  hydrogen  is  lar  \\«  i^ht 

is   :  ;  :ireh  gas  is  8,  what  is  its  molf-nLu-  w.-i-ht  ? 

The  composition  of  marsh  gas  is  m<>l,  culo  be 

n  12  +  4n  1  M  of  C7/4  per  V«=  2  M  of  //  p. -r  V  ; 
1><;  8M   of  677,  PIT  V      M  of//prr  V, 

th  n  t.(12  +  4)  =  16, 

».«.,  /'      1 . 

H«  ace  the  molecular  weight  of  CH4  is  16  M^. 
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Ex.  3.  What  weight  of  sulphur  is  contained  in  10  litres  of  sul- 
phuretted hydrogen  at  1,000  mm.  and  27°  C. 
32  gm.  of  S=gm.  of  H, 
1  gm.  of  H=  11-2  litres  at  0°  and  760  mm., 
1  litre  at  0°  and  760  mm.  =  -rVso  (*  +  ^§)  litres  at  27°  and  1000  mm., 
10  litres  at  27°  and  1000  mm.; 

32  x  10  x  1000  x  273 


11-2x760x300 
i.e.,  34  gm.  of  S. 

Ex.  4.  The  atomic  heat  of  potassium  is  6-2  ;  what  is  its  specific 
heat  1 

6-2  Mtf  of  water  -  atom  of  K, 
39  M^  atom  of  K; 

.'.     ||  M*  of  water  =Mff  of  K, 
i.e.,     -16  M  of  water  =  M  of  K. 


EXERCISE  LV. 

1.  Calculate  the  density  of  carbon  dioxide  from  the  following  data,  assuming 
the  temperature  and  pressure  to  remain  constant. 

Weight  of  globe  full  of  air,     -  948       grammes. 

Weight  of  globe  exhausted,    -        -        -        -    933 '5          „ 
Weight  of  globe  full  of  carbon  dioxide,  -        -    955 '54        „ 

2.  Find  the  volume  per  gramme  (1)  of  oxygen  at  15°  C.  and  770  mm.,  (2)  of 
nitric  oxide  at  20°  C.  and  760  mm. 

3.  What  is  the  weight  of  carbon  in  1000  litres  of  carbon  dioxide  under  the 
standard  conditions  of  temperature  and  pressure  ? 

4.  If  100  cubic  inches  of  ammonia  were  completely  decomposed  by  the  electric 
spark,  what  space  would  its  constituents  occupy  ? 

5.  State  the  percentage  by  volume  of  oxygen  and  nitrogen  in  the  atmosphere, 
and  from   it   derive   the  percentage  by  weight,  assuming  the  density  of  each 
gas  to  be  represented  by  its  atomic  weight.      Deduce  the  density  of  air  rela- 
tively to  hydrogen. 

6.  200  grammes  of  silver  afforded  314 '894  grammes  of  the  nitrate.     Assuming 
the   formula   of  the  salt  to  be  AgNO^  and  the  atomic  weights  of  silver  and 
oxygen  to  be  107 '93  and  16  respectively,  calculate  the  atomic  weight  of  nitrogen. 

7.  The  densities  of  hydrogen  and  marsh  gas  relatively  to  air  are  '0692  and 


COMMUTATION. 

•000  respectively.     Calculate  the  molecular  weight  of  marsh  gas,  assuming  that 

of  hydrogen  to  b 

he  specific  gravities  of  hydrogen  and  ammonia  relatively  to  air  are  "OGOL* 
:'.">  respectively.     What  is  the  molecular  weight  of  ammonia  ? 

9.  A  gas  of  the  empirical  formula  CS^  is  found  to  possess  the  density  D78. 
Calculate  its  probable  molecular  w» 

10.  According  to  Dumas'   determination   of   the   vapour-density  of   amylic 
alcohol,  its  molecular  weight  ought  to  be  90^49.     Give  the  correct  molecular 

•  ;  and  calculate  the  theoretical  and  experimental  vapour-densities  rela- 
•  hydrogen. 

11.  \\ 'Lit  is  the  weight  of  a  litre  at  0*  and  760  mm.  of  the  vapour  of  a  com- 
,  the  normal  molecule  of  which  is  SO,. 

li1.  The  analysis  of  an  organic  silver  salt  gave  17 '34  per  cent,  of  carbon,  17:; 
percent,  of  hydrogen,  62*44  per  cent,  of  silver,  and  18*47  i>or  cent,  of  oxygen. 
One  molecule  of  the  salt  contains  two  atom*  of  silver.  <  'aKul.iu  its  formula. 

heat  of  silver  is  6-04,  and  the  atomic  weight  10S.     Find  the 
specific  heat  of  the  metal 

1  !  1  in  i  the  specific  heat  of  chlorine  in  the  solid  state  from  the  following 
numbers : — 

Molecular  weight  of  A'r. 7 1  v, 

Specific  heat  of  KC(, 171 

Atomic  weight  of  A , 

Specific  heat  of  A, 1 


LRT.   26< 
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•7. — Chemical  Equation.     As  an  example  of  a  chemical 
ation  we  may  take  the  one  \vhi.-h  represents  the 
coi  bustion  of  marsh  gas— 

Y;  +  20t-C0,+  2fl,0. 
•rmula  involved  is  in  its  molecular  forni,  tin 
-•sses   not   only   tin:    n-lutive    ma-r>    l.ut   also   the   rd 
vol  imes  of  the  substances,  provided  the  substui i       i-   in   :h.-  r..nn 
of    apour.     It  is  equiv;ilnit  in  meaning  to  the  twr.  full. .wing — 

iV-'t'//,     IV    •  ",     1  V  of  C0,  +  liV'-t '//,(); 
16  M  <;  i  M  ofO|-44  M  ofC0,  +  3<;  M  ..t ' //  ". 

l  M    i  '7/.  :  1«;  M  of  0,=  11  M  of  C0t+   9Mofy/,". 
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From  these  equations  we  can  derive  rates  of  the  form 

1  V  of  C02  =  V  of  CH4, 
11  Mof  C0a  =  4Mof  OT4. 

In  the  case  of  a  complete  equation,  the  value  of  M  for  any 
element  on  the  one  side  must  be  equal  to  the  value  of  M  for  the 
same  element  on  the  other  side.  Hence,  if  there  are  n  elements  in- 
volved, we  can  derive  n  equations  which  are  sufficient  to  determine 
n  unknown  numbers. 

ART.  268. — Heat  of  Combination.  When  two  substances  com- 
bine chemically,  there  is  simultaneously  a  transformation  of 
energy  previously  existing  in  a  potential  form.  This  energy  may, 
by  suitable  arrangements,  be  changed  into  that  of  an  electric 
current,  or  it  may  be  changed  directly  into  heat.  The  amount  of 
heat  developed  during  the  production  of  unit  of  mass  of  the  sub- 
stance is  called  the  heat  of  combination,  and  is  expressed  in  the 
form 

k  H  developed  =  M  of  substance  formed. 

ART.  269.— Calorific  Power;  Calorific  Intensity.  When  the 
process  of  combination  is  ordinary  combustion,  the  heat  of  com- 
bination is  measured  with  reference  to  the  substance  burned.  It 
is  called  the  calorific  power  of  the  combustible,  and  is  expressed 
in  the  form 

Jc  H  =  M  of  combustible  substance. 

By  the  calorific  intensity  is  meant  the  number  of  units  by  which 
the  temperature  of  the  product  is  raised  above  that  of  the 
elements  before  combustion. 

The  calorific  power  of  fuel  is  sometimes  expressed  by  the 
number  of  pounds  of  water  which  can  be  raised  from  a  given 
temperature  to  100°  C.  and  evaporated  under  the  pressure  of 
one  atmosphere  by  the  combustion  of  one  pound  of  the  fuel. 
This  rate  is  called  the  evaporating  power  of  the  fuel. 
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HEAT  OF  C.-MUINATION  WITH  OKYOEX. 
t  kgm.  of  water  by  de~.  Cent.  =  kgm.  of  combustible. 


IV  <:•    Ot, 


i  :•;•-• 


COMBrSTIBLB. 


Carbon, 

.       79 

Marsh  gas,   . 

.  130 

Wood-charcoal,  . 

. 

.       81         Alcohol, 

.     09 

"Ice,    . 

.       SO 

•  1,  . 

.    'J;to29 

Graphite-,   . 

. 

.      78 

Coal,     ... 

to  88 

ond,  . 

. 

.      78 

Coal  gas,       . 

.   10;; 

. 

77,0 
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Petroleum,  . 

.  Ill 

Sulphur, 

SO, 

.      29 

Turpentine,  . 

.  107 

Contains  23  per  cent,  of  ho\v 

aary  pounds  of  carbon  must  be  burnt  in  on  lor  t<>  remove  all 
he  oxygen  from  500  pounds  of  air  I 
500  Ib.  d 

U  of  0  =  100  Ib.  of 
Ib.  of(7=2xl61b.  ofO; 


6x23x  12 


Ib.  of  C. 


2x16 

.  of  carbon. 


grammes  on  are  n  . 

mes  of  bisulbi 


1"»-» 

•cess  of  combustion  of  tin-  bi-ul|»hi«Ir  is 


3x  2  x  16  gm.  of  0  =  12  +  2  x  32  gm.  oi 
100  gm.  of  r 

100  x  6  x  4 


126  gm.  of  oxygen. 
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Ex.  3.  One  hundred  volumes  of  a  hydrocarbon  at  0°  and  760 
mm.  require  for  their  complete  combustion  200  volumes  of 
oxygen,  and  furnish  100  volumes  of  carbonic  acid.  Find  the 
formula  of  the  hydrocarbon. 

Let  it  be  CnHm ;  then 

1  VofCM#M  +  2  VofO^l  Vof  C0a  +  x* 
As  the  mass  of  each  element  is  the  same  after  as  before,  we 
deduce 

from  which  m  =  4. 

Hence  formula  is  CH±. 

Ex.  4.  0-31  grammes  of  an  organic  acid  yields  on  combustion 
0-62  grammes  of  carbonic  acid  and  0*2536  grammes  of  water. 
Find  the  formula  of  the  acid,  and  name  an  acid  having  the  formula. 

Let  the  empirical  formula  be  CpHqO. 

It  is  given  that 
31  gm.  of  CpHgO  +  x  gm.  of  0  =  62  gm.  of  C02  +  25-36  gm.  of  H20. 


In  CpHqO  we  have 


-gm.  of  0=gm.  ofCpHqO, 


therefore  the  quantity  of  C  is 

SlplS 


i 

22> 


gm. 

•  y  T  J.u 

But  the  quantity  of  C  is  also 

62  x  12  n 
12T32gm' 

HenCe  ,12 /g+16 

from  which  p\ 0  =  ^  +  1 6.  (1 

By  equating  the  quantities  of  H,  we  obtain  in  a  similar  manner 

2p  =  g.  (2) 

From  these  equations  we   obtain  p  =  2,  and  q  =  4 ;    hence   the 
formula  is  CJIJ). 

Acetyl  aldehyde  has  that  composition. 
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5.   What  volume  of  oxygen,  measured  at  '27°  and  740  mm., 
can  be  obtained  from  54  grammes  of  mercuric  oxide. 

The  mode  in  which  mercuric  oxide  decomposes  at  the  tom- 
'iientioned  is  stated  by  the  equation 

HgO-Hg  +  0, 
which  means 

•2  1  6  gm.  of  HgO  =  200  gm.  of  ILj  +  1  6  gm.  of  0. 
Hence  ,m.  of  0  =  27  gin.  of  HgO, 

-m.  of  HgO', 
'  .rm.  of  oxygen. 
1  gm.  of  //=  16  gm.  of  0, 
1  1  -2  litres  of  H  at  0'  and  760  mm.  =  gm.  of  H, 
||5(1  +  ¥%)  1  i  7  to  =  litre  at  0  and  760  ; 

760x300x11-2x4 


"          740x273x16 
t.«.,  3-2  litres  of  oxy*.: 

I:\KKCISH  i.  vi. 

1  be  combustion  of  hydrio  sulphide  in  air  is  represented  by  tbo  equation 


ho  r  much  sulphurous  acid  and  how  much  water  can  be  formed  from  100  grammes 
of  lydric  sulphide? 

.  How  many  grammes  of  phosphorus  will  be  required,  when  comj 
bi    n  t,  to  take  the  whole  of  the  oxygen  out  of  one  kilogramme  of  air  ? 

.  How  many  litres  of  oxygen  in  the  standard  state  are  required   to  hum 
co  ipletely,  jfrrt,  120  grammes  of  sulphur,  second,  155  grammes  of  phosphorus  ? 

.  How  many  litre*  of  carbon  dioxide  would  be  produced  by  the  complete 
eo  tbustionof  100  grammes  of  marsh  gas? 

.  What  volume  of  oxygen,  measured  at  15*  C.  and  1000  mm.  pressure,  is 
rt    aired  for  the  complete  combustion  of  ten  grammes  of  phosphorus  ? 

How  much  phosphuretted  hydrogen,  by  weight  and  by  volume,  could  be 
fu  ilshed  by  81  grammes  of  phosphorus,  supposing  all  the  phosphorus  to  bo 
oo  verted  into  the  gas? 

*    '.    How  many  volumes  of  oxygen  are  needed  to  burn  completely  20  volumes 
of    lefiant  gas,  snd  what  is  the  volume  of  carbon  dioxide  produced? 

If  two  \olumes  of  marsh  gas,  weighing  16  grammes,  be  burnt  in  excess 
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of  air,  how  many  volumes  of  carbon  dioxide  are  produced;   and  what  is  the 
weight  of  the  other  compound  formed  at  the  same  time? 

9.  A  mixture  of  200  volumes  of    marsh  gas  and   400  volumes  of    oxygen 
measured  at  300°  C.   is  collected  over  dry  mercury.     After  an  electric  spark 
has  passed  through    the    mixture,    what   total  volume    and  what  gases  will 
remain,  the  temperature  being  unchanged  ? 

10.  If  a  pound  of  carbon  be  burned  in  air  at  the  pressure  of  one  atmosphere, 
and  the  temperature  62°  F.,  calculate  the  mass  and  volume  of  the  air  required 
for  complete  combustion. 

11.  How  many  litres  of  dry  atmospheric  air,   at  740  mm.    and  15°  C.,  are 
required  to  burn  completely  one  litre  of  olefiant  gas  at  the  same  temperature 
and  pressure.     What  is  the  weight  of  the  carbonic  anhydride  and  of  the  water 
produced  by  the  combustion  ? 

12.  "What  amount  of  air  is  required  to  burn  completely  3*25  cubic  feet  of 
olefiant  gas  ? 

13.  A  quantity  of  sulphur,  weighing  4  grammes,  is  burned  in  a  close  glass 
vessel  containing  28 '5  litres  of  pure  dry  air  at  27°  and  760  mm.     What  is  the 
volume  of  the  resulting  gaseous  mixture  at  0°  and  760  mm.,  and  what  is  its 
composition  per  cent.? 

14.  One  volume  of  a  gaseous  hydrocarbon,  measured  at  100°,  yields  on  com- 
bustion double  its  volume  of  carbon  dioxide,  and  three  times  its  volume  of  steam 
at  the  above  temperature.     Required  the  formula  and  the  molecular  weight 
of  the  gas. 

15.  If  one  litre  of  olefiant  gas  were  completely  broken  up  by  chlorine,  how 
much  hydrochloric  acid  would  be  produced,  and  what  weight  of  carbon  would 
be  deposited  ? 

16.  What  volume  of  oxygen  can  be  obtained  by  heating  37*3  grammes  of 
black  oxide  of  manganese,  first  alone,  second  with  strong  sulphuric  acid  ? 

17.  The  combustion  of  one  cwt.  of  coal  is  able  to  convert  84  gallons  of  water 
at  68°  into  steam  at  250° ;  what  is  the  calorific  power  of  the  fuel? 

18.  A  specimen  of  coal  contains  80  per  cent,  of  carbon  and  4  per  cent  of 
hydrogen  uncombined  with  oxygen.      How  many  gramme-degrees  of  heat  are 
generated  by  the  combustion  of  one  gramme  of  this  coal  ? 

19.  The  area  of  the  piston  of  a  high-pressure  engine,  having  a  single  cylinder, 
is  200  square  inches,  and  the  length  of  the  stroke  is  3  feet.     If  the  average 
pressure  behind  the  piston  exceed  that  in  front  of  it  by  25  pound- weight  per 
square  inch,  and  if  the  fly-wheel  make  100  revolutions  per  minute,  what  is  the 
horse-power  of  the  engine? 

20.  If  the  above  engine  consume  300  potmds  of  coal  per  hour,  what  percentage 
of  the  heat  generated  in  the  furnace  is  converted  into  useful  work?    Take  6,400 
as  the  calorific  power  of  the  coal. 
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SECTION  LVII.— EQUIVALENCE. 

ART.  270. — Acid  and  Base.  The  equivalence  between  an  acid 
an<  I  a  base  has  the  form 

/:  M  of  acid  =  M  of  base, 

ami  it  connects  quantities  of  matter  having  equal  but  opposite 
rs  of  changing  the  colour  of  test  paper. 

pose  L\  M  of  acid  A  =  M  of  base  .V, 
and          fc,  M  of  acid  R=  M  of  base  X  . 
then  we  deduce 

,  M  of  acid  B  =  M  of  acid  ^}per  M  of  A'. 

Tlir  nuantities  connected  have  equal  acidity  with  respect  to  the 
base  A'. 

:arly,  if 

fji  M  of  base  A"  =  M  of  acid  A^ 
and  <i«  M  of  base  }'=  M  of  arid 

M  of  base  JT=  M  M  of  A. 

H'ire  the  s  connected  have  equal  ba  ;    with  re- 

ap ;ct  to  the  acid  A. 

It  i>  f.  .1 :  •  .fa  ia  the  same  for  all  bases,  and  q^ql  the  same 

fo   all  acids. 

VRT.  271. — Salt.    Most  salts  can  be  viewed  as  composed  (if  ;u, 

and  a  base.     Take,  for  example,  sulphate  of  potash. 
c<  aposition  can  be  expressed  by  KtOtSO^  which  means, 
fu  ly  expressed, 

M  of  £,0  +  80  M  of  S0,=  174  M  of  KaS04. 
ft  w.  Jiat  the  value  «  io  of  combination 

47/40  M  of  A'20=MofiS0, 

or  bears  a  sin  bfl  value  of 

tl  j  acid-equivalence  between  KtO  and  S0y 

^T.  -27  -'.—Metal  and  Salt-radical.  A  salt  may  also  be 
vi  wed  as  a  compound  of  a  metal  and  a  salt-radical.  Thus  the 
<•«  up-  trie  sulphate  may  be  expressed  \>y 

.;:;  M  ol  M  M      I  «S04. 
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The  composition  of  hydric  sulphate  is 

2  M  of  #+96  M  of£(94  =  98  M  o 
Hence  we  deduce 

63  M  of  Cu  per  M  of  S0,  =  2  M  of  #per  M  of  SO* 
or  {36-5  M  of  Cu  =  M  of  #}per  M  of  £04. 

This  rate  expresses  the  number  of  mass-units  of  Cu  which  re- 
place one  mass-unit  of  hydrogen  in  the  sulphate.  It  is  found 
that  the  number  for  any  other  salt  is  either  36-5  or  a  multiple  of 
it.  Hence  the  general  truth  may  be  expressed  by 

{n  36-5  M  of  Cu=  M  of  #}per  M  of  salt-radical. 
By  the  "  equivalent "  of  a  salt-radical  is  meant  the  ratio  of  com- 
bination of  the  salt-radical  with  hydrogen  as 
48  M  of£04=M  of  5. 

ART.  273.— Rate  of  Electrolysis.  When  a  salt,  dissolved  in 
water,  is  placed  in  a  voltaic  circuit,  it  is  decomposed  by  the  cur- 
rent primarily  into  metal  and  salt-radical.  The  rate  of  deposition 
of  the  metal  is  proportional  to  the  current ;  hence  we  have  a  rate 
of  the  form 

k  M  of  metal  per  T  =  ampere. 
Its  actual  value  in  the  case  of  hydrogen  is 

10415xlO~9  gm.  per  sec.  =  ampere. 

Let  two  salts,  A  and  B,  be  placed  in  series  in  the  circuit,  and  let 
their  rates  of  electrolysis  be  respectively 

\  M  of  A  metal  per  T  =  ampere, 
and  Jc2  M  of  B  metal  per  T  =  ampere. 

Now,  the  strength  of  the  current  is  the  same  at  each  cross-section 
of  the  circuit,  and  the  time  is  the  same,  therefore 

{kjkj.  M  of  B  metal  =  M  of  A  metal}  per  T. 
It  is  found  that  k^  is  identical  with  the  value  of  the  rate  of  re- 
placement of  the  metals. 

EXAMPLES. 
Ex.  1.  The  equivalents  of  lithium  and  of  sodium  being  7  and 
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.  rind  what  volume  of  hydrogen  gas  at  27°  and  1  metre  will  be 
produced  by  the  action  of  100  grammes  of  each  metal  upon 
wa: 

100  gm.  of  Li 

I  gm.  of  //=  7  gm.  of  Li, 
1 1  L'  litres  at  0°  and  760  mm.  =  gm.  of  H, 

27i!*27  litres  at  27°  and  1000  mm.  =  litre  at  0°  and  760  mm.; 
1UUU 

.      100  x  11-2  x  760  x  300  v. 

7x1000x273  >e8' 

i«,          134      „ 
Second  } 

100  gm.  of  Na 

7  gm.  of  /  in.  of  Na, 

i:U  litn-s  of  7/=100  gm.  of 

.-.       '^,    7li,,vs  of//. 

Ex.  2.  What  weight  of  silver  will  be  precipitated  as  chloride,  if 
2:  -38  litres  of  hydrochloric  acid  are  absorbed  by  a  solution  of 
ai  »enti'-  nit  rate  t 

AgNOt  +  HCl  -  AgCl  +  HNO» 
108  gm.  of  ^r  =  36-5  gm.  of  UCl, 
36-5  gm,  of  HCl  per  litre  =  2  gm.  of  //  per  litre, 
•0896  gm.  of//  p»-r  li 

108x2089Vor./  -ot  HCI. 

:'>8  litres  of  // 
,'m.  of  sil 

nTent  of  10  amperes  is  passed  for  20  minutes  through 
•  if  cuprous  rhliiride  and  of  mprkr   rhl«.ridi-.  placed  in 
•ies;  how  many  grammes  of  copper  will  be  precipitated  in  each 
ution  ? 
In  the  case  of  tin-  <  uprous  chloride, 

1  x  10'7  gm.  of  H  per  sec.  =  ampere, 
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63  gm.  of  Cu  ~gm.  of  II, 
10  amperes; 
.-.     104  x  63  x  10~6  gm.  of  CM  =  sec. 

600  sec. 
.-.     104  x  63  x  6  x  10-4  gm.  of  Cu. 

i.«.,     3-9312 
In  the  case  of  the  cupric  chloride,  we  name 

^/  gm.  of  Cu  =  gm.  of  77, 
and  the  rest  of  the  data  are  the  same ;  hence  1'97  gm.  of  Cu. 


EXERCISE  LVII. 

1.  If  78  milligrammes  of  potassium  be  thrown  into  water,  2  milligrammes  of 
hydrogen  will  bo  absorbed.     What  weight  of  caustic  potash  will  be  formed  ? 

2.  The  equivalents  of  potassium,  rubidium,  and  caesium  being  39,  85,  and  133 
respectively,  what  volume  of  hydrogen  at  27°  and  1000  mm.  will  be  produced  by 
the  action  of  100  gm.  of  each  metal  upon  water  ? 

3.  How  many  cubic  centimetres  of  hydrogen,  at  the  normal  temperature  and 
pressure,  are  evolved,  when  39  mg.  of  potassium  and  40  mg.  of  calcium  are  thrown 
into  water  ? 

4.  The  action  of  sodium  on  water  is  represented  by  the  equation 

Na»  +  2  HZ0  =  2  Na HO  +  H» ; 

how  much  water  is  required  to  take  part  in  this  reaction  to  obtain  22 '38  litres  of 
hydrogen  at  0°  and  760  mm. 

5.  How  many  litres  of  chlorine  gas,  at  0°  and  760  mm.,  are  required  for  the 
exact  liberation  of  the  iodine  contained  in  10  gm.  of  iodide  of  potassium  ? 

6.  How  many  litres  of  hydrogen,  at  750  mm.  and  25°,  can  be  obtained  by  dis- 
solving 100  gm.  of  magnesium  in  hydrochloric  acid? 

7.  "What  volume  of  hydrogen,  at  12°  and  750  mm.,  is  disengaged  when  100  gm. 
of  zinc  dissolve  in  dilute  sulphuric  acid  ? 

8.  How  much  nitrate  of  silver  can  be  obtained  from  one  pound  of  metallic  silver, 
and  how  much  nitric  acid  (HN03)  is  necessary  for  the  reaction  ? 

9.  One  kg.  of  a  dilute  sulphuric  acid  is  found  to  dissolve  130  gm.  of  zinc.    Find 
the  percentage  of  strong  acid  in  the  dilute  acid. 

10.  By  dissolving  0'4442  gm.  of  metallic  cobalt  in  an  acid,  177 '4  c.c.  of  hydrogen 
p,t  10°  and  750  mm.  are  obtained.     The  specific  heat  of  cobalt  is  0'107;  calculate 
its  atomic  weight. 

11.  How  many  grains  of  carbonic  acid  will  combine  with  100  grains  of  calcic 
oxide  to  form  calcic  carbonate  ? 

12.  How  many  litres  of  ammonia,  at  15°  and  740  mm.,  are  required  to  neu- 
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100  gin.  of  pure  sulphuric  acid  (H^SOt),  and  what  is  the  weight  of  the  neu- 
tral salt  pro,. 

«.T  salt  of  a  monobasic  acid  gave  the  following  num- 

L^-3;  Silver,  ">!•('>;  Hydrogen,  4'3;  Oxygen,  15'8. 
e  formula  of  the  salt 

14.  How  much  oxygen  can  be  obtained  from  100  gins,  of  potassium  chlorate 
a  ting  to  a  red  heat  ? 

l[ow  many  litres  of  ammonia,  at  10'  ani!  \  :i  be  obtained  from  100 

f  pure  sal  ammoniac  ? 

marble  is  required  for  the  preparation  of  6714  litres  of  carbonic 
acid  at  0*  and  760  mm.  ? 

17.  "\Vh:it  weight,  theoretically,  of  sulphur  is  required  to  produce  100  tons  of 
sulphuric  acid  ? 

1  5,  llu-.v  maul  potassic  carbonate  is  required  for  the  complete  precipitation  of 
100  grammes  of  calcic  chloride  ? 

.:ie  of  sulpln  ::ogen,  at  0*  and  76  cm.,  can  be  obtained 

10  grammes  of  ferrous  sulphide? 

If  1,000  grains  of  a  potable  water  contains  0'228  grain  of  lime,  estimated  as 
carbonate,  what  must  be  its  degree  of  hardness? 

21.  1:  nt  of  a  battery  of  10  Grove's  cells  connected  in  series  is  sent 
tl  rough  each  of  two  voltameters  placed  in  the  circuit  c->nt  lining  solutions  of 
ct  pric  sulphate  and  silver  nitrate  respectively  ;  how  much  copper  and  how  much 
si  ver  will  be  deposited,  while  3*25  gms.  of  zinc  is  dissolved  in  the  battery  ? 

22.  How  much  copper  and  silver  would  be  deposited  during  the  solution  of  the 
»  ore  quantity  of  zinc,  if  the  battery  were  arranged  in  two  parallel 

<    5  cells,  instead  of  in  a  single  series  of  10  cells? 

23.  The  same   electric  current  is  passed  successively  through  solutions  of 
c  proas  ehloride  and  cupric  chloride.    How  much  metal  is  in  each  solution  i>u- 
c  Stated  for  every  000  c.c.  of  chlorine  evolved? 


APPEND! 

ART.  42. — The  proposal  of  the  Chancellor  of  the  Exchequer, 
i  entioned  at  page  49,  has  been  can  i 
ART.  4«>  ily  haye  agreed  to  leave  the  Latin 

1  nion,  and  to  adopt  a  gold  standard. 

I' \  »nal  Conference,  which  met  :it  Wash- 

ii  jjton,  has  decided  to  adopt  the  meridian  of  (irci-mvicli  for  the 
o  igin  of  1< 


ANSWERS  TO  THE  EXERCISES. 


EXERCISE  I. 


1.  20'83£  ;  938,880  farthings. 

2.  197-708  shillings;  £61  14s.  6£d. 

3.  2-779£ ;  8'073£. 

4.  £12  3s.  8fd.;  £17  18s.  3|d. 

5.  £11  3fl.  7c.  7m.;  £7  5fl.  3c.  7m.; 

£8  7fl.  7c.  5m. 

6.  £7  10s.  Qd.-,  £45  7s.  ll%d. 


7.  3£d.;  2s.  9|^.;  £1  8s.  4£d.;  £14 

3s.  10£d. 

8.  2-5  fl.;    1-25  fl.;    25  mils ;    16'0 

mils  ;  12 '5  mils. 

9.  Id.-,  tyd.;  4fd.;  2s.  6d.;  4s. 

10.  £45  7s.  7frf. 

11.  98 -S78£  ;  1756-44  shillings. 


EXERCISE  II. 


i. 

2. 

3- 
4- 
5- 

6. 

7- 
8. 

9- 
10. 
n. 

12. 


3,600£. 

£14  3s. 

£337  10s. 

£1  19s.  5d. 

52,894,143  letters  ;  £330,588  7s. 

lOfcZ. 

£2,067  7s.  8%d. 
£400  19s.  Ofd. 

10£  per  ox,  and  15£  per  cow. 
30  men. 
7  months. 
273  miles. 
21  shillings. 
10  pence  per  Ib. 
50  shillings  per  100  loads. 


15.  9  pence  per  dozen. 

1 6.  2  shillings  per  dozen. 

17.  2s.  2§cZ.  per  cwt. 

1 8.  6i  to  7  pence  per  Ib. 

19.  5s.  per  first-class  passenger,  and 

208  passengers ;  3s.  9d.  per 
second-class  passenger,  and  304 
passengers ;  2s.  6d.  per  third- 
class  passenger,  and  488  pas- 
sengers. 

20.  A  had  9  units  of  money  for  every 

2  that  B  had. 

21.  3  Ibs.  of  butter. 

22.  No. 

23.  £74  11s.  per  ton. 


1.  £3  2s.  8d. 

2.  3'7  per  cent. 

3.  666  quarters. 

4.  £156;  120  per  cent. 

5.  £12  13s.  +  per  head. 

6.  13  shillings. 

7.  800  Ibs. 


EXERCISE  HI. 

8.  27s.  7K 

9.  1  per  cent.  loss. 

10.  48'6  per  cent. ;  182  yards. 

11.  400  acres. 

12.  30  per  cent  loss. 

13.  18£. 

14.  350  apples. 
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EXERCISE  IV. 


I.    100  gallons. 

1>a  +  qb  +  rc 

ii     110                             per  cent 

3.    84'3  Ibs.  nitre;  15'8  Ibs.  charcoal; 

m 

11-8  Ibs.  sulphur. 

/I             *•'    \  "P  ~^"  ^^  +  C7*  +  (/••*      i-i 

4.    £1  6*.  Sd.  per  acre. 

\         100/     a  +  6  +  c  +  rf 

5.    3  gallons  of  water  per  20  gallons 

ling  per  Ib. 

.of  pure  milk. 

13.    (1  +  m  +  n)  (p  +  q  +  r) 

6.    5  Ibs.  of  2nd  per  7  Ibs.  of  1st 

=  3  (tp  +  nui  +  nr). 

Ibs  of  3rd  per  7  Ibs.  of  1st 

14.    44  peaches  =  9  shillings. 

15.    66  per  cent. 

S.    5  shillings  in  the  pound. 

1  6.    2  Ibs.  of  the  cheap  tea  to  1  Ib. 

>.     1  .">  shillings  per  pound. 

of  the  <1< 

10.    11*.  6U  per  \> 

17.    •::  lo-.t  ..I;£9toJB;£74s.toC7. 

I.    87 

\  per  cent,  per  year. 

2.    1,200£  at  10  %  ;  1,800£  at  5  °/0. 

per  cent. 

3.    £61614*. 

14.    £9S:<                   C9S3  12*.  Urf. 

-.1  9«.  M. 

16.    £1,847  9«. 

64, 

17.                              .  1-K  C,d. 

7.    5  months. 

.  6rf. 

t  percent,  per  year. 

19.    £2422*. 

9.    6i  per  cent  per  year. 

21.    9061. 

i.    He  b>rn>wed  at  5  per  cent  and 

D9E  vi. 

,.    fir,                      11*.  8*7. 

9- 

2.      4! 

10.                      10S/.  18*.  7</. 

II.     1 

4.     -23  1/.  10*.  6d. 

•  1  and  i'l/.M'.i. 

5.     42  1/.  17«.  1 

£1,000. 

lOci. 

;irs. 

7.     15  yean. 

15.     4  '.«:•'.   it  .:  38H.  9«. 

&     2,.                H  pounds. 

• 
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17-     13,077  dollars. 

21.     £3,291. 

18.     £3,133. 

22.     £100,000. 

19.     42  years. 

23.     32  years. 

20.     6|  per  cent. 

EXERCISE  VII. 

i.     £1,041  13s.  4cZ.;  £41  13s.  4d. 

13.     2|  years. 

2.     £324  per  year. 

14.     £5  additional  per  year. 

3.     £9,776. 

15.     3-265  per  cent.  ;  3  '5  per  cent 

4.     97P  cash=100£  stock. 

1  6.     £3  10s.  8d.;  £1  2s.  Id. 

5.     £80  10s.   5d.  lost;   £3  4s.  per 

17.     £3  6s.  Sd.  in  both  cases. 

year  less. 

18.     £210. 

6.     £25  additional  per  year. 

19.     6  '64  per  cent. 

7.     133££  cash  per  100£  stock. 

20.     6|  per  cent  loss. 

8.     £64  12s.  less. 

21.     2'7  per  cent. 

9.     £7  10s. 

22.     £5  gain. 

10.     90^. 

23.     £2,967  per  weok. 

ii.     106£  per  share. 

24.     £2,600,000. 

12.     $32  per  year. 

25.     £12,240,000. 

EXERCISE  VIII. 

i.     £182  7s.  2d. 

7.     £48  18s. 

2.     halfpenny  =  1   cent.,  penny  =  2 

8.     £216  13s.  4d. 

cents,   threepenny  =  6  cents, 

9.     923-08  roubles. 

fourpenny  =  8  cents,  shilling 

10.     £2,056  11s.  Id. 

=24£  cents,  florin  =  48  ^  cents, 

n.     90-7  roubles  =  100  florins. 

half-crown  =  60^  cents,  half- 

12.     360,000  francs. 

sovereign  =  2$  42  £  cents,  sov- 

13'    5-b  Per  cent. 

ereign  -4$  85  cents. 

14.     $948. 

3.     £8,219  4s.;  207,288  francs. 

15.     113-001  grains. 

4.     5  -182  franc  per  dollar;  -810  mark 

1  6.     1,000  pounds  troy. 

per  franc. 

17.     155. 

5.     1,977  francs  53  centimes. 

1  8.     4-8f$  per  £. 

6.     £39,651,000. 

19.     £872. 

EXERCISE  IX. 

i.     87-49  yards  ;  36  '58  metres. 

4.     36  hundredths  of  English  inch. 

2.     516  '6  km. 

5.     16,822  Parisian  feet. 

3.     1-51  link  =  foot. 

6.     2,709  cm. 

S  TO  THE  EXERCISES. 
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feet. 
•  feet 
9.     C  fr.  '20  c.  per  UK  ire. 


10.  11/10,  12/1 1,  359/329,  2525/2314 
metre  per  yard. 

1 1.  1/10560  inch  scale = inch  real. 


RdSE  X. 


rees  ;  8  grades. 
63-662  grades;  !/«•=  "31831. 
:  yd. 

2  radians. 

•7854  radians  ;  257 '8  degrees. 
326°  1.1 

13  p  degrees. 

7908  +  miles. 

69*05  statute  miles  =  degree. 
L  rise  -  L  span. 


11.  66  feet. 

12.  15 -4  yards;   14 -3  yards. 

'3-     " 
14.     40 

It; -8  miles. 

16.  -.VJ.Sti  radian  per  mile  are  ;  1  •'.» 

mile  radius. 

17.  1-S.VJ  kill  >metre  =  sea-mile. 

jer. 


:  M. 


>09,  and  82243  sq.  km 

836  sq.  metres. 

t  persons. 

hectare. 

: 


JO  blocks. 

106  feet 

44  feet  long  by  33  feet  broad. 
toetx  246-9  feet 


14.      , 

i:.  -:.!".1  mile. 

1 6.  35*43  poles. 

17.  .1  f.-.-t  :;  iiu-hes. 

1 8.  61  feet  6  inches. 

19.  1«.  4-f.  '.  per 

foot  long. 

Itfeetsqu 
12.      }< 

t\S6 1,980. 

yards;  3080  yards. 


i      22*96  acres. 
:      2*0234  hectares. 

!•-'!  yards;  40 yards. 
^      20  acre*. 
-      53,044  square  yards. 


7.  30  acres. 

8.  4 

9.  t 

10.  4_ 

11.  421*12  HUM.:   14314  square  mm. 

12.  !  ;  CHI. 
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13- 


14. 


16. 


265  dekametres;  832 '52  deka- 

metres. 
28 '274  square  inches  ;    80 '2 14 

circular  inches. 
'35  square  inch. 
222  square  feet. 
29,452  square  feet. 


1 8.  437  acres. 

19.  6'062  square  miles. 

20.  2J  mile  per  inch. 

21.  16,000  sq.  ft.=sq.  inch. 

22.  1/13200  inch  per  inch  ;  4  tenths 

foot  per  mile. 


EXERCISE  XIII. 


28'32  litre  =  cubic  foot. 

103-15  Winchester  bushels  =  100 

Imperial  bushels. 
18-708  gallons  ;  245  "34  litres. 
1  gill  nearly. 

643-8  bushels  ;  157  hectolitres. 
34s.  Qd.  per  quarter. 
•4125  francs  per  litre. 
1  "344  farthings  per  hour. 
l/a?Jb  feet. 


10.  16, 384  bricks. 

11.  34|  cubic  inches. 

12.  15 '9  francs  per  hectolitre. 

13.  22  pence  per  gallon. 

14.  1-598  too  little  per  100  calcu- 

lated, 3-222  too  little  per  100 
calculated,  4 '871  too  little  per 
100  calculated. 

15.  10-079  inches. 


EXERCISE  XIV. 


I.     1  '18  cubic  feet. 


i    9.     4-57  feet. 


3-1416  square  yards. 

4-5  feet. 

17  -  feet. 

9  square  feet. 

268 thousand  million  cubic  inches; 

1,331  thousand 
1 -76  xlO4  cubic  feet. 
2  L  altitude  =  L  radius. 


i  o.     V6/ V71"  V  of  sphere = V  of  cube. 

11.  1/1600  square  inch= square  ft.; 
3/64000  cubic  inch = cubic  ft. 

12.  1447T2  cubic  inches  ; 

367r{l+  V^+TJsq.  in. 

13.  62,204  cubic  feet. 

14.  188  "5  cubic  inches. 


EXERCISE  XV. 


365 -24  + mean  solar  days. 

4h  30™. 

2  16  A.M.,  0  24  A.M.,  7  20  P.M., 

1  22P.M.,  435A.M. 
5,000  men. 
2^  hours. 
4  to  3. 

22-3  minutes. 
5^  days. 


9- 
10. 


14  minutes. 
10-9  hours. 


11.  Stakes 2 ?3L days;  and 

rp+pq-qr 

similarly  for  B  and  C. 

12.  14-8  days. 

13.  30  minutes  1  second  later. 

14.  1/4,  7/29,  8/33,  31/128,  132/545 

days. 


A  yS  \V£t:$  TO  THE  EXERCISES. 
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VISE  XVI. 


i .     1-46  ft.  per  sec. ;  '6818  mile  per 

hour. 
;>S  feet  per  second. 

tres  per  second. 

4.  27 'f  cm.  per  second. 
186,000  miles  per  second. 

6.  91  miles  by  former  =  81  miles 

by  latter. 

7.  12'18  nautical  miles  per  hour. 

5.  22  7  miles  per  hour. 

•i.     1   in  metres  per  second, 
tres  per  second. 

ii.     11  t  J  to  66,  and  88 

miles  per  hour. 


12. 


13. 
14. 
15. 

1  6. 
17. 
18. 
19. 
20. 

2  1  . 


-2-14,  M.-J.-S.  -463,  and 
2'04S  kilometres  per  second  ; 
146S7,  24400,  4.V4.-.8,  46300, 
and  204800  centimetres  per 
second. 

5  '44  miles  per  hour. 

18'1  miles  per  hour 

1  hour  20  minii: 

8^  hours. 

4  miles  per  h.,  .'  r  h. 

4  minutes. 

o6c/(6  +  c)nr 

195  miles. 

17-  knots  per  hour  ;  20'5  miles 
i  our. 


EXERCISK  XVII. 


A  takes  164,  B  takes  13}  hours. 

I  n  8  hours,  at  38  miles  distance. 

;ite. 
Ky  106  yards. 

8.  J>7" 

9.  5*3  yards. 

rtls. 

ii.    4  minutes  50|  seconds. 


12.     A,  by  21$  y 

.-I  160,  an»l  1'.  1-0  y.ls.  per  min. 
per  hour. 

15.  7h  12". 

16.  90  miles. 

17.  7  hours  m 

18.  20  cars  p« 

per  hour  overtake. 

19.  6  miles  per  hour  ;  &  mile. 

20.  1  division  > 

21.  1  division  * 


.III 


HI  11  minutes, 
s,  2  miles  per  h 

irs. 

i.     W"a^.  and  30  b~~  miles  per 
S.     28  feet  W.  30°  .9.  per  second. 


6.  8-94  kn  •  liour. 

7.  8'7  min.;  up  tin- 

8.  200  feet. 

.<>ts  per  hour,  from   !«• 

two.  i  ir.vir. 

i  i.      i:.  7   Lnote  per  hour  from    \Y. 
28°  N. 


Y 
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EXERCISE  XIX. 


i.     '10472  radian  per  sec.=rev.  per 

min. 
2..     10  minutes  55  seconds. 

3.  75  degrees,   83|  grades,    1'309 

radians. 

4.  1  min.  1-5^  sec.  after  XII. 

5.  (»  +  2)/ll  hours  after  n  o'clock  ; 

IX. 

6.  24  seconds. 

7.  5'6  minutes  past  XII. 

8.  At  W. 

9.  9  hours. 


10.  4  yards  and  5  yards. 

11.  7 '5  hours. 

12.  5  :  112  :  2800. 

13.  15'=min.;  15"=sec. 

14.  7 '3  feet  per  second. 

15.  25,000   miles;    520   miles    per 

hour. 

1 6.  740  miles  per  hour. 

17.  12  miles  per  hour. 

18.  1'3  minutes  gained  per  hour. 

19.  8  hours  45  minutes. 

20.  9  miles  ;  4^  hours. 


EXERCISE   XX. 


1.  18  km.  per  min.  per  min. 

2.  200  yards  per  min. ,  12,000  yards 

per  min.  per  min. 

3.  L  and  T;  mg. 

4.  38,640  yards  per  min.  per  min. 

5.  197  feet. 

6.  629  feet. 

7.  5  seconds. 

8.  126'5  ft.  per  sec. 

9.  6'21  feet;  155  feet. 

10.  2  5  seconds. 

11.  1'25  second. 


12.  370  feet ;  2,318  feet  of  fall. 

13.  5 '37  feet  per  sec. 

14.  864  feet ;  464  feet  per  sec. 

15.  161  feet  per  sec.;  402  feet. 

1 6.  225  feet ;  2£  sec. 

17.  98  feet  per  sec. 

1 8.  121  feet. 

19.  2J  sec.;  42  feet. 

20.  10,800  yards  per  min.  per  min. 

21.  2 '5  feet  backwards  per  sec. 

22.  3  feet  per  sec.  per  sec. 


EXERCISE  XXI. 


1.  5 '5  sec.;  87 '6  feet  per  sec. 

2.  8-05  feet ;  120|  feet. 

3.  2  feet  per  sec.  per  sec. 

4.  4'4  feet  forwards;  '16  feet  down- 

wards. 

5.  100  feet. 

6.  210  feet. 

7.  3i  sec. ;  325  feet. 


8. 

113  feet  per  sec. 

9- 

4  to  1. 

10. 

720  feet  per  sec. 

n. 

2    sec.  ;  147  feet. 

12. 

IO/TT  feet  per  sec. 

IS- 

1600?r2  cm.   per  s 

S0?r  cm.  per  sec. 

per  sec. 


To  THE  EXERCISES. 
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1-21523  pound  troy;    9U46oz. 
troy. 

..;"  11-31  kgm. 
ions. 


4.  37i  shillings  per  c\vt;  37*£  per 

ton. 

5.  4 -34  pi-m.v  per  Ib. 

6.  39-688  shillings  per  c\vt. 

7.  !."»  fr.  28  ct.  per  kilogramme. 


50-8  kgm.=  cwt. 

•iO.OOO  cubic   feet; 
21,991,250,000  Ibe. 

'  cubic  inches. 
174  Ib.  per  cubic  it. 

pc-r  cc. 

ubic  ft.  pcrlb. 
30,000  cubic  feet 

tons. 

23  04  ounces. 
•028  ton  per  c 

per  sq.  inch  per  ft 


XXIII. 

12.  4.'. 

13.  292  inhabitants  per  sq.  mile. 

::Ul,. 

15.  4-J. 

1 6.  6 '7  Ib.  per  fathom. 

.  in.  •_••.;}. 

1 8.  265,00 

19.  145,030,000  Ib.  per  sq.  mil 

inch  ;    226,  IU>0    11.. 
per  inch. 

20.  2-21 36  Ib. 

21.  ; 


:<  1-1:   x\i\. 


Ib. 

9.8CX1  i  OB  of  oxygen  = 

81  to  ir>. 

5-6C)  l  Ib.  per  10(> 

s.    •<.»:. 

9.  — 

//I    i 

milk. 

10.  857  cubic  cm. 


n. 


13. 


14. 
15. 

16. 

20. 
21. 


i  !"n. 

:;  V  ..f  .-ii\(  T  1-1  V  . 

7'5  oz.   gold  ;    *J'.")  w..  qi 
1    V    of    gold    p-a-    3    V 

1 

1  V  of  first  per  V  of  BC 


P,    +...+  vn 

I   .'Id  s.j.  inch  ii,     ily. 
«  Ib. 

5  : 

6  and  1. 
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1 .  At  4  inches  from  centre  of  smaller. 

2.  At  the  centre ;  at  five-sevenths 

of  the  line  joining  the  cor- 
ner with  the  centre. 

3.  Mid  point  of  central  piece. 

4.  In  the  principal  piece  at  one- 

fourth  of  its  length  from  the 
cross  piece. 


EXERCISE   XXV. 

5.  Four  tenths  of  the  perpendicular 

from  the  mid  point  of  the  cen- 
tral piece  to  the  cross  piece  ; 
five-fourteenths  of  the  central 
piece  from  its  extremity. 

6.  Along  axis  at  ( \/3  + 1  )/3  inch  from 

the  mid  point  of  the  lower 
piece. 

7.  3'24  inch  above  base  in  axis. 


1.  5  to  8. 

2.  750  feet. 

3.  64  ft.  per  sec. ;  10,752  Ib.  by  ft. 

per  sec. 

4.  1,421  Ib.  by  ft.  per  sec, 

5.  694  ft.  upwards  per  sec. ;  6,940  Ib. 

by  ft.  per  sec. ;  272  ft.  down- 


EXERCISE  XXVI. 

wards  per  sec.;  2,720  Ib.  by 
ft.  per  sec. 

6.  183  Ib.  by  ft.  per  sec.  per  cub.  ft. 

7.  64  to  5. 

8.  63,000  Ib.  by  ft.  per  sec. 

9.  3'1  ft.  per  sec. 
10.     1  '2  ft.  per  sec. 


EXERCISE  XXVII. 


i. 

2. 

3- 
4- 
5- 
6. 

7- 
8. 

9- 
10. 
ii. 

12. 


9,800  cm.;  980  cm.  per  sec. 

96  poundals. 

12'9  ounces. 

161  poundals  ;  5  Ib. 

5,000  sec. 

51  Ib.  weight. 

16  ft.  per  sec.;  8  ft.;  960  ft. 

90,000  ft. 

1/120  poundal. 

I/  N/32lTsec. 

3  M  per  2  M. 

16'1  ft.  per  sec. 


13.  980  cm.  per  sec.  per  sec. 

14.  3-8  oz. 

15.  '355  oz.;  '5  ft. 

1 6.  -976ft.  per  sec.  per  sec.;  33 '2 

poundals. 

17.  32  poundals. 

1 8.  6  sec. 

19.  3'22  ft.  per  sec.  per  sec.:  40'25 

feet. 

20.  1  '25  Ib.  weight ;  6  ft.  per  sec. 

per  sec. 


EXERCISE  XXVI  El. 


Weight  diminished  to  y-|. 
44  poundals. 
l'0931b. 
V3  :  1  :  2. 


5.  27  dynes  ;  2 '34  dynes. 

6.  17 '4  dynes. 

7.  About  67°. 

8.  9-17  Ib.  weight. 


TO  THE  EXERCISES. 
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1  0  pounds. 

13- 

150  lb.  nearly. 

10.     By  2*5  ton  weight. 

14. 

60°. 

:i>.  weight. 

IS- 

50-6  ft.  per  sec. 

12.     Sib.  and  6  lb. 

1  6. 

107,  61,  and  81  lb.  weight. 

KXKRCISE  XXIX. 

i.     107  11).  weight. 

IS- 

j.     210  to  1. 

1  6. 

ri.'>  radian  per  sec. 

poundala. 

17- 

and  1447T-  poundals. 

!KX)  poundals. 

18. 

10-8  poundals. 

5.     11/15(7.  ton  weight. 

19- 

264  gm.  weight. 

6.     5,475  pouudals. 

20. 

,'ht  and  tension  of  5  \/3  11  >. 

7.     10,300  poundals. 

21. 

boh. 

!)3'97  Iba. 

22. 

mm. 

23- 

1  poundals  per  lb.  ;  '12  beat 

10.     84°. 

per  sec. 

s4  dyne  per  gramme. 

24. 

4ft 

IT  pouiulal  per  foot. 

25- 

vd8. 

At  3/8  and  at  4/9  of  rod  from 

26. 

ft.  per  sec.  per  sec. 

larger  mass. 

27. 

43  sec. 

v6  inch. 

28. 

V2  turns. 

EXERCISE    .\ 

i.    8-86. 

ier. 

.tn. 

16. 

17- 

•5,  1-26. 

18. 

5.      D  'til  1                         ':i6€. 

19. 

in-:. 

oz.  sea  water. 

20. 

1  to  10. 

;•  i 

11, 

-.   in  mercury;  f>'8  lb.   in 

22. 

23- 

bfa  inches. 

24. 

m  (!-«)/*. 

•97. 

25- 

32,000 

26. 

10-4  gm. 

27. 

12  V  of  silver  =  5  V  of  copper. 
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EXERCISE  XXXI. 


I.     479  and  6  '9  X  104  dynes  per  sq. 

13.     31  -7  feet. 

cm. 

14.     '15  inch. 

2.     120  Ib.  weight. 

15.     17-5  Ib. 

3.     152  Ib.  weight. 

1  6.     448  feet. 

4.    650-23,  678-17,  706  -11  mm. 

17.     *41  Ib.  weight  per  sq.  inch. 

5.     53  '53  inch  of  water. 

1  8.     9,375  Ib.  weight. 

6.     8  x  105  dynes  per  sq.  cm. 

19.     2,625  Ib.  weight. 

7.     10,330  kgm.  per  sq.  metre. 

20.     93,750  and  132,200  Ib.  weight. 

8.     89  Ib.  per  sq.  inch. 

21.     1-2  kgm. 

9.     174  Ib.  weight. 

22.     656-25  Ib. 

10.     13-49  Ib.  per  sq.  inch. 

23.     929  kgm. 

ir.     69  feet. 

24.  \37'41b.  weight. 

12.     2-63  cm. 

EXERCISE    XXXII. 

i.     5*15  miles. 

9.     68  cubic  inches. 

2.     4  and  36  inches. 

10.     50-7  cm. 

3.     8  '2  grains. 

11.     1-72  feet. 

4.     22  '5  cubic  feet. 

12.     1/3  \/3  atmosphere. 

5.     66  feet. 

13.     *43  of  original  pressure. 

6.     Constant. 

14.     -62  M  per  V  =  M  per  V  original. 

7.     -000078  cubic  inch. 

15.     -68  M  =  M  original. 

8.     17'3  cubic  inches. 

1  6.     5-4  feet. 

EXERCISE   XXXIII. 

i.     7-23308   foot-pounds;     '138254 

7.     1  -983  x  107  foot-pounds. 

kilogrammetre. 

8.     36,945  foot-pounds. 

2.     405,000  foot-pounds. 

9.     1,200  foot-pounds. 

3.     3,360  foot-pounds. 

10.     24ft.-lb. 

4.     12*5  foot-pounds;  2'5  Ib.  weight. 

ii.     7,516  ft.  -Ib.  per  stroke. 

5.     4*55  x  105  foot-pounds. 

12.     32-2  Ib. 

6.     4-44  x  105  foot-pounds. 

EXERCISE  XXXIV. 

i.     24,000  foot-poundals. 

5.     131,250  foot-poundals. 

2.     64  to  125. 

6.     431,500  foot-poundals. 

3.     27,000,000  foot-poundals. 

7.     22,065,  120  foot-poundals. 

4.     36,064  foot-poundals. 

8.     180,320  foot-poundals. 

TO  THE  EXERCISES. 


9.     834,783  foot-pounds. 

23.     9  -3  ft.  per  sec.  ;  654  ^  660. 

1.-J4-.  foot-poundals. 

24.     607  kilogrammetres. 

n.     2-03  ton  weight. 

25.     17,578  pouudals. 

1  1.     2-409  x  107  foot-poundals;  1  "643 

26.     (%/3-l)/l. 

poundals. 

27.     1,690  ft.  per  sec. 

:  poundals. 

28.     6-25  x  10r-'ergs;  3'12i>  x  10nergs. 

14.     66  -8  feet. 

29.     1,160  pound  by  foot  squara 

15.     6,666  poundals. 

30.     2-93  x  103  foot-pouiuis. 

::..  weight 

31.     40,  894  foot-poundals. 

1  -49  feet. 

18,867  foot-pounds. 

:.,fht 

33.     1  ft.;  2  ft.  per  sec. 

feet. 

34.     33  '7  radian  per  sec. 

109,165  poundals. 

35-     > 

21.       181ft 

•''/(«  -J»)  *««*• 

*  v" 

KXKKCISi:  XXXV. 

I.     "987  horse-power. 

7.     '.7.-JOO  ft.-ll..;  4-1  horse-power. 

2.     T014  force  de  cheval  =  horse- 

8.    89*6  gallons 

power. 

9.     146  horse-p 

3.     4,562  kilogrammetre  per  in:n. 

10.     4  horse-pov 

1 

n.     21  inch. 

«;.     110,880,000  ft.-  Ih. 

12.     68  '4  revolutions  per  minute. 

•.'$  x  10'  ft-lbs;  120  hon»e.power.| 

XXXVI. 

i      7"  approx. 

10.     44  to  7. 

weight 

n.     .'1  11).  wci-ht. 

weight 

12.     20  11  >.  weight. 

16  ft. 

5.     19'4  revs,  per  MC, 

weight 

15.     IF,  power  =  7  F,  weight. 

,'ht 

16.     1  to  : 

101  knots  per  hour. 

17.     1,209  Ib.  w. 

,<H)lb.  weight. 

;'K)  foot  pounds. 

PHXi                             .11. 

26,880  inch-pound. 

J.      41."r-J  i_' 

4.     2/Jltigm.;  127/125. 
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5.  112-88  Ib. 

6.  23-21  inches. 

7.  840  Ib. 

8.  70  Ib. 

9.  '9  inch  in  front  of  axle. 
10.  24,500  Ib. 

n.  11'8  Ib.  weight  per  sq.  inch. 

12.  10'5  Ib.  weight  per  sq.  inch. 

13.  4ft. 

14.  7 '6  ft.  from  end. 

15.  8  and  9  Ib.  weight. 


1 6.  1-6  ft.  from  fulcrum  towards  A . 

17.  At  the  fulcrum. 

1 8.  2  ft.  from  other  end. 

19.  At  3  ft.  from  end,  and  at  its 

mid  point. 

20.  5  ft.  from  A. 

21.  4  Ib.  and  6  Ib. 

22.  14  Ib. 

23.  2V2  Ib.  weight. 

24.  20  Ib. 


EXERCISE  XXXVIII. 


1.  Increased  in  ratio  of  16  to  9. 

2.  30  Ib.  weight. 

3.  200  per  cent. 


4.  2  sec. 

5.  -0089  ft.  per  sec.  per  sec. 


EXERCISE  XXXIX. 


1.  117'8  degs.  Cent.;  180  degs.Fahr. 

2.  572  and  392°  F. 

3.  260,  204-4,  149,  93'3,  and  37 '8°  C. 

4.  16-67°  C.;  39-1°  F. 

5.  164,  30,  21-1,  and  -  34 -4°  C. 

6.  332,  412,  467,  1,021,  1,091,  and 

1,530°  C. 


7.  169,  95,  675,  and  640°  F. 

8.  -  38-99,  194,  455,  and  2,732°  F. 

9.  -40. 

10.  -25-6. 

11.  41  and  5,  50  and  10,  59  and  15, 

68  and  20. 

12.  320°  F. 


EXERCISE  XL. 


1.  I'06xl010ergs. 

2.  3-968  Ib.  by  deg.  Fahr.  =  kgm. 

by  deg.  Cent. 

3.  70°  C. 

4-  212-5  Ib.  of  water  by  deg.  Cent. 

5.  9'07  Ib.  of  water  by  deg.  Fahr. 

6.  2-514  Ib.  of  water  by  deg.  Fahr. 


7.  -22  deg.  Fahr. 

8.  67,320,000  ft.  Ib.;  87,200  Ib.  of 

water  by  deg.  Fahr. 

9.  1,356,800  metre. 

10.  6, 116,000  ft.  -Ib.  =  Ib.  of  coal. 

11.  66 1  per  cent. 


1.  96 -8°  C. 

2.  5  degs.  Cent. 

3.  712°  C. 


EXERCISE  XLI. 

4.     20-5°  C. 


24-3°  C. 
283°  C. 


'ERS  TO  THE  EXERCISES. 
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8. 

9- 
10. 

ii. 


•1 14  M  of  water  =  M  of  iron. 
5-6  Ib. 

•096  M  of  water  =  M  of  metal. 
20-8°  C. 

•443  M  of  water  =  M  of  sub- 
stance. 


i «.     2,V7°  C.;  9-12  gm.  of  water. 

13.  157  foot-pounds  =  Ib.  of  iron  by 

deg.  Cent. 

14.  5  degs.  Fahr. 

15.  Would  be  934  degs.  Cent 

1 6.  100  ft.  per  sec. 


EXERCISE  XLII. 


1.  79  Ib.  of  water  by  deg.  Cent  = 

Ib.  of  ice. 

2.  2/3  Ib. 

3.  8oz. 

4.  10  oz. 

.-,  Ib. 

6.  79-28   kgm.    of    water  by  deg. 

Cent.  =  kgm.  of  ice. 

7.  1C 


8.  4'4  Ib.  water  and  '1  Ib.  ice,  at 

0°C. 

9.  -091. 

10.  71 -5°  C. 

11.  -47. 

12.  l-!>.Lrm. 

13.  49-1°  C. 

14.  7,900  gm. 


KRCISE 

ft.  per  cubic  ft  8. 

I  ft. 

.  in  excess  or  defect 
•0036yds. 

10. 

L  of  brass  =  3  L  of  steel.  1 1. 

:  10*  Ib.  of  water  by  deg.     12. 
13. 


80  and  81-33cc.;  -00017  V  per 

V  per  deg.  Cent. 
•000074  inch  per  inch  pc: 

Cent. 

•000347  V  per  V  per  deg.  Cent. 
1  llio. 
29-48  inch. 
98-64°  C. 


.    7<;'<  lies. 

.    209-8  cc. 
.    450-5  cubic  inches. 
130°  C. 


BXBBOI8I  \:.iv. 

6.  16-411 

7.  I,"-'*  oobk  inches. 

I  -JIO'R. 
9.     180-04  gm. 


4*68  gramme-degree. 

10*  gramme-degree. 
6*23  x  107  gramme-degree. 
l-89x  10*  Ib.  of  water  by  deg. 

Cent,  per  hour. 
3-06  x  10*  gi-amme-degree. 


ICISB  XLV. 

6.  28 '8  pound-degree  per  sq.  ft  per 

7.  1  '09  gramme-degree  per  sec.  per 

sq.  r  cm. 

8.  14,  13-6,  64,  13-5. 
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EXERCISE  XLVI. 


i.     9-31. 

6. 

3-47. 

2.     5-736  C.G.S.  units. 

7- 

1-16  dynes  per  C.G.S.  pole. 

3.     48  oscillations  per  minute. 

8. 

•00019. 

4.     49  :  36  :  25. 

9- 

5°  10'. 

5.     '0461  ft.  -grain-sec,  unit  =  C.  G.8. 

10. 

3-26  gin.  by  cm.?. 

unit.                                             ii. 

•1782  C.G.S.  unit. 

EXERCISE  XLVIL 

I.     1,000  C.G.S.  units. 

7- 

100  to  1. 

2.     8  to  5. 

8. 

2  W  final  =  5  W  original. 

3.     18'3  and  367  units  of  quantity. 

9- 

3,  4,  5. 

4.     350  C.G.S.  units. 

10. 

25  to  24. 

5.     1  to  5  ;  5  to  1. 

u. 

1,  2,  3,  4,  5,  6,  7,  8,  9,  10. 

6.     '0764  C.G.S.  units  per  sq.  cm. 

12. 

•00601  calories. 

EXERCISE  XL  VIII. 

I.     /v/10/100000  for  quantity  and  cur- 

8. 

•18  horse-power. 

rent  ;  1/100  for  capacity. 

9- 

7  '31  amperes. 

2.     \AO/1000  f°r  quantity  and  cur- 

10. 

'0195  ampere. 

rent  ;  100  for  capacity. 

ii. 

•0379  watt. 

3.     2-790  x  10"S  8-504  x  10'3, 

12. 

20-3  volts. 

3-281  x  10-2. 

13- 

5  ohms. 

4.     1/1000. 

I4. 

9-84xl08. 

5.     10  units  of  current  =  ampere. 

IS' 

7*2  amperes. 

6.     735-75  watts  =  cheval  vapeur. 

1  6. 

3,600,000  joules. 

7.     10  joules  =  kilogrammetre. 

EXERCISE  XLIX. 

i.     3  to  10. 

10. 

1,622  C.G.S.  unit  =  cm.  per  sq. 

2.     91  microhms. 

cm. 

3.     384  to  343. 

ii. 

2'72xl010miles. 

4.     100  to  1. 

12. 

2'1  ohms. 

5.     10*8  ohms. 

13- 

1/109,  1/1009,  1/1099,  1/1  108. 

6.     6  "5  ohms  per  mile. 

14. 

4,795  ohms. 

7.     3*164  metres. 

IS- 

16  '7  ohms. 

8.     7,682  ohms. 

id. 

5  to  7. 

9.     4  "5  X  10  ~  8  metre. 

17- 

1  to  10. 

TO  THE  EXERCISES. 
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In  Aeries.  22. 

19.  -048  ampere.  23. 

In  multiple  arc.  24. 

21.  Internal  resistance  equal  to  ex-  25. 
ternul. 


'.  -038:2,  and  '0062  ampere. 

10  ft.  from  copper  end. 
100. 


KXKRCISE   L. 


1 .  I'l  and  4 '9  feet  per  wave. 

2 .  1  '33  feet  per  wave. 

3.  1|  mile. 

4.  i:; 


5.  4-S,  9-5,  and  14'4  sec. 

6.  36-3  vibrations. 

7  yd. 
8.     1,091  and  909  vibrations  p«. •: 


KXI-:U«-ISK  LI. 


.etres  per  sec. 

•os.  after  • 
.ones   per   vibru 
inches. 

ions  per 

.orations  per  sec. 


6.  69  vibrations  per  sec. 

7.  IvJ   vibrations   per  scr 

;i  per  sec. 

S.     118  vibrations  per  sec. 
9.     '.'  aoc. 


'    LII. 


16  to  1. 
16  t 


• 

vibrations  per  sec. 


7.  3 14  x  10*  metres  per  sea 

8.  9/8. 

9.  I 

10.  28°;  will  be  reflected  internally. 

It,  -lit:,,    -.Ml, 


EXBRCl-i:   IJI1. 


1ft. 

i)  and  4.1  inches  from  m 
•ii  normal. 

t.  6  inches  below 
surface  of  water. 


7.     15  ins.  from  lens  on  same  * 
••"»  and  18  inches. 

9.     Iff  and    2    ft.    on    other 
image  true  ;  5  and 
same  side,  image  virtual. 

10.  i  ft. «;  in. 

11.  At  infinity. 
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EXERCISE  LIV. 


1.  39  M  of  K  +  14  M  of  Fe  +  18  M 

of  (7+21  M  of  J\r=92  M  of 
ferrocyanide  ;  23  M  of  -ZVra 
+  32  M  of  S  +  24  M  of  0  = 
79  M  of  hyposulphite. 

2.  75  gm. 

3.  (1)  46-6  M  of  Fe.  (2)  9'8  M  of  Mg. 

53-3    „     8.        13'0    „    8. 

71-5    „     O. 

5-7    „    H. 

4.  (1)  85  M  of  Hg.  (2)  73'9  M  of  Hg. 

15    „     Cl.          26-1     „     a. 
(3)  26-7  M  of  C. 
2'2    „     H. 
7M  0. 


5. 
6. 

7- 
8. 
9. 

10. 

ii. 

12. 

13. 

14. 


76-3  M  of  #0  +  5-4Mof  JV  + 

18-3  M  of  0. 
88-86  M  of  O  +  11-14  M  of  // 


CuFeSa. 

400  c.c.  of  oxygen. 

88-9  M  of  O  +  11  -1  M  of  H. 

CH^O  is  empirical  formula. 

34-7  V  of  0  +  65-3  V  of  JV. 


EXERCISE  LV. 


1  -965  gm.  per  litre.  ;     8. 

670  and  694  cc.  per  gm.  9. 

537  gm.  10. 
200  cubic  inches. 

21  V  of  0  +  79  V  of  ^Y;  23  M  of  i  ii. 

0  +  77  M  of  N;  14-42.  12. 

14  Mff  per  atom.  13. 

16  M#  per  molecule.  j  14. 


17  My  per  molecule. 
28  Mjy  per  molecule. 
87-81  Mff  per  molecule;  43'9 

and  45-5. 
3-58  gm. 
Ag,C5H604. 

•056  M  of  water  =  M  of  silver. 
•177. 


EXERCISE  LVI. 


I. 

2. 
3- 

4- 
5- 
6. 

7- 
8. 

9- 

10. 

ii. 

188  gm.  of  £02,  53  gm.  of  HZ0. 
178  gm. 
83-8  and  140  litres. 
140  litres. 
7-23  litres. 
36  gm.;  22  -3  litres. 
60  and  40  volumes. 
2  volumes  ;  36  gm. 
600  volumes  ;  <7O2  and  H20. 
11-61K;  153  cubic  feet. 
14-3  litres  ;  3  '6  gm.  of  C02  and 
1  -5  gm.  of  H<£). 

12.  46-43  cubic  feet. 

13.  26  litres  ;  10  gm.  of  0  +  21  gm. 

of  SOZ+  69  gm.  of  M. 

14.  C2H6;  30. 

15.  4  litres  ;  1-075  gm. 

1 6.  4-7  and  6 '9  gm. 

17.  8,400  Ib.  of  water  by  deg.  Fahr. 

=  Ib.  of  coal. 

1 8.  7,704  gramme-degrees. 

19.  91  horse-power. 

20.  6'8  per  cent. 


AXSWEltS  TO  THE  EXERCISES. 


EXERCISE  LVII. 
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1.  56  milligrammes. 

2.  24,  11,  and?  litres. 

8.0. 

4.  3», 

5.  -075  litres. 

6.  101  litres. 

7.  36-2  litres. 

8.  1-57  and  -58  Ib. 

9.  19-6  gm.  of  HyS04=  100  gin.  of 

liquid. 
10.     f. 
u.     114  grains. 


12.  49'4  litres  ;  135  gm. 

13.  AgCsH902. 

14.  39  gm. 

15.  44  litres. 

1 6.  300  gm. 

17.  32-65  tons. 

18.  60  gm. 

19.  2 '54  litres. 

20.  15-96  degrees. 

21.  -317  and  1-08  gm. 

22.  '634  and  2 '16  gm. 

23.  -2-S'2  and  T41  -in. 
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a.,  79. 

Abatement,  29. 

Abbreviations,  64. 

Absolute  refractive  index,  300. 

systems  of  units,  62,  65,  109, 
126,  159,  192,  257,  264,  271. 

units  of  force,  159. 

zero  of  temperature,  220,  248. 
Absorptive  power,  313. 
Acceleration,  125,  126,  132. 
Acidity,  327. 
Acre,  78. 

Activity,  202,  274. 
Adjacent,  72. 
Aeolotropic,  241. 
Along,  72. 
Altitude,  80. 

American  standard  time,  104. 
Amount  at  simple  interest,  28. 

at  compound  interest,  34. 

of  an  annuity,  36. 
Ampere,  271. 
Angle,  units  of,  68. 

solid,  87. 

of  repose,  167. 
Angular  velocity,  121. 
Annuity,  36. 

amount  of,  36. 

perpetual,  37. 
government,  44. 

reversion  of,  37. 
Apparent  dilatation,  242. 

rotary  power,  302. 
Approach,  rate  of,  113. 
Approximation,  55. 
Arbitrary  units,  268. 
Arbitrated  rate  of  exchange,  57. 
Are,  78. 

Atmosphere,  height  of  homogeneous, 
188. 


Atmosphere  of  pressure,  188. 
Atom,  316. 
Atomic  heat,  317. 

weight,  316;  table,  310. 
Average  speed,  126. 
Avoirdupois  pound,  138,  141. 

Banker's  discount,  29. 
Barter,  12. 
Basicity,  327. 
Binary  units  of  angle,  69. 
Boltzmann,  Prof.,  266. 
Boyle's  law,  188. 
Brightness,  298. 

British  Association  Committee,  65, 
272,  273,  274, 

system  of  units,  62,  109,  126, 
159,  192. 

unit  of  heat,  223. 
Brokerage,  45. 
Bronze  coins,  British,  4. 

French,  51. 
Bulkiness,  143. 
Buoyancy,  176. 
By,  80,  156. 

c.,  64. 

Cable,  capacity  of,  272. 
Calendar,  102. 
Calorie,  223. 

small,  223. 
Calorific  intensity,  322. 

power,  322. 
Candle,  standard,  298. 
Capacity,  units  of,  92. 

electric,  265. 

thermal,  226. 
Carcel  burner,  298. 
Cent.,  9,  51. 
Centesimal  units  of  angle,  69. 


IXDEX. 


351 


.  64. 

Centigrade  scale,  219. 
Centime,  OM. 

of  mass,  153  ;  table,  154. 
Centrifugal  force,  170. 

stem,   65,    109,    126,    144, 
160,  190,  OT, 

Rule,  6,  7,  12. 
Change  of  length,  66. 
price,  13. 
speed,  126. 
surface,  88. 
volume, 

ii,  .".•_' I. 

>',  area  of,  85. 
area  of  sector,  84. 

inference  to  dia- 
met« 

Circular  measun 
:us,  Prof.,  . 

xwell,  60,   143,    153, 
•J71. 
Co-efficient  of  expansion,  239. 

for  u 
of  fr: 

tokt 
Coinage,  British 

proposed  decimal,  0. 
colonial  and  foreign,  52. 

ual,  proposed,  9. 

<  '..,:. ii:  ..:,_•  v,  table,  310. 

of  a  com  i' 

ionaUO*. 

Comparative  time,  table,  104. 
Comparison  of  scales  of    tempera- 
ture, 220. 

of  yard  and  metre,  65. 
L'ouipass,  points  < 
Jomposition  of  an  aoceler.v 

of  a  subst 

of  a  -7. 

of  a  velocity,  118. 

poi  table,  38. 


Condenser,  capacity  of,  266. 
Conductivity,  electric,  277;    table, 

97& 
thermal,  251  ;  table,  2o2. 

relative,  '2,'^. 
Cone,  surface  of,  86. 
volume  of,  96. 
centre  of  mass,  154. 
Congress  of  Electricians,   66,    271, 

273,  298. 
Consols,  44. 

Continued  fractions,  55,  71. 
iuuous  quantity,  10. 
;  acted  multiplication,  40. 
•iction,  rate  of,  240. 
.71. 
1 10,  224. 

:int,  72. 

Cosine.  72. 

72. 

Coulomb,  27 1 . 
Couple . 

moment  of,  209. 

iiige,  56. 
•al  expansion,  241. 

73, 

:us  of.  73. 

.  86. 
volume  oi, 

Day,  lol. 

.  102. 
'..  nautical,  astronomical,  103. 

.il  units  o! 
Decimali/ation  of  l'>nti.-h  money,  3. 

ites,  55. 

Dr.T.l-  of  ail-U-,   «,S. 

.  til. 

•    .Mr.    U'J. 

elect;.  ,  264, 
Ii... 

I  IX 

8urf.H<  ••  ,  II  1. 

of  water,  144,  176. 
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Deviation,  rate  of,  132. 
Dilatation,  241. 

apparent,  242. 
Dime,  51. 
Dimensions,  133,  196,  251,  252,  257. 

of  electrical  units,  281. 
Dip,  259. 

Discontinuous,  13. 
Discount,  bankers',  29. 

compound  interest,  35. 

simple  interest,  29. 

of  snares,  43. 
Discrete,  10. 
Dispersion,  301. 

Dispersive  power,  301 ;  table,  301. 
Dividend,  43. 

Division,  notation  for,  6,  80. 
Dollar,  51,  52. 

Dynamical  equivalent  of  heat,  223. 
Dyne,  160. 

Eagle,  51. 

Electric  capacity,  265. 

conductivity,  277 ;  table,  278. 

density,  264. 

resistance,  273. 
of  a  substance,  276. 
in  terms  of   linear   density, 

278. 
Electricians,  Congress  of,   66,  271, 

273,  298. 
Electricity,  unit  of,  263. 

electromagnetic,  270. 

electrostatic,  263. 
Electrolysis,  328. 
Electromagnetic,  263. 

unit  of  quantity,  270. 

units,  dimensions  of,  281. 
Electromotive  force  of  cells,  272. 
Electrostatic,  263. 

unit  of  quantity,  263. 

units,  dimensions  of,  281. 
Elements,  magnetic,  260. 

of  the  sun  and  planets,  216. 

chemical,  310. 
Ellipse,  85. 
Ellipsoid,  97. 
Empirical  formula,  311. 
End-measure,  61. 
Energy,  kinetic,  195. 

of  a  charge,  267. 


Energy  of  rotation,  196. 

unit  of,  192,  222. 
Epoch,  103. 
Equated  time,  29. 

Equivalence,  5,  11,  13,  18,  28,  SO, 
148,  321,  327. 

partial,  23,  118,  309. 

between  yard  and  metre,  65. 
Equivalent  amounts  of  stock,  45. 

chemical,  327. 

distance,  154. 

masses  with  respect  to  heat,  228. 

radius,  196. 

time,  30. 

of  heat,  223. 
Erg,  192. 

Everett,  Prof.,  188,  291. 
Exchange,  50'. 

course  of,  56. 

bill  of,  56. 
Exchequer  bills,  44. 
Expansion,  linear,  239  ;  table,  240. 

cubical,  241 ;  tables,  243,  247. 
Extensibility,  291. 

F,  159. 

Facility,  105,  279. 

Fahrenheit  scale,  219. 

Farad,  272. 

Fineness,  2. 

Fixed  price,  55. 

Focal  length  of  lens,  306. 

of  mirror,  306. 
Foot-pound,  192. 
Foot-poundal,  192. 
Force,  159. 

absolute  units,  159. 

astronomical  unit,  214. 

centrifugal,  170. 

composition  of,  166. 

deflecting,  170. 

moment  of,  208. 
Force-de-cheval,  202. 
Foreign  money,  52. 
Formula,  empirical,  311. 

molecular,  312. 
F.P.S.   system,  62,   109,   126,   159, 

192. 

Fraction,  continued,  55,  71. 
Franc,  50,  52. 
Frequency,  287. 
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Frequency  of  a  stretched  string,  293. 
of  an  organ  pipi 

Fundamental  unit,  60,  101,  138,  219. 

.  44. 
Future  value,  34. 

:•'/>».,  142;  g.,  176,  161. 
I 
Gas,  expansion  of. 

General  unr 
of  length, 
of  time,  101. 
of  force,  1 
of  mass,  138. 

Oft 

Jold  coins! 


i-e,  'j;:. 

of  temjMTaturf,  '_'.">]. 

1  1 1 
amme-degrce,  - 

160. 


H    222  ;  A,  64. 


.  22.'5. 


i 


of,     I.VI. 


Homogeneons  atmosphere,  188. 
Horizontal  intensity,  'J.M),  %261. 
Horse-power,  202.  * 

Illuminating  power,  298. 
Imperial   measures   of   length,    6° 

table,  00. 
standard  of  length,  60. 

of  mass,  138. 
units  of  surface,  7S. 

of  volume,  1)2. 
Impulse,  1 
Inch  of  na-rcury,  184. 

:i:':ill.    1  I."). 

Inclination,  magnetic,  260. 
Independent  quantity,  1-,  12."). 
liit-i-ti.t. 

moment  of, 

Intensity  at  unit  distance,  215. 
of  a*  tit-Id,  21."i. 
elect  n.-.  2«'.l 

of  a  force,  lt,o. 
of  gravity,  I'll. 
of  magnetization,  '-' 
of  a 

of  sound.  LN-,. 
Interest,  simple.  27. 

:  table,  33. 

178. 
Kilogram.,.  176. 

'.'_'. 

1-7. 

of  rotation. 
71. 

L,  60,  109  ;  /,  93  ;  L5,  78. 
Latent  hi 

:ildui),  50. 

Legal  tender,  3,  4. 
:J06. 
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Lever,  horizontal,  208. 
Leyden  jar,  capacity  of,  265. 
Light,  297. 
Linear  density,  144. 

expansion,  239. 
Line-measure,  61. 
Liquid,  pressure  of,  184. 

expansion  of,  241  ;  table,  243. 
Litre,  93. 

Local  standards,  140. 
Longitude  and  time,  103. 
Long  rate  of  exchange,  57. 
Luminosity,  298. 

M,  138;  IN/U  316;  m.,  64. 

Magnetic  elements,  260. 

field,  257. 

moment,  259. 

pole,  256. 

potential,  258. 

Magnetization,  intensity  of,  259. 
Mark,  52. 
Mass,  138. 

imperial  standard,  138. 

metric  standard,  140. 

units  of,  141. 
Mass- vector,  153. 
Mechanical  advantage,  204. 

equivalent  of  heat,  223. 
Mega-,  160. 
Mercury,  pressure  of,  184. 

resistance  of,  278. 
Metre,  62,  65. 
Metric  measures  of  length,  66. 

prefixes,  64. 

standard  of  length,  62. 
of  mass,  140,  177. 

units  of  surface,  78. 

of  volume,  93. 
Mho,  279. 
Micro-,  160. 
Mil,  9. 
Mile,  statute,  66. 

nautical  or  geographical,  71. 
Mill,  51. 
Milli-,  64. 
Milliard,  52. 
Mirror,  305. 
Mixture,  composition  of,  22. 

price  of,  23. 
Modulus  of  elasticity,  291. 


Modulus  of  compressibility,  291. 

of  a  gas,  292. 
Molecular  formula,  312,  317. 

weight,  317;  table,  318. 
Molecule,  317. 
Moment  of  a  couple,  209. 

of  a  force,  208. 

of  a  magnet,  258. 

of  inertia,  196. 

of  velocity,  121. 
Momentum,  156. 
Monetary  unions,  50. 
Money,  decimalization  of  British,  8. 
Multiple  circuit,  279. 
Multiplication,  contracted,  40. 

word  for,  80. 
Myria-,  64. 

Napoleon,  51. 

National  debt,  44. 

Nautical  units,  71. 

Newton's  law  of  gravitation,  214. 

rule  for  velocity  of  sound,  293. 

standard  of  temperature,  219. 

third  law,  205. 

Ohm,  272. 

the  standard,  273. 
Ohm's  law,  273,  280. 
Opposite,  72. 
Ordinal,  69,  220. 
Overtaking,  113. 

P,  256  ;  TT,  70. 
Paper  currency,  4. 
Par,  43. 

of  exchange,  53  ;  table,  54. 
Parallelepiped,  94. 
Parallelogram,  area  of,  80. 
Parliamentary  standards,  61,  139. 
Per,  80. 
Percentage,  19. 

composition,  312. 
Period  of  a  sound,  287. 
Periodic  time,  121  ;  table,  216. 
Perpetual  annuity,  37. 

government,  44. 
Pitch,  288. 

Planets,  elements  of,  216. 
Point,  70. 
Pole,  magnetic,  256. 
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tial,  2i:.. 

..inlupuis,  138.  142,  ' 
troy. 

258, 
274. 
Prefixes,  64,  100. 

Present  value,  simple  interest,  S 

!88. 

of  a  gas, 

.e  by,  192. 
11. 

i  loss,  18. 

.  38. 

Pyra:  ceof,  90. 

re  of  mass, 

.nous,  10. 


.in$eof  8]. 

in*ion,  linear,  •_' 

-'3,  38. 


Ratio  of  specific  heats  of  a  i:us,  2.".0. 
of    units   of   electric   quantity, 

271. 

Ratio-rate,  28,  71. 
,    Reaumur  scale,  219. 

Reciprocal  of  a  number,  G. 

of  a  unit,    109,    143,   149,  205, 

251,  271». 
Reduction,  7. 

.active  index,  :!i!0;  tables,  300, 

SOL 

Relative  density,  14$. 

,  electric,  277. 
thermal.  : 
sp« 
Resistance,  10."). 

.   -~C>. 
thermal.  i::»l. 

•J. 

21. 

kii  .  of,  196. 

S.  77:   -.. 

Scales  of  temperature,  2 ID. 

Secant, 

Sector  of  a  ' 

!  .1 1. 
Sexagesimal  urn; 

.  10 1. 

unit  of  resist: 
Signs  x  ni; 

h:i:  :71. 

.  '_'. 
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Specie,  5. 
Specific,  278. 

electric  conductivity,  278;  table, 
278. 

gravity,  148,  176. 

heat,  227,  229  ;  tables,  229,  230. 

inductive  capacity,  266  ;  table, 
266. 

mass,  148 ;  table,  149. 
Speed,  108. 

relative,  113. 

of  turning;  121. 

rate  of  change  of,  125. 
Sphere,  electric  capacity  of,  265. 

surface  of,  87. 

volume  of,  96. 
Standard  gold,  2. 

silver,  3, 

time,  103. 

of  length,  imperial,  60. 
metric,  62. 

of  light,  298. 

of  mass,  imperial,  138. 
metric,  140. 

of  temperature,  219. 

of  value,  1. 
Steradian,  87. 
Stere,  93. 
Stock,  43. 

government,  44. 
Stokes,  Prof.,  6. 
Stoney,  Prof.,  65. 
Strength  of  a  solution,  313. 
Sun,  constants  of,  216. 
Surface-density,  144. 
Surface,  general  unit,  77. 

imperial  units,  78. 

metric  units,  78. 
System  of  units,  British,  62. 

C.G.S.,  65. 

practical  electrical,  257,  271. 
Systematic  unit,  78,  92. 

T,  101. 

Table  of  atomic  weights,  310. 
bulk  of  water,  242. 
combining  weights,  310. 
comparative  time,  104. 
compound  interest,  38. 
density,  149. 
dispersive  power,  301. 


Table    of    dimensions  of    electrical 
units,  281. 

electromotive  force  of  cells,  272. 

electric  conductivity,  278. 

elements  of  sun  and  planets,  210. 

expansion  of  gases,  247. 
of  liquids,  243. 
of  solids,  240. 

heat  of  combination,  323. 

latent  heat,  235. 

length,  66. 

magnetic  elements,  260. 

mass,  141. 

metric  prefixes,  64. 

molecular  weights,  318. 

money,  52. 

radius  of  gyration,  196. 

refractive  index,  300. 

rotary  power,  302. 

specific  gravity,  149. 

specific    heat     of     solids    and 
liquids,  229. 

specific  heats  of  gases,  230. 

specific  inductive  capacity,  266. 

surface,  79. 

thermal  conductivity,  252. 

volume,  93. 

weights,  141. 

wave-lengths  of  light,  299. 
Tait,  Prof.,  108,  202,  299. 
Tangent,  72. 
Temperature,  219. 

absolute  zero  of,  220,  248. 

gradient  of,  251. 

resistance  to  change  of,  251. 

scales  of,  219. 

standard  of,  219. 
Tension,  183. 
Thermal  capacity..  226. 

conductivity,  251  ;  table,  252. 

units  of  heat,  223. 
Thermometric  conductivity,  251. 
Thomson,  Prof.  J.,  159. 

Sir  William,  202,  258,  279. 
Time,  local,  103. 

standard,  103. 
American,  104. 

standard  of,  101. 

units,  sidereal,  101. 

mean  solar,  101. 
Time  and  longitude,  103. 
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Toise. 
Total 

temperature,  \ 
Trian_  f,  80. 

TO  of  mass,  l."U. 
.   l.SS,  142. 

.    112 
True  «1 

Unions,  monetary,  50. 

general. 

«if  no-mint.  2. 

of  value. 

. 

• 

;  >osed  decimal  units,  9. 
standard  < 
tble  price, 

18,  119. 

angular.  r_'l. 

lit  <>?".  1-1. 
•rati. 

Of  SO 

virtual,  204. 
,114. 


Vibration,  287. 
Virtual  velocity,  204. 
Volun: 

imperial  units,  02. 

metric  units,  93. 
Volt.  I 

W.  102. 

.  density  of,  144,  176. 

ansion  of,  24  J. 
-equivalent,  '-.'. 
Watt. 
\\ 'rive-length,  2>7. 

of  light,  2 
Weber. 

ht.  138. 
per  volumt'.  176. 

.  141. 

"'s  bridge,  280. 
Work. 

units  of,  102. 

done  by  a  pressure,  192. 

Var.l,  60. 

and  metrt 
Year,  Id. 

on  today,  K'2. 
Years'  purchase,  38. 
Young's  modulus,  -J'.U. 
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